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Preface 


The present book — through the topics and the problems approach 
— aims at filling a gap, a real need in our literature concerning CFD 
(Computational Fluid Dynamics). Our presentation results from a large 
documentation and focuses on reviewing the present day most important 
numerical and computational methods in CFD. 

Many theoreticians and experts in the field have expressed their in- 
terest in and need for such an enterprise. This was the motivation for 
carrying out our study and writing this book. It contains an important 
systematic collection of numerical working instruments in Fluid Dynam- 
ICS, 

Our current approach to CFD started ten years ago when the Univer- 
sity of Paris XI suggested a collaboration in the field of spectral methods 
for fluid dynamics. Soon after — preeminently studying the numerical 
approaches to Navier-Stokes nonlinearities — we completed a number 
of research projects which we presented at the most important interna- 
tional conferences in the field, to gratifying appreciation. 

An important qualitative step in our work was provided by the devel- 
opment of a computational basis and by access to a number of expert 
softwares. This fact allowed us to generate effective working programs 
for most of the problems and examples presented in the book, an as- 
pect which was not taken into account in most similar studies that have 
already appeared all over the world. 

What makes this book special, in comparison with other similar en- 
terprises? 

This book reviews the main theoretical aspects of the area, emphasizes 
various formulations of the involved equations and models (focussing on 
optimal methods in CFD) in order to point out systematically the most 
utilized numerical methods for fluid dynamics. This kind of analysis — 
leaving out the demonstration details — takes notice of the convergence 








X1V 


and error aspects which are less prominent in other studies. Logically, 
our study goes on with some basic examples of effective applications of 
the methods we have presented and implemented (MATLAB). 

The book contains examples and practical applications from fluid dy- 
namics and hydraulics that were treated numerically and computation- 
ally — most of them having attached working programs. The inviscid 
and viscous, incompresible fluids are considered; practical applications 
have important theoretical outcomes. 

Our study is not extended to real compresible fluid dynamics, or to 
turbulence phenomena. The attached MATLAB 6 programs are con- 
ceived to facilitate understanding of the algorithms, without optimizing 
intentions. 

Through the above mentioned aspects, our study is intended to be an 
invitation to a more complete search: it starts with the formulation and 
study of mathematical models of fluid dynamics, continues with analysis 
of numerical solving methods and ends with computer simulation of the 
mentioned phenomena. 

As for the future, we hope to extend our study and to present a new 
more complete edition, taking into account constructive suggestions and 
observations from interested readers. 

We cannot end this short presentation without expressing our grat- 
itude to our families who have supported us in creating this work in 
such a short time, by offering us peace and by acquitting us from our 
everyday duties. 











The authors 


Chapter 1 


INTRODUCTION TO MECHANICS OF 
CONTINUA 


1. Kinematics of Continua 
1.1 The Concept of a Deformable Continuum 


The fluids belong to deformable continua. In what follows we will 
point out the qualities of a material system to be defined as a deformable 
continuum. 


Physically, a material system forms a continuum or a continuum sys- 
tem if it is “filled” with a continuous matter and every particle of it 
(irrespective how small it is) is itself a continuum “filled” with matter. 
As the matter is composed of molecules, the continuum hypothesis leads 
to the fact that a very small volume will contain a very large number of 
molecules. For instance, according to Avogadro’s hypothesis, lem? of air 
contains 2,687 x 10!9 molecules (under normal conditions). Obviously, 
in the study of continua (fluids, in particular) we will not be interested 
in the properties of each molecule at a certain point (the location of the 
molecule) but in the average of these properties over a large number 
of molecules in the vicinity of the respective point (molecule). In fact 
the association of these averaged properties at every point leads to the 
concept of continuity, synthesized by the following postulate which is ac- 
cepted by us: “Matter is continuously distributed throughout the whole 
envisaged region with a large number of molecules even in the smallest 
(microscopically) volumes”, 

Mathematically, a material system filling a certain region D of the 
Euclidean tridimensional space is a continuum if it is a tridimensional 
material variety (vs. an inertial frame of reference) endowed with a spe- 
cific measure called mass, mass which will be presumed to be absolutely 
continuous with regard to the volume of D. 
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Axiomatically, the notion of mass is defined by the following axioms: 

1) There is always an m : {M} > R+, i.e., an application which asso- 
ciates to a material system M, from the assembly of all material systems 
{M}, a real positive number m(M) (which is also a state quantity joined 
to M), called the mass of the system. 

Physically, the association of this number m(M) to a material system 
M is made by scaling the physical mass of M with the mass of another 
material system considered as unit (1. e. by measurement); 

2) For any “splitting” of the material system M in two disjoint subsys- 
tems Mı and Mz (M =M,UMg, and MıNMə = Ø), the application 
m satisfies the additivity property, i.e., m(M) = m( M1) + m( Mə). 

This additivity property attributes to the mass application the quality 
of being a measure. Implicitly, the mass of a material system m(M) is 
the sum of the masses dm of all the particles (molecules) which belong 
to M, what could be written (by using the continuity hypothesis too) 
as 


m(M) = | am, 
M 


the integral being considered in the Lebesgue sense; 

3) For any material system M, its mass m(M) does not change during 
its evolution, 1.€., it is constant and consequently m = 0 (the universal 
principle of mass conservation). 

Concerning the hypothesis of absolute continuity of the mass vis a vis 
the volume of the region D occupied by the considered material system 
M, this hypothesis obviously implies, besides the unity between the ma- 
terial system and the region “filled” by it, that the mass of any material 
subsystem P C M could become however small if the volume of the 
region D C D, occupied by P, becomes, in its turn, sufficiently small 
(but never zero, i.e., the principle of the indestructibility of matter is 
observed). More, by accepting that the region D and all its subregions 
D, are the closure of certain open sets which contain an infinity of fluid 
particles occupying positions defined by the corresponding position vec- 
tors r (vs. the inertial frame) and additionally the boundaries of these 
sets are surfaces (in a finite number) with continuous normal, then ac- 
cording to the Radon—Nycodim theorem, there is a positive numerical 
function p (r,t), defined a.e. in D, such that the mass of a part P C M 
can be expressed by 


Introduction to Mechanics of Continua 3 


The function p (r,t) is called the density or the specific mass accord- 
ing to its physical meaning. By using the above representation for the 
introduction of the density we overtake the shortcomings which could 
arise by the definition of p(r,t) as a point function through 





m(P) 


li —— 
vol(D) +0 vol (D) 
vol( D)Æ0 


p (r,t) = 


a definition which, from the medium continuity point of view, specifies p 
only at a discrete set of points.’ Obvious, the acceptance of the existence 
of the density is a continuity hypothesis. 

In the sequel, the region D occupied by the continuum M (and anal- 
ogously D occupied by the part P) will be called either the volume 
support of D, or the configuration at the respective moment in which 
the considered continuum appears. 

The regularity conditions imposed on D and on its boundary will 
support, in what follows, the use of the tools of the classical calculus (in 
particular the Green formulas). 

Obviously, the continuum will not be identified with its volume sup- 
port or its configuration. We will take for the continuum systems the 
topology of the corresponding volume supports (configurations), 1.e., the 
topology which has been used in classical Newtonian mechanics. In par- 
ticular, the distance between two particles of a continuum will be the 
Euclidean distance between the corresponding positions of the involved 
particles. 

In the study of continua, in general, and of fluids, in particular, time 
will be considered as an absolute entity, irrespective of the state of the 
motion and of the fixed or mobile system of reference. At the same time 
the velocities we will deal with are much less than the velocity of light 
so that the relativistic effects can be neglected. 

In the working space which is the tridimensional Euclidean space — 
space without curvature — one can always define a Cartesian inertial 
system of coordinates. In this space we can also introduce another sys- 
tem of coordinates without changing the basic nature of the space itself. 

In the sequel, an infinitesimal volume of a continuum (1.e., with a 
sufficiently large number of molecules but with a mass obviously in- 
finitesimal) will be associated to a geometrical point making a so-called 
continuum particle, a particle which is identified by an ordered triple 











l Since the function p defined by this limit cannot be zero or infinite (corresponding to the 
outside or inside molecule location of the point where the density is calculated), Vol(D) can 
never be zero. 
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of numbers representing, in fact, the coordinates of the point (particle) 
within the chosen system. The synonymy between particle and material 
point (geometrical point endowed with an infinitesimal mass) is often 
used. 

An important concept in the mechanics of continua will be that of 
a “closed system” or a “material volume”. A material volume is an 
arbitrary entity of the continuum of precise identity, “enclosed” by a 
surface also formed of continuum particles. All points of such a material 
volume, boundary points included, move with a respective local velocity, 
the material volume deforming in shape as motion progresses, with an 
assumption that there are no mass fluxes (transfers) in or out of the 
considered volume, 1.e., the volume and its boundary are composed by 
the same particles all the time. 

Finally, a continuum is said to be deformable if the distances between 
its particles (1.e., the Euclidean metric between the positions occupied 
by them) are changing during the motion as a reaction to the external 
actions. The liquids and gases, the fluids in general, are such deformable 
continua. 








12 Motion of a Continuum. 
Lagrangian and Eulerian Coordinates 


To define and make precise the motion of a continuum we choose both 
a rectangular Cartesian and a general curvilinear reference coordinate 
systems, systems which can be supposed inertial. 

Let R and r be, respectively, the position vectors of the contin- 
uum particles, within the chosen reference frame, at the initial (refer- 
ence) moment tp and at any (current) time t respectively. We denote 
by (X;) and (zi), respectively, the coordinates of the two vectors in 
the rectangular Cartesian system while (X*) and (x*) will represent the 
coordinates of the same vectors in the general curvilinear (nonrectan- 
gular) system. Thus r referring to a rectangular Cartesian system is 
r = Tili + Zolg + T313 = cei, , where any two repeated indices imply 
summation, and i, are the unit vectors along the x, axes respectively. 
For a general system of coordinates (z!,x?,2°), the same position vec- 
tor r will be, in general, a nonlinear function r(x*) of these coordinates. 
However its differential dr is expressible linearly in dz* for all coordi- 
nates, precisely 











Or m m 
dr = am oe = amdr”, 
the vectors am being called the covariant base vectors. Obviously if 2™ 


are the Cartesian coordinates 2™ = £m and, implicitly, am = im. 
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Let now x; be the mapping which associates to any particle P of the 
continuum M, at any time ft, a certain position r obviously belonging 
to the volume support (configuration) D, 1.e., P 5 r. This mapping 


is called motion, the equation r = x(P,t) defining the motion of that 
particle. Obviously the motion of the whole continuum will be defined 
by the ensemble of the motions of all its particles, i.e., by the mapping 


x(M,t),x: M + D, which associates to the continuum, at any 
moment t, its corresponding configuration. 

The motion of a continuum appears then as a sequence of configura- 
tions at successive moments, even if the continuum cannot be identified 
with its configuration D = x (M, t). 

The mapping which defines the motion has some properties which 
will be made precise in what follows. But first let us identify the most 
useful choices of the independent variables in the study (description) of 
the continuum motions. They are the Lagrangian coordinates (material 
description) and the Eulerian coordinates (spatial description). 

Within the material description, the continuum particles are “identi- 
fied” with their positions (position vectors) in a suitable reference config- 
uration (like, for instance, the configuration at the initial moment tg)? 
These positions in the reference configuration would provide the “fin- 
gerprints” of the continuum particle which at any posterior moment @, 
will be individualized through this position R belonging to the reference 
configuration Do. 

Under these circumstances, due to the mentioned identification, the 
equation of the motion is 











r= x(R, t), (1.1) 


the R coordinates ( X* or X; ), together with t, representing the La- 
grangian or material coordinates, through which all the other motion 
parameters can be expressed. Hence oy (R,t) and 4x (R,t) , with R 
scanning the points of the domain Do, will define the velocity field and 
the acceleration field respectively at the moment t. 

The equation of motion, for an R fixed and t variable, defines the 
trajectory (path) of the particle P which occupied the position R at the 
initial moment. 

Finally, from the same equation of motion but for t fixed and R vari- 
able in the configuration Dp, we will have that the corresponding r is 








"In the theory of elasticity one takes as reference configuration that configuration which 
corresponds to the natural (undeformed) state of the medium. 

e suppose the existence of these fields and their continuity except, possibly, at a finite 
number of points (surfaces) of discontinuity. 
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“sweeping” the current configuration (at the time t) D = x(Do, t). In this 
respect (1.1) can be also understood as a mapping of the tridimensional 
Euclidean space onto itself, a mapping which depends continuously on 
te T and the motion of the continuum in the whole time interval 7 
will be defined by the vector function x (R, t) considered on Do x T. 

Now, one imposes some additional hypotheses for the above mapping 
joined to the equation of motion (1.1). These hypotheses are connected 
with the acceptance of some wider classes of real motions which confer 
their validity. 

Suppose that r is a vectorial function of class C° (Dg) with respect to 
the R components. This means that the points which were neighbours 
with very closed velocities and accelerations, at the initial moment, will 
remain, at any time t, neighbours with velocities and accelerations very 
closed too. Further, we presume that, at any moment t, there is a 
bijection between Do and D except, possibly, of some singular points, 
curves and surfaces. Mathematically this could be written through the 
condition that, at any time t, the mapping Jacobian J = det(gradr) 
#0 ae. in D. 

This last hypothesis linked to preserving the particles’ identity (they 
neither merge nor break) is also known as the smoothness condition or 
the continuity axiom. As from the known relation between the elemental 
infinitesimal volumes of Dp and D, namely dv = JdV, one deduces, 
through J # 0, that any finite part of our continuum cannot have the 
volume (measure) of its support zero or infinite, the above hypothesis 
also implies the indestructibility of matter principle. 

In the previous hypotheses it is obvious that (1.1) has, at any moment 
t, an inverse and consequently R = x~! (r,t) € C?(P). Summarizing, in 
our hypotheses, the mapping (1.1) is a diffeomorphism between Do and 
D. 

The topological properties of the mapping (1.1) lead also to the fact 
that, during the motion, the material varieties (1.e., the geometrical va- 
rieties “filled” with material points) keep their order. In other words, 
the material points, curves, surfaces and volumes don’t degenerate via 
motion; they remain varieties of the same order. The same topological 
properties imply that if Co(So) is a material closed curve (surface) in 
the reference configuration, then the image curve (surface) C(S), at any 
current time t, will be also a closed curve (surface). 

Further, if the material curves (surfaces) cM) (5%) and Cc?) sP) 
are tangent at a point Po, then, at any posterior moment, their images 
will be tangent at the corresponding image point P, etc. 

The material description, the adoption of the Lagrangian coordinates, 
is advisable for those motion studies when the displacements are small 
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and we may watch the whole motion of the individualized (by their 
positions in the reference configuration) particles. 





In the case of fluids, in general, and of gases, in particular, the 
molecules are far enough apart that the cohesive forces are not suffi- 
ciently strong (in gases, for instance, an average separation distance 
between the molecules is of the order 3,5 x 10~’cm). As a consequence 
to follow up such particles during their motion becomes a difficult task, 
the corresponding displacements being very large (a gas sprayed inside 
“fills” immediately the respective room). 


That is why for fluids, in general, and for gases, in particular, another 
way to express the parameters of the motion, to choose the independent 
variable, should be considered. This new type of motion description is 
known as the spatial or Eulerian description, the corresponding variables 
being the spatial or Eulerian coordinates. 


Precisely, as Eulerian coordinates (variables) the components ofr ( z; 
or x") and tare to be considered. In other words, in this description, we 
focus not on the continuum particles themselves but on their position 
in the current configuration and we determine the motion parameters 
of those particles (not the same !) which are locating at the respective 
positions at that time. Thus to know v = v(r,t), fora fixed rat tE T, 
means to know the velocities of all the particles which, in the consid- 
ered interval of time, pass through the position defined by r. On the 
other hand, if we know the velocity field v(r,¢) on D x T, by integrating 
the differential equation dr = v (r,t), with initial conditions (assuming 
that the involved velocity field is sufficiently smooth to ensure the exis- 
tence and uniqueness of the solution of this Cauchy problem) one gets r 
= x(R,¢), which is just the equation of motion (1.1) from the material 
(Lagrangian) description. Conversely, starting with (1.1) one could 1m- 
mediately set up v(r,¢), etc., which establishes the complete equivalence 
of the two descriptions. 


In what follows we calculate the time derivatives of some (vectorial or 
scalar) fields f expressed either in Lagrangian variables ( f(R,#) ) or in 
Eulerian variables ( f(r, ¢) ). 





In the first case f = of and this derivative is called a local or material 
. . . . . 2 
derivative. Obviously, in this case, v = oe (R,t) and a = c+ (R, t). 


But, in the second case, we have f = of +(v-V)f, where V is, in 
Cartesian coordinates, the differential operator V = grad = Sii. This 
derivative is designed to be the total or spatial or substantive derivative 


or the derivative following the motion. In particular a(r,t) = ou. + 
(v: V)v. 
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Stokes has denoted this total derivative by a the operator ay being 
equal to 2 + v : grad = 2 + [grad ()| - v, due to the obvious equality 
(v - grad) Vv = (grad V) * V, V ° grad or [gradQ| + v being the so-called 
convective part of P. 

When all the motion parameters, expressed in Eulerian coordinates, 
do not depend explicitly on time, the respectiye motion is called steady 


or permanent. Obviously, the steady condition is 2 = 0 or, equivalently, 


D _ 
pi = V: grad. 


Conversely, if time appears explicitly, the motion is unsteady or non- 
permanent. 

Before closing this section we should make precise the notions of tra- 
jectories (pathlines), streamlines and streamsurfaces, vortex lines and 
vortex tubes, circulation and the concept of stream function as well. 





1.2.1 Trajectories 


In general the trajectory (pathline) is the locus described by a material 
point (particle) during its motion. The trajectories will be the integral 
curves (solutions) of the system 


dx dx dx3 . 
= — =-——=dt (in Cartesian coordinates) 
vI V2 U3 


or of the system 


— = —- = ~~ = dt (in curvilinear coordinates), 


where v = v,(aj, t Jik = v*(z*,t ) a p, v being the so-called contravari- 
ant components of the velocity v in the covariant base vectors a, of the 
considered curvilinear system. 

Obviously, at every point of a trajectory the velocity vector is neces- 
sarily tangent to the trajectory curve. At the same time we will sup- 
pose again the regularity of the velocity field v(r,#), to ensure the exis- 
tence of the solution of the above system (in fact the vectorial equation 
gE = v(r,t ) ). A detailed study of this system, even in the case when 
some singular points occur (for instance, the “stagnation points” where 


v(r,t) = 0), has been done by Lichtenstein [84]. 


1.2.2 Streamlines and Streamsurfaces 


For a fixed time t , the streamlines and the streamsurfaces are the 
curves and, respectively, the surfaces in the motion field on which the 
velocity vector is tangent at every point of them. A streamsurface could 
be considered as a locus of streamlines. 
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The definition of streamlines (tangency condition) implies that the 
streamlines should be the integral curves of the differential system 


dx, dz dx3 , , , 
— s se M (in Cartesian coordinates) 
vl U2 v3 


or 


E ar (in curvilinear coordinates), 
where the time ¢, which appears explicitly in v;(x,,t) or v*(x*, t), has to 
be considered as a parameter with a fixed value. 

At every fixed moment, the set of the streamlines constitutes the mo- 
tion pattern (spectrum). These motion patterns are different at different 
times. 

When the motion is steady, the motion spectrum (pattern) is fixed 
in time and the pathlines and streamlines are the same, the definable 
differential system becoming identical. This coincidence could be real- 
ized even for an unsteady motion provided that the restrictive condition 
v xX ay = 0 is fulfilled. This result can be got, for instance, from the 
so-called Helmholtz—Zorawski’ criterion which states that a necessary 
and sufficient condition for the lines of a vectorial field e(r, t) to become 
material curves (1.e., locus of material points) is 


dc 
ot 


Identifying c = vwe get the necessary and sufficient condition that 
the lines of the v field (1.e., the streamlines) become material curves (1.e., 
trajectories), precisely v x ov =Q. 

A stream tube is a particular streamsurface made by streamlines drawn 
from every point of a simple closed curve. A stream tube of infinitesimal 
cross section is called a stream filament. 


c x + rot (ex v) +vdive| =0, 


1.2.3 Vortex Lines and Vortex Surfaces 


By curl or vorticity or rotation we understand the vector w= V xv = 
rotv. The rationale for such a definition is the fact that, at every point 
of the continuum motion, the particles rotate about an instantaneous 
axis and the vector w has the direction of this axis, the value of the 


. . 1 
rotation being also z” 


+See [33] 
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For a fixed time t, by a vortex (vorticity, rotation) line (surface) we 
understand those curves (surfaces) whose tangents, at every point of 
them, are directed along the local vorticity (curl, rotation) vector. 

Of course the particles distributed along a vortex line rotate about 
the tangents to the vortex line at their respective positions. 

A vortex (vorticity, rotation) tube is a vortex surface generated by 
vortex lines drawn through each point of an arbitrary simple closed curve 
(there is a diffeomorphism between the continuum surface enclosed by 
this simple curve and the circular disk). 

If the vortex tube has a very small (infinitesimal) sectional area it is 
known as a vortex filament. 





1.2.4 Circulation 
The circulation along an arc AB is the scalar (AB) = f v-dr. The 
AB 


following result is a direct consequence of the Stokes theorem [1 1OP: 
“The circulation about two closed contours on a vortex tube at a given 
instant ¢, — closed contours which lie on the vortex tube and encircle it 
once, in the same sense — are the same” (this result of pure kinematic 
nature is known as the “first theorem of Helmholtz’), 

The invariance of the circulation vis-a-vis the contour C which encir- 
cles once the vortex tube supports the introduction of the concept of the 
strength of the vortex tube. More precisely, this strength would be the 
circulation along the closed simple contour (C) which encircles once, in 
a direct sense, the tube. 

The constancy of this circulation, which is equal to the rotation flux 
through the tube section bounded by the contour (C), leads to the fact 
that, within a continuum, both vortex and filament lines cannot “end” 
(the vanishing of the area bounded by (C) or of the vortex would imply, 
respectively, the unboundedness of the vorticity or the mentioned area, 
both cases being contradictions). 

That is why the vortex lines and filaments either form rings in our 
continuum or extend to infinity or are attached to a solid boundary. 
(The smoke rings from a cigarette make such an example).° 





>The circulation of a vector u, from a continuous derivable field, along the simple closed 
contour (L), is equal to the flux of rotu through a surface ( © ) bounded by (ZL), i.e. 
f u-dr = ff rotu-ndo , provided that the reference frame (system), made by the positively 
(L) (£) 

oriented tangent at a point P € (L), the outward normal n to ( © ) at a point M and the 
vector MP, for any points M and P, is a right-handed system. 

"For a line vortex (which is distinct from a vortex line and which is a mathematical ideal- 
ization of a vortex filament assumed to converge onto its axis, i.e. a vortices locus) the same 
assertion, often made, is false (rot v could have zeros within the continuum in motion!) 
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Obviously, of great interest is how the circulation along a material 
closed simple contour changes while the contour moves with the contin- 


B 
uum. To analyze this aspect let us evaluate a fv-dr, i.e., the rate 


A 
of change (in time) of the circulation about a material contour joining 


the points A and B as it moves with the medium. Considering then 
r=r(s,t), for 0 < s <l, we have 


where v = |v|. If A and B coincide so as to form a simple closed curve 

(C) in motion, obviously p ¢v-dr = f a-dr,i.e., the rate of change of 
C C 

circulation of velocity is equal to the circulation of acceleration along the 


same closed contour (C). If the acceleration comes from a potential, 1.e., 
a= grad U, then the circulation of the velocity along the closed contour 
does not change as the curve moves, the respective motion being called 
circulation preserving. 

For the fluids, under some additional hypotheses a very important 
result connected with the circulation conservation will be given later on 
(the Thompson Kelvin theorem). 


1.2.5 Stream Function for Plane and Axially Symmetric 
(Revolution) Motions 


By extending the already given kinematic definition to the dynamics 
case, a motion is supposed to be steady (permanent) if all the (kinematic, 
kinetic, dynamic) parameters characterizing the medium state and ex- 
pressed with Euler variables z1, £2, £3, #, are not (explicitly) dependent 
on t. 

All the partial time derivatives of the mentioned parameters being zero 
(2 = 0), we have (from the continuity equation) that div (pv) = 0, i.e., 
the vector field pv is conservative (solenoidal). 

The above equation allows us to decrease the number of the unknown 
functions to be determined; we will show that in the particular, but ex- 
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tremely important case, of the plane and axially symmetric (revolution) 
motions. 

A continuum motion is said to be plane, parallel with a fixed plane 
(P), if, at any moment t, the velocity vector (together with other vectors 
which characterize the motion) is parallel with the plane (P) and all the 
mechanical (scalar or vectorial) parameters of the motion are invariant 
vs. a translation normal to (P). We denote by x and y the Cartesian 
coordinates in (P) so that zı = g, £z = y, the variable x3 not playing a 
role. In the same way, we denote v; = u, v2 = v, (v3 = 0), k being the 
unit vector normal to (P) and oriented as «3 axis. 

One says that a motion is axially symmetric vs. the fixed axis Oz, 
if, at any moment ¢, the velocity vector’s supports (and of supports of 
other vectors characterizing the motion) intersect the Oz axis and all the 
mechanical parameters associated to the motion are rotation (vs. Oz) 
invariants, We denote by Oz and Oy the orthogonal axes in a merid- 
ian half-plane (bounded by Oz), by k the unit vector which is directly 
orthogonal to Ox and Oy and by u and v the respective components of 
the vectors v obviously located in this half-plane. 

Now let be, at a fixed instant t, a contour (C) drawn in Oxy and let 
(Xc) be the corresponding surface generated by: 

a) a translation motion, parallel to k and of unit amplitude, in the 
case of plane motions or 

b) an Oz-rotation motion of a 27-amplitude, in the case of revolution 
(axially symmetric) motions. 

Let m be a number which equals O, in the case of a plane motion and 
equals 1, in the case of a revolution motion. Hence 








JJ pv -ndo = J (2ry)” pv - nds = J (2ry)” p (udy — vdr), 
(£o) (C) (C) 


(with the remark that do = 2myds), the (C) orientation being that 
obtained by a rotation from n with +5 and ds is the elemental arc 
length on (C). 

If the motion is steady’ and (C) is a closed curve bounding the area 
(o) from Oxy, the above expressions vanish? and, by using the divergence 
(Green) theorem, we get 


"The result keeps its validity even for unsteady motion provided that the continuum is incom- 
pressible; in these hypotheses the function yw which will be introduced in the sequel, depends 
on the time ¢ too. 

“We have an exact total differential due to the condition div (pv) =0. 
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J J EE (py u) + 5 (nv) dzdy = 0 
(0) 


for any ( ø ) of Oxy. Following the fundamental lemma (given by the 
end of the next section) we could write 


o o 
aa (pyu) + By (py™v) = 0, 
a relation which is equivalent with the above continuity equation for the 
plane or axially symmetric motions. 

As the last relation expresses that py™ (udy — vdz) is an exact total 
differential, there is afunction poy (x,y) ( po being a positive constant), 
defined within an arbitrary additive constant, such that 


py” (udy — vdz) = pody), 


1.€., we can write 


_ Po dp __ Po OY 
py™ Oy’ py™ Ox 
and hence 
kpo 
= Ty" X grad yp 


The function %(x, y) is, by definition, the stream function of the con- 
sidered steady (plane or axially symmetric) motion. 

The above formulas show that the unknown functions u and v could be 
replaced by the unique unknown function w. The curves ý% = const are 
the streamlines in Oxy. Generally, (C) being an arc joining the points 
A and B from the same plane, (27)” po [p (B) —  (A)] represents the 
mass flow rate through (£c), the sense of n along (C) being determined 
by the —5 rotation of the (C) tangent (oriented from A to B). 


13 Euler-Lagrange Criterion. 
Euler’s and Reynolds’ (Transport) Theorems 


Let us consider a material volume (closed system) D(t) whose surface 
S(t) is formed of the same particles which move with the local continuum 
velocity being thus a material surface. We intend to obtain a necessary 
and sufficient condition, for an arbitrary boundary surface S(t) of equa- 
tion f(r,t) =0, to be a material surface, i.e., to be, during the motion, 
a collection of the same continuum particles of fixed identity. 
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Following Kelvin, ifa material point (particle) belonging to S(t) moves 
along the unit external normal n = one with a velocity un, then its 


infinitesimal displacement dr, in an infinitesimal interval of time (t,t + 
ôt), will be ér = nu,,dt. As this particle should remain on S(t) (to be a 
material surface) we would obviously have f(r+ ôr,t+ dt) = 0. Keeping 
only the first two terms of the Taylor’s expansion which is backed by the 
infinitesimal character of the displacement ôr ( and correspondly of the 
time ôt ), we get 


o 
2i + un(n - gradf) = 0. 
Ot 

But, on the other side, any material point (particle) of the surface S(t) 
should move with the continuum velocity at that point, 1.e., necessarily, 
Un = V - n and thus we get the necessary condition 


Df 0. 


of _ B 
g ty gradj = = 


Ot 
To prove also the sufficiency of this condition we should point out 
that (for instance) if this condition is fulfilled, then there will be at the 
initial moment a material surface Sọ, such that our surface S = x(So, t), 
Le., it is the image of Sg, through the motion mapping at the instant t. 
But then, due to the conservation theorem of material surfaces, it comes 
out immediately that S(t) should be a material surface. 
Now let us attach to the first order partial differential equation of + 


v; 2L = Q its characteristic system, 1.e., let us consider the differential 
system 


day _ daz _ doy _ 
Vi V2 U3 

It is known that if Ya (r,t) = Xa, Xa being constants (a = 1,2,3 ), 
is afundamental system of first integrals of our characteristic differential 
system, the general solution of the above partial differential equation is 
f = (y1, 2, 3) = (X1, X2, X3), where © is an arbitrary function of 
class C1. But, then, the particles ofcoordinates Xa ( œ = 1,2,3 ) which 
fulfil the equation ®(X,, X2, X3) = 0 will also fulfil f = 0, i.e., at the 
time t, they will be on the material surface of equation f = 0 (in other 
words, the surface S(t) is the image, at the moment t, of the material 
surface ®(X1, X2, X3) = 0 from a reference configuration). 

This result, which gives the necessary and sufficient condition for an 
(abstract) surface to be material is known as the Euler—Lagrange crite- 
rion. 
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Obviously a rigid surface X (for instance a wall), which is in contact 
with a moving continuum, is a particles locus 1.e., it is a material surface. 
Using the above criterium we will have, on such a surface of equation 


f(r, t) = 0, the necessary condition v n|, = — ai and when the 
3 


rigid surface is fixed then, v n| = 0, so that the continuum velocity is 
tangent at this surface. 

The Euler theorem establishes that the total derivative of the motion 
Jacobian J = det(gradr), is given by J = J div v. 

The proof of this result uses the fact that the derivative of a determi- 
nant J is the sum of the determinants J; which are obtained from J by 
the replacement of the “z” line with that composed by its derivative vs. 
the same variable. 

In our case, for instance, 


vn ðv vı | | Yr Ow; Ovi Oz; Ovi Oey 
OX, OX, OX3 02;O0X, O2;O0X_ O02; 0X3 
Jz =| O82 Ot2 O82 |_| Ox T2 9T 
‘| @X, ðX AX; OX, OX» ðX; 
Ors Örs Örs Ors rs Og 
OX, OX OX; OX, OX2 OX3 

Ov} Ov} 


= — dJi = — J 
On; J Ox} 


because Jj; = J and Jig = Jig = 0. 

Hence, by identical assessments of Jz and J3, we get the result we 
were looking for J = J div v. Using this result together with the known 
relation between the elemental infinitesimal volumes from D and Do, 
i.e., dv = JdV, we can calculate the total derivative of the elemental 
infinitesimal volume, at the moment t (that means from DP). Precisely 


we have 


dv = JdV + JdV = JdivvdV = dvdiv v 


(dV being fixed in time). 

Reynolds’ (transport) theorem is a quantizing of the rate of change 
of an integral of a scalar or vectorial function F (r,t), integral evaluated 
on a material volume D(t). As the commutation of the operators of 
total time derivative and of integration will not be valid any more, the 
integration domain depending explicitly on time, we have to consider, 
first, a change of variables which replaces the integral material volume 
D(t), depending on time, by a fixed integral domain Dp and so the 
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derivative operator could then commute with that of integration. More 
precisely we will perform the change of variables given by the equation 
of motion expressed in Lagrangian coordinates, i.e., r = x(R,t), the 
new integration domain becoming the fixed domain Dp from the initial 
configuration and then we could come back to the current domain D(t). 

More exactly, taking into account both Euler’s and Green’s theorems 
we have 


D D D 
— F(r,t)dv = — | F(y(R,t))JdV = — | (FPJ+ FJ)dV 


= f (F + Fdiv v)du = f (OF + vgradF + Fdivv)dv 
Dit) pie) Ot 


= f E +div(Fv) dv= f 2E dv + J Fv: ndo, 
D(t) D(t) S(t) 
where n is the unit external normal. 
This transport formula will be useful in establishing the equations of 
motion for continua (under the so-called conservation form). 
Analogously, one establishes equivalent formulas for the total deriva- 
tives of the curvilinear or surface integrals when the integration domains 
depend upon time. 
Thus 


D OF , 
a F. ndo = J Ee +rot(F x v)+v div -ndo, 
S(t) C(t) 


where C(t)is the contour enclosing the surface [52]. 

From this formula comes the necessary and sufficient condition for the 
flux of a field F, through a material surface S(t), to be constant, which 
condition 1s 


OF 
Or + rot(F x v) + vdivF = 0 (Zorawski condition). 


In the formulation of the general principles of the motion equations 
under a differential form (usually nonconservative), an important role is 
taken by the following 

LEMMA: Let (r) be a scalar function defined and continuous in a 
domain D and let D be an arbitrary subdomain of D. If f y(r)dv = 0, 

D 


for every subdomain D C D, then the function ọ(r)=0 in D. 
The proof is immediate by using “reductio ad absurdum” and the 
continuity of p [110]. 
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The result is still valid even in the case when instead of the scalar 
function y, a vectorial function of the same r is considered (it is sufficient 
to use the previous assertion on each component). At the same time the 
conclusion will remain the same if the above condition takes place only 
on a set of subdomains (E) with the property that in any neighborhood 
of a point from D, there is at least a subdomain from the set (E). 





2. General Principles. The Stress Tensor and 
Cauchy’s Fundamental Results 


2.1 The Forces Acting on a Continuum 


Let us consider a material subsystem P of the continuum M, a subsys- 
tem imagined at a given moment in a certain configuration D = y(P,?), 
which is enclosed in the volume support D of the whole system M. On 
this subsystem P of the continuum M, two types of actions are exerted: 

(i) contact (surface) actions, of local (molecular) nature, exerted on 
the surface S$ of the support D of the subsystem P by the “comple- 
mentary” system M\P (as the “pressure or pull” of the boundary, the 
“pushing” action through friction on the boundary, etc.) 

(11) distance (external) actions, of an extensive character, exerted on 
the bulk portions of the continuum P and arising due to some external 
cause (such as gravity, electromagnetic, centrifugal actions, etc.) 

But the mechanics principles are formulated, all of them, in the lan- 
guage of forces and not of actions. To “translate” the above mentioned 
actions into a sharp language of forces we will introduce the so-called 
Cauchy’s Principle (Postulate) which states: 

“Upon the surface S$ there exists a distribution of contact forces, of 
density T, whose resultant and moment resultant are equipollent to the 
whole contact action exerted by MVP. 

At the same time there is a distribution of external body or volume 
forces of density f, exerted on the whole P or D and whose resultant 
and moment resultant are completely equivalent (equipollent) with the 
whole distance (external) action exerted on P ”. 

The contact forces introduced by this principle are called stresses. 
These stresses, of surface density T, at a certain moment ¢, will de- 
pend upon the point where they are evaluated and the orientation of 
the surface element on which this point is considered, orientation char- 
acterized by the outward normal unit vector n on this surface, such that 
T = Ti(r,n,t). 

Concerning the external body or volume forces (the gravity forces are 
body forces while the electromagnetic forces are volume forces, etc.), of 
density f, at a certain time t, they depend only on the position vector r 
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of the point of application, i.e., f = f(r,t). To avoid ambiguity we will 
suppose, in this sequel, that all the external forces we work with are body 
forces (gravity forces being the most important in our considerations). 
To postulate the existence of the densities T and f (continuity hypothe- 
ses) is synonymous with the acceptance of the absolute continuity of the 
whole contact or external (body) actions with respect to the area or the 
mass respectively. Then, by using the same Radon—Nycodim theorem, 
the total resultant of the stresses and of the external body forces could 


be written 
R? = J Tda, R? = J fdm = / pfdv, 
S 


P D 


representations which are important in the general principles formula- 
tion. 

In the sequel we will formulate the general principles for continua 
by expressing successively, in mathematical language, the three basic 
physical principles: 

(1) mass is never created or destroyed (mass conservation); 

(11) the rate of change of the momentum torsor is equal to the torsor 
of the direct exerted forces (Newton’s second law); 

(111) energy is never created or destroyed (energy conservation). 








2.2 Principle of Mass Conservation. 
The Continuity Equation 


Mass conservation, postulated by the third axiom of the definition of 
the mass, requires that the mass of every subsystem P C M remains 
constant during motion. Evaluating this mass when the subsystem is 
located in both the reference configuration (i.e., for t = 0) Do and the 
current configuration at the moment t, mass conservation implies that 





m(P)= | po Roay = | p(r,t)dv= [pix (R 9] sav. 


Do D Do 


the last equality being obtained by reverting to the current reference 
configuration. 

In the continuity hypothesis of continuum motion ( p,v € C‘), as the 
above equalities hold for every subsystem P (and so for every domain 
Do), the fundamental lemma, from the end of sub-section 1.1, leads to 


po (R) = p(x (R, t)) J 
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which represents the eguation of continuity in Lagrangian coordinates. 
In spatial (Eulerian) coordinates, by making explicit the third axiom 
from the mass definition, i.e., m = 0, we get 


o= (P) = = | p(x,t)dv= | (6+ paivv) dv. 


D D 
where the Reynolds transport theorem has been used. Backed by the 
same fundamental lemma, the following forms of the continuity equation 
can also be obtained: 





p+ pdivv = 0 (the nonconservative form) 


Or 


ð 
x + div (pv) =0 (the conservative form). 


We remark that if in the theoretical dynamics of fluids, the use of 
nonconservative or conservative form does not make a point, in the ap- 
plications of computational fluid dynamics it 1s crucial which form is 
considered and that is why we insist on the difference between them. 





2.2.1 Incompressible Continua 


A continuum system is said to be incompressible if the volume (mea- 
sure) of the support of any subsystem of it remains constant as the 
continuum moves. 

By expressing the volume (measure) of the arbitrary system P at both 
the initial and the current moment, we have 


[a= fav= | sav 
Do D 


Do 


i.e., the incompressibility, in Lagrangian coordinates, implies that J = 1 
and consequently the equation of continuity becomes 


po (R) = p(x (R,t)). 


We can arrive at the same result, in Eulerian coordinates, if we write 


D , 
0= = | d= | (i+ divv) dv, 
D D 
Dp _ 


which leads to dłvv = 0 and, from the continuity equation, to 5f = 
0. We conclude that for incompressible continua, the (mass) density 
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remains constant as the particles are followed while they move (1.e., on 
any pathline), but the value of this constant could be different from 
trajectory to trajectory. 

If the medium is homogeneous, 1.€., p is constant with respect to the 
spatial variables, then it is incompressible if and only if p is constant vs. 
the time too. 

We note that if a continuum is homogeneous at the moment t = 0, 
it could become nonhomogeneous later on. In fact a continuum remains 
homogeneous if and only if it is incompressible. 

Within this book we will deal only with incompressible homogeneous 
media (continua). 


2.3 Principle of the Momentum Torsor Variation. 
The Balance Equations 

According to this principle of mechanics, applied within continua for 
any material subsystem P C M, at any configuration of it D = x (P,t), 
the time derivative of the momentum torsor equals the torsor of the 
(direct) acting forces. 

As the torsor is the pair of the resultant and the resultant moment, 
while the (linear) momentum of the subsystem P is H (P) = f vdm = 

P 


f pvdv and the angular (kinetic) momentum is Ko(P) = f r x vdm = 
P 


D 
fr x pvdv (O being an arbitrary point of Æ3), the stated principle can 
D 


D 
n — f 
mi | ma f Taas fp dv, 


D S D 


be written as 


respectively 


D 
ay [tx ovde = | rx Tda+ | rx pfdv, 


D S D 


the right members containing the direct acting forces resultant (1.e., the 
sum of the stresses resultant and of the external body forces), respec- 
tively the moment resultant of these direct forces (moment evaluated vs. 
the same point O). 

But, by using the continuity equation, we remark that ror J pvdv = 


f padv. In fact, on components, we have 
D 
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D 
i | Pride = J o + pa; + pvidiv v) dv = | paido. 
D D D 


Under these circumstances, the above equations become 


| vado = | Tda + | pfdv 

D S D 
[=x padv = frx Tda+ | x x pfdv, 
D S D 


both equalities being valid for any subsystem P C M and implicitly for 
any domain D C D. 

A direct application of the momentum variation principle is Cau- 
chy’s lemma which establishes that, at any moment and at any point r 
from a surface element of orientation given by n, the stress vector T, 
supposed continuous in r, satisfies the action and reaction principle, 1.€., 
[33] T (r,n,t) = —T (r, —n, t). 


and 


2.4 The Cauchy Stress Tensor 


As the stress vector T, evaluated at a point r, does not depend only 
on r and t but also on the orientation of the surface element where the 
point is considered (i.e., on n), this vector cannot define the stress state 
at the respective point. In fact, at the same point r, but considered 
on differently oriented surface elements, the vectors T could also be 
different. This inconvenience could be overcome by the introduction, 
instead of an unique vector T, of a triplet of stress vectors T; whose 
components with respect to the coordinates axes will form a so-called 
tensor of order 2. This stress tensor, introduced by Cauchy, is the first 
tensor quantity reported by science history. 

The triplet of stress vectors thus introduced will be associated, at 
every moment, to the same point r but considered on three distinct 
surface elements having, respectively, the outward normal parallel with 
the unit vectors i; of the reference system, namely T; = T(r,i,;,¢) (j = 
1,2,3). Let us denote by 7%; (i = 1,2,3) the components on the axes 
Ox; of the vector T}, ie., Tj = Tij ij. 

We will show, in what follows, that the stress state at a point r, at 
every moment ¢, will be characterized by the triplet of these vectors 
T; or, synonymously, by the set of the nine scalars 7; (¢ = 1, 2,3; 
j = 1,2,3) which depend only on r. Precisely, we will show that the 
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stress T, evaluated for the considered moment at a point r, situated 
on a surface element of normal n(nj), can be expressed by the relation 
T(r, n,t) = T;(r, #)n;, known as Cauchy’s theorem. 

The proof is backed by the theorem (principle) of momentum applied 
to a tetrahedral continuum element with its vertex at r, the lateral 
faces being parallel to the planes of coordinates, its base is parallel to 
the plane which is tangent to the surface element where the point r is 
located. Considering then that the volume of the tetrahedron tends to 
zero and using the mean theorem for each of the coordinates, we get 
Cauchy’s theorem. The detailed proof can be found, for instance, in 
[33]. 

Let us now consider, for any moment t, the linear mapping [T] of the 
Euclidean space £3 into itself, a mapping defined by the collection of 
the nine numbers 7;; (r,t), ie., [T]i; = rji; Such a mapping which, 
in general, is called a tensor will be, in our case, just the Cauchy stress 
tensor, a second order tensor in £3. We will see that by knowing the 
tensor [T] which depends, for any instant t, only on r, we have the 
complete determination of the stress state at the point r. 

Precisely we have 


T(r,n,t) = T;(r,t)nj = tin; = [Tli;n; = [T](r, t)n. 


This fundamental relation shows that T depends linearly on n and, 
consequently, it will always be continuous with respect to n. 

It is also shown that the tensor [T] is an objective tensor, i.e., at a 
change of a spatio-temporal frame, change defined by the mapping [Q] 
or by the orthogonal proper matrix Q;; = iji;, the following relation 
holds: 


[TE t) = [(QUs)(T](e, t)[QI", t = t+ 7. 


(the proof could be found, for instance, in [33]). 

It is also proved that [T] is a symmetric tensor, i.e., [T] = [T]? [33]. 
This result, besides the fact that it decreases the number of parameters 
which define the stress state (from 9 to 6), will also imply the existence, 
at every point, of three orthogonal directions, called principal directions, 
and vs. them the normal stresses (T - n) take extreme values which are 
also the eigenvalues of the tensor (mapping) [T]. 

The stress tensor symmetry is also known as “the second Cauchy’s 
theorem (law)”’. 
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2.5 The Cauchy Motion Equations 


Cauchy’s theorem allows us to rewrite in a different form the principle 
of the momentum torsor variation, that means of the linear momentum 
and of the angular momentum variation. 

Precisely, it is known that 


D 
ai | ever = [icinda + f pte 


D S D 


and 


D 
=, [ex evdv = | rx [T]nda + | rx pfdv. 
D 5 D 


Obviously, in the conditions of the continuous motions (which cor- 
respond to the parameters field of class C!(D)), by using the exten- 
sion of Green’s formulas for tensors of order greater than 1 [Appendix 
A] together with the fundamental lemma, from the (linear) momentum 
theorem one gets 


Pai = Tiji + pfi, (i = 1,2,3), 


relations known as Cauchy’s equations or “the first Cauchy’s law (theo- 
rem)”. 

These equations could be established under different forms too. Thus, 
starting with the formulas for the total derivative of both the momentum 
z (py) = g (ev) + (v-V)pv and the volume (depending on time) 
integral, we have 


ð 
f E (pv) + (v- V) pv + py div J dv = J (div[T] + pf) dv. 
D D 
As (v- V) pv+pv div v = div (pv Q v) ,the symbol designating the 


dyadic product [Appendix A], the above equation could be rewritten in 
the form 


| Zova + fio © v — [T]) nda = | eta 
D S 4 


known also as the transport equation of (linear) momentum and which 
could be used, in fluid dynamics, for evaluation of the global actions 
exerted on the immersed bodies. 
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Then, by using the fundamental lemma, one gets the so-called con- 
servative form of Cauchy’s equations 


è (pv) + div (pv 8 v — [T]) = pf, 


which, on components, leads to 


o , 
AE (vi) + (pvivj — Tij) ; = Pfi(t = 1,2, 3). 


Concerning the writing of Cauchy’s equations in Lagrangian coordi- 
nates this requires the introduction of some new tensors as, for instance, 
the Piola—Kirchoff tensor [33]. 

Concerning the objectivity (frame invariance) of the Cauchy equations 
we remark that these equations are not frame invariants. Really while 
the forces which correspond to the contact or distance direct actions are 


essentially objective (frame invariants) as well as n = race and div|T] 


(these together with grad f and [T] respectively), the acceleration vector 
which obviously depends on the frame of reference, is not objective. 

An objective form of these equations obtained by the introduction of 
some new vectors but without a physical meaning can be found in [33]. 

With respect to the mathematical “closure” of the Cauchy system of 
equations (3 equations with 10 unknowns), this should be established 
by bringing into consideration the specific behaviour, the connection be- 
tween stresses and deformations, 1.e., the “constitutive law” for the con- 
tinuum together with a thermodynamic approach to the motion of this 
medium. 


2.6 Principle of Energy Variation. 
Conservation of Energy 


The fact that the energy of a material system does not change while 
the system moves, t.e., the so-called “energy conservation”, will lead 
to another equation which characterizes the motion of the material 
medium. 

Obviously, by introduction of some thermodynamic considerations 
later on, this energy equation will be rewritten in a more precise form. 

Let us assess the elemental work done per unit time (the power) of the 
forces exerted on a material subsystem P of the deformable continuum 
M and whose configuration is D, i.e., 


ôL 
“= |v- (Einda + | pf- vdv. 


S D 
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Using then the equality v -[T]n = [T]v-n, a consequence of the defi- 
nition of the transposed tensor and of the symmetry of the stress tensor, 
precisely 


v-[T]n = [T)’v-n=([T]v-n_ [Appendix A], 


the first integral of the right side, f v - [T]nda, becomes 
S 
fv [Tinda = | oita = | w dv. 
5 D D 


Since f pf -vdv = f (paivi — Tij jvi) dv, from the Cauchy equations, 
D D 


taking into account that the second order tensor [G] = grad v (of compo- 
nents v;,;) can be split as a sum of a symmetric tensor [D] of components 
Dij = 5 (vig +054) (the rate-of-strain tensor) and a skew-symmetric 
tensor [N] of components Q3; = $ (vij — vj) (the rotation tensor) while 
f [G]-[T]dv = f [D] - [T]dv, we finally have 
D D 

ôL 


D , 
7 [om -[T]du + at | oh =W + Ec, 


Dt 2 
D D 


where W is the internal(deformation) energy whose existence is cor- 
related with the quality of our continuum to be deformable (for rigid 
bodies obviously W = 0) while Eç is the kinetic energy of the system. 
Usually a specific deformation energy w is defined by 2w = [T]-[D] = 
tr ((T][D]) and then W = 2 f wdv. 
D 


Part of the work done, contained in W, may be recoverable but the 
remainder is the lost work, which is destroyed or dissipated as heat due 
to the internal friction. 

So we have, in the language of deformable continua, the result of en- 
ergy conservation which states that the work done by the forces exerted 
on the material subsystem P is equal to the rate of change of kinetic 
energy Ec and of internal energy W. 





2.7 General Conservation Principle 


The integral form of mass conservation, momentum torsor and energy 
principle as established in the previous section respectively, can all be 
joined together into a unique general conservation principle. Precisely, 
for any material subsystem P C M, which occupies the configuration 
D C D whose boundary is S, at any moments ¢; and t2, we have the 
following common form for these principles: 
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t2 
J Ae J airs f fv ndadt = | | cava. 


D(t2) D(ti) ti S( (t) ty D(t) 


Obviously if all considered variables (1.e., the motion) are assumed 
continuous in time, the general conservation principle becomes 


D 
A B- = 
= | w+ f nda = | cae, 


D(t) S(t) D(t) 
where n is the unit outward vector drawn normal to the surface S. 

The above relation states that for a volume support D, the rate of 
change of what is contained in D, at moment t, plus the rate of flux 
out of $, is equal to what is furnished to D. The quantities A,B,C are 
tensorial quantities, A and C having the same tensorial order. If B Æ 0, 
then it is a tensor whose order is one unity higher than A. 

If we use the Reynolds transport theorem for the first integral and the 
Gauss divergence theorem for the second integral, we have 


OA 
J [$E + diot -c| dv = 0, 


D(t) 








where f = Av + B. 

Since the above result is valid for any material subsystem P of the 
deformable continuum (1.e., for any D) the fundamental lemma and the 
same hypothesis on the motion continuity allows us to write 


= + divf = C, 


which is the unique general differential equation, in conservative form, 
associated to the studied principles. 


3. Constitutive Laws. Inviscid and real fluids 


3.1 Introductory Notions of Thermodynamics. 
First and Second Law of Thermodynamics 


Thermodynamics is concerned with the behaviour of different mate- 
rial systems from the point of view of certain state or thermodynamic 
variables parameters. The considered thermodynamic (state) variables 
will be the absolute temperature (the fundamental quantity for thermo- 
dynamics), the pressure p, the mass density p, the specific (per mass 
unity) internal energy e and the specific entropy s. The last two state 
variables will be defined in what follows. 
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The main aim of thermodynamics is to establish a certain functional 
dependence among the state (thermodynamic) variables known as con- 
stitutive (behaviour) laws (equations). These constitutive equations will 
contribute to the mathematical “closure” of the equations system de- 
scribing the deformable continuum motion. 

Obviously the deformation of the material systems depends essentially 
on the temperature when this deformation takes place. That is why, for 
a complete study, a deformable continuum should be considered as a 
thermodynamic system, 1.e., a closed material system (no matter enters 
or leaves the system) which changes energy with its surrounding through 
work done or heat (added or taken). 

By the thermodynamic state of a system, at a certain instant, we un- 
derstand the set of all the values of the state (thermodynamic) variables 
(parameters) which characterize the system at that moment. 

By a thermodynamic process we understand a change of the thermody- 
namic state (i.e., of the values of the state variables) as a consequence of 
certain operations or actions or, shorter, when a thermodynamic system 
changes from one state to another one. 

A system is called in thermodynamic equilibrium if its thermodynamic 
state is time invariant. 

Suppose now that a thermodynamic system has changed from an ini- 
tial state (1) to a new state (2). By producing changes in either the 
system or its surrounding, it would be possible to reverse the state from 
(2) to (1). If this is possible to be done without any modification in 
both system and surrounding, the process is called reversible. On the 
contrary it is irreversible. 

The reversible processes characterize the ideal media and they imply 
infinitesimal changes which have been carried out so slowly that both 
the system and the surrounding pass successively through a sequence of 
equilibrium states. 

The internal energy E;, associated to a material system, 1s the com- 
plementary value of the kinetic energy Ec, vs. the total energy E, i.e., 
E = FE; + Er. 

Depending only on the state of the system at the considered moment 
(and not on the way this state has been reached), the internal energy 
is an objective quantity (while the kinetic energy, due to the presence 
of v, is not objective). If we postulate that the internal energy is an 
absolutely continuous function of mass, there will be a function e, called 
the specific internal energy, such that 


FE; (P) = [ eam = | pea, 


P D 
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In fact the first law of thermodynamics postulates the possibility to 
transform the heat (thermal energy) into mechanical energy. More pre- 
cisely within a thermodynamical process (when the deformable material 
subsystem passes from a thermodynamical state to a “neighboring” one), 


dE 
the rate of change of the total energy Tt is equal to the elemental power 


ôL . . 
TE of the direct forces exerted on the system plus the quantity of heat 





added to or taken out per unit time Y, so we haye 
DE ôL óQ 
Dt dt dt 


If 6Q = 0, i.e., there is not a heat change with the surrounding, the 
process (and the motion) are called adiabatic. Generally 6Q = 6Q-+6Qa, 
where dQ, and é6Qq are, respectively, “contact actions” (the conduction 
heat) and “distance actions” (the radiation heat). By accepting (to 
introduce the corresponding densities) that oe and SG are absolutely 
continuous functions of surface and, respectively, mass, we will have that 


Qe _ 0Qa — 
dt = | alv,n,t)da, dt — J orate, tae 


S D 


D being, at the respective moment, the configuration of the subsystem 
P and § its boundary. 

Under these circumstances, for any deformable continuum subsystem 
P, the first law of thermodynamics can be written 


D l 
5 | (e+ 5") d= [(v T+q)da+ | p(f-v+ra)dv. 
S D 


D 





On the other side the energy variation principle, stated in the previous 
section, 1s 


= godo + | 2wdv = | v- Taat | pf- vdv 
D D S D 


such that, using also the transport formula and the continuity equation, 
the first law of thermodynamics could be written 


| rede = fae. n,t)da+ [ ew + prq) dv. 


D S D 
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By introducing now the heat flux principle (Fouriter—Stokes) which 
states that there is a vector q(r,t), called heat density vector, so that 


q (r, n, t) =n: q (r, t)’, 
the Gauss divergence theorem leads to 





| + diva- 2w — pra) = 0, 
D 
that is, using the fundamental lemma too, 


pè = 2w — div q + pra. 


Obviously if we did not “split?” óQ into the conduction heat and the 
radiation heat, the last two terms of the above relation would be repre- 
sented by the unique term pot, ôq being the total heat density per unit 
of mass. 

To conclude, the energy equation together with the first law of ther- 
modynamics could be written both in a nonconservative form 


D v? ôq 
pwr -a — — r f. 
Pr (e+ 5) pa, + div[T]v +p V, 


. . . 10 
and in a conservative form or of divergence type 


2 2 

= > (c+ 5) | +V. > (e+ z) v =p% + div[T]v + pf - v, 
this last form playing a separate role in CFD. 

The second law of thermodynamics, known also as the Kelvin—Planck 
or Clausius principle, is a criterion which points out in what sense a 
thermodynamic process is irreversible. 

It is well known that all the real processes are irreversible, the re- 
versibility being an attribute of only ideal media. While the first law of 
thermodynamıcs does not say anything on the reversibility of the pos- 
tulated transformations, the second law tries to fill up this gap. More 


"For sake of simplicity we consider only the case of the heat added to P and corresponding 
“_n” will represent the unit inward normal drawn to § and this is the right unit normal 
vector we deal with in our case. 

The heat flux principle could be got by applying the above form of the first law of ther- 
modynamics to a tetrahedron of Cauchy type (that is a similar tetrahedron with that used 
in the proof of the Cauchy theorem) 

'°The transformation of the left side could be done by using the derivative of a product and 
the equation of continuity. 
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precisely, in a simplified form, one postulates that a transformation, a 
thermodynamical process, takes place in such a way that the entropy 
does not decrease or remain the same. 

What is the entropy ? In the case of reversible processes, the spe- 
cific entropy (per mass unit) s is defined by the differential relation 
ds = od where dg is the total heat per mass unit while T is the abso- 
lute temperature — an objective and intensive quantity (.e., it is not an 
absolute continuous function of volume) — whose values are strictly pos- 
itive and which is the fundamental quantity of thermodynamics. But, 
generally, the entropy S for the material subsystem P will also be a 
state quantity which is an absolute continuous function of mass (exten- 
sive quantity) and it can be expressed, via Radon—Nycodim’s theorem 
as S = | s(r,t)dm, s being the specific entropy. In the case of an 





irreversible process this entropy changes as a result of both interaction 
with surroundings (external action) and inside transformations (internal 
actions) such that we have ds = ds, + ds;. 

Since ds; > 0 (a result coming from kinetics) and ds, = 24 we have 
that ds > $4 which is the local form of the second law, also known as 
the Clausius—Duhem inequality. We remark that the “equality symbols” 
would belong to the case ds = ds, and, implicitly, to the reversible 
(ideal) processes. Obviously for these reversible processes, using also 
the first law of thermodynamics under the form pė = [T] - [D] +p%4, one 
obtains the so-called Gibbs equation 


pė = [T] [D] + pT s, 


which is fundamental in the study of ideal continua. 

Concerning the general (unlocal) formulation for the second law of 
thermodynamics, the condition of some real (irreversible) processes, this 
could be the following: 

For any material subsystem P of the deformable continuum M, which 
is seen in the configuration D ofboundary @D, there is a state quantity 
S, called entropy, whose rate of change, when the subsystem is passing 
from a state to another (neighboring) one, satisfies 


» OQ q:n Td 
> — = — —— da + —dv > U. 
S J da fe dv > 0 
aD D 
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3.1.1 Specific Heats. Enthalpy 


The specific heat is defined as the amount of heat required to increase 
by unity the temperature of a mass unit of the considered medium. 
Correspondingly, the specific heat is 

ôq 


dT 


Supposing that the temperature is a function of p and 5 = v, we have 


dT = or dp + oF dv, 
Op } , Ov p 


where the subscript denotes the fixed variable for partial differentiation. 
Analogously, assuming that the specific internal energy e is also a func- 
tion of p and v we have 


Je Oe 
de = (F) 2+ (56) 


Referring to the case of fluids, as the work done by a unit mass 


“against” the pressure forces is dw = pd (+) = pdv, the first law of 
thermodynamics can be written 


de = ôq — pdv, 


where qis the heat added to the unit mass. Because 7 is an integrating 
factor for dg,in the sense that ds, = $4 we get Tdse = de + pdv. Obvi- 
ously, for reversible processes (ideal media) ds, = ds and the last relation 
becomes Tds = de + pdv, an equation which could be also deduced as a 
consequence of Gibbs’ equations (for inviscid fluids). 

Generally, for any fluids, by using the above expression for de and the 
first law of thermodynamics, we have that 


o o 
ôq = (5) dp + (5) dv + pdv. 
v p 


Hence the specific heat 1s 





E ôq E (3) dp + (55) dv + pdv 
dT (2) dp + (22) do 


From this expression it will be possible to define two “principal” spe- 
cific heats: one Cp, for dp = 0 ( p = constant), called the specific heat at 


C 


32 BASICS OF FLUID MECHANICS AND INTRODUCTION TO CFD 


constant pressure, and the other C,, for dv = 0 ( v = constant), called 
the specific heat at constant volume. Thus 


(3) = wy, (8), 2] = ORAC 
* AĦdT } gy =0 (3), | \av/, OT } , oT } , 








€e 
dT J aq—o ( ar) oT), 
q Op v v 

Obviously, for the reversible processes (ideal media) we also have C, = 

ô — ð _ {4 — ð 
(at) =T (Se), and Co = (5h) =T (8) 

. . o a a 

Concerning thedifference C, — C,, this is equal to T ($F). (37) a 
result which can be found, for instance, in [33]. 

Now, let us introduce a new state variable H called enthalpy or total 
heat. The enthalpy A per unit mass or the specific enthalpy is defined 
by h=e-+ pv. 

Differentiating this relation with respect to T, while keeping p con- 
stant, we obtain 


(sr) (sr) +e (Sr) C 

— = —— ——— = p 

oT} , OT p OT } , 

In terms of h, the above Gibbs’ equation could also be written as 
Tds = dh — vdp, 


a form which will be important in the sequel. 


3.2 Constitutive (Behaviour, 
‘‘Stresses-Deformations’”’ Relations) Laws 


The system of equations for a deformable continuum medium — the 
translation of the Newtonian mechanics principles into the appropiate 
language of these media — should be closed by some equations of spe- 
cific structure characterizing the considered continuum and which in- 
fluence its motion. Such equations of specific structure, consequences 


1 v 


Il We have used here some results of the type 7p = (35) etc. which come from the 
(35) > p 
classical calculus. 
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of the motion equations of particles within the microscopic theory and 
which, in our phenomenological approach are given by experience as 
physical laws, will be designated as constitutive or behaviour laws or 
simply “stresses-deformations” relations (in fact they are functional 
dependences between the stress tensor and the mecanical and thermo- 
dynamical parameters which are associated to the motion, between the 
quantities which characterize the deformation and the stresses which 
arise as a reaction to this deformation). 

Noll has given a set of necessary conditions, in the form of general 
principles, which should be fulfilled by any constitutive law. By using the 
necessary conditions, some general dependences between the mechanical 
and thermodynamical parameters will be “filtered” and thus a screening 
of real candidates among different “stresses-deformations” relations is 
performed [95]. 

In what follows we will present, in short, the most important of such 
principles (the details could be found in [95]). 

The first principle is that of dependence on “the history” of the ma- 
terial, According to this principle the stress state at a certain point 
of the deformable continuum and at a given moment, depends on the 
whole “history” of the evolution (from the initial to the given considered 
moment) of the entire material system. In other words, this principle 
postulates that the stress at a point of continuum and at a certain mo- 
ment is determined by a sequence of all the configurations the continuum 
has passed through from the initial moment till the considered moment 
(included). 

A second principle which is in fact a refinement of the previous prin- 
ciple is that of spatial localization. According to this principle, to de- 
termine the stress state at a certain point and at a certain moment t, 
not the whole history of the entire continuum is required but only the 
history of a certain neighborhood of the considered point. 

Finally, the most powerful (by its consequences) principle would be 
that of objectivity or material frame indifference. According to this 
principle a constitutive law should be objective and so frame invariant 
which agrees with the intrinsic character of such a law. 

An important consequence of this objectivity principle is the impos- 
sibility of the time to appear explicitly in such a law. 

If in a constitutive law the point where the stress is evaluated does 
not appear explicitly, the respective medium is called homogeneous. The 
homogeneity is also an intrinsic property of the medium. It can be 
shown then if there is a reference configuration where the medium is 
homogeneous that it will keep this quality in any other configuration 
[150]. 
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A deformable continuum is called isotropic, 1f there are not privileged 
directions or, in other terms, the (“answering”) functional which defines 
the stress tensor is isotropic or frame rotation invariant. 

According to the Cauchy—Eriksen—Rivlin theorem [40], a tensor func- 
tion f({A]), defined on a set of symmetric tensors of second order from 
E3 and whose values are in the same set, is isotropic if and only if it 
has the form f ([A]) = poll] + yi[A] + p2[A]?, where pp are isotropic 
scalar functions of the tensor [A] which could always be expressed as 
functions of the principal invariants J, Ig,J3 of the tensors [A], i.e., 
Pk = Prk (hh, I2, I3). 

As a corollary any linear isotropic tensor function [([A]) in Ez should 
be under the form /({[A]) = cotr ({[A]) [I] + c:[A], where co and c} are 
constants. 





3.3 Inviscid (Ideal) Fluids 


The simplest of all the mathematical and physical models associated 
to a deformable continuum is the model of the inviscid (ideal) fluid. 

By an inviscid (ideal) fluid we understand that deformable continuum 
which is characterized by the constitutive law [T] = —p[I] (or, on com- 
ponents, Ti; = —pd;;) where p is a positive scalar depending only on r 
and t (and not on n), physically coinciding with the (thermodynamical) 
pressure. 

The “hydrostatic” form (characterizing the equilibrium) of the stress 
tensor [T] = —p[{I] shows that the stress vector T is collinear with the 
outward normal n drawn to the surface element (and, obviously, of op- 
posite sense) Le., for an inviscid fluid the tangential stresses (which with- 
stand the sliding of neighboring fluid layers) are negligible. 

The same structure of the constitutive law for an inviscid fluid points 
out that this fluid is always a homogeneous and isotropic medium. 

In molecular terms, within an inviscid fluid, the only interactions 
between molecules are the random collisions. Air, for instance, can be 
treated as an inviscid fluid (gas). 

With regard to the flow equations of an inviscid (ideal) fluid, known 
as Euler equations, these could be got from the motion equations of a 
deformable continuum (Cauchy equations), i.e., from pa; = pfi + Tij,; 
where we use now the specific structure of the stress tensor Tij = —pd;j; 
hence 








pa; = pfi- Pi 


or, in vector language 
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pa = pf — gradp, 


a system which should be completed by the equation of continuity. 

Of course the Euler equations could be rewritten in a “conservative” 
form (by using the continuity equation and the differentiating rule of a 
product), namely 


ð (pv) 
at 


If the fluid is incompressible, the Euler equations and the equation 
of continuity, together with the necessary boundary (slip) conditions 
(characterizing the ideal media) which now become sufficient conditions 
too, ensure the coherence of the respective mathematical model, Le., 
they will allow the determination of all the unknowns of the problem 
(the velocity and pressure field). If the fluid is compressible one adds the 
unknown p(r, t), which leads to a compulsory thermodynamical study of 
the fluid in order to establish the so-called equation of state which closes 
the associated mathematical model. 

The thermodynamical approach to the inviscid fluid means the use 
of the energy equation (together with the first law of thermodynam- 
ics) and of Gibbs’ equation which, being valid for any ideal continuum, 
synthesizes both laws of thermodynamics. 

The energy equation, either under nonconservative form or under con- 
servative form, comes directly from the corresponding forms of an arbi- 
trary deformable continuum, namely from 





+V-(pv Q v) = pf — gradp. 


6 
p= (+5) = p= — div (pv) + pf -v 


respectively 


O v? y? ôq , 
me (e+ 5) tv: lo (e+ 5) ¥]} = Gt —aiv (nv) + af -w. 


Concerning the Gibbs’ equation, pė = [T] - [D] + pTs, in the case of 
an inviscid fluid it becomes ([T] = —p[I] so that [T] -[D] = —p[J] -[D] = 
—p tr ({D]) = —p div v) 


pe = —pdivv + pT 8 


or, by eliminating div v from the equation of continuity (div v= 4), 
we get 
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de = Tds — pd (*) . 
p 


This last differential relation could be the departure point in the ther- 
modynamical study of the ideal fluids. If the internal energy e is given 
as a function of the independent parameters s and ; = v, Le., if we 
know e = €(s,v), then we will immediately have the equations of state 
p= ~- FÈ (s,v) and T = ge (s,v) or, in other words, the function é(s, v) , 
determining the thermodynamical state of the fluid, is a thermodynami- 
cal potential for this fluid. Obviously, this does not occur ife is given as a 
function of other parameters when we should consider other appropriate 
thermodynamical potentials. 


If the inviscid fluid is incompressible, from d (+) = dv = 0 we have 


that T = (s) or s = ê (T) and hence e = €(T). More, if in the energy 
equation, written under the form 


pė = [T] - [D] — divq + pra, 


we accept the use of the Fourier law q = — xgradT, where y is the 
thermal conduction coefficient which is supposed to be positive (which 
expresses that the heat flux is opposite to the temperature gradient), we 
get finally 


pė = div (xgradT) + pra. 


As e = ê(T) and rg (the radiation heat) is given together with 
the external mass forces, the above equation with appropriate initial 
and boundary conditions, allows us to determine the temperature 7 
separately from the fluid flow which could be made precise by considering 
only the Euler equations and the equation of continuity. 

This dissociation will not be possible, in general, within the compress- 
ible case. Even the simplest statics (equilibrium) problems for the fluids 
testify that. 

An important situation for the compressible fluids is that of the perfect 
fluids (gases), the air being one of them. 

By a perfect gas, we understand an ideal gas which is characterized by 
the equation of state (Clapeyron) p = pRT (where R is a characteristic 


constant). For such a perfect gas the relation Cp — Cy = T (3). (Sr), 


becomes Cp — Cy = R, even if Cp and C, are functions of temperature 
(Joule). Since (ôg), = CpdT, (ôq), = CydT, the first law of thermody- 
namics under the form ðq = de + pdv, leads to 
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CpdT = de + pd C) =dh (as p = constant) 
and 


Cydt = de. 


At the same time, from the transcription of Gibbs’ equation Tds = 
de + pdv, and from Cp — Cy = R, we have 


Tds = C,dT — T (C, — 0.) 


Or 
Td d 
=~ = dP -T(y-1) =, 
Cy 
C 
where y = Æ > I. 
C 
From C, — C, = R we also get y = a (Eucken’s formula), while 
r 


the state equation, in y, becomes T = TET 


The relation is = dT —- T (y — 1) 2 together with the above expres- 


sion for T, assuming that Cp and c! are constants, lead, by a direct 
integration, to 


T p'~7 exp (=) = const 


v 


respectively 


y S 
pp exp C. 


v 


) = const. 


If there is an adiabatic process (which means without any heat change 
with the surrounding), from ôq = 0 we get ds = 0, i.e., the entropy s 
is constant along any trajectory and the respective fluid flow is called 
isentropic (if the value of the entropy constant is the same in the whole 
fluid, the flow will be called homentropic). In this case the perfect gas is 
characterized by the equation of state T = Kop?! and p = Kp’, where 
Ko and K are constants while we also have 





h = CT, € = C,T. 


Obviously in the case of an adiabatic process, the equation of state p = 
K p”, together with the Euler equations and the equation of continuity, 
willbe sufficient for determining theunknowns (v;, p, p) (the temperature 
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T being determined at the same time with p). For the same perfect 
gas, under the circumstances of the constancy of the specific principal 
heats but in the nonadiabatic case, the first law of thermodynamics (by 
neglecting the radiation heat) leads to 


ph =p — divq 


or, by using the Fourier law, we arrive at 


pCyT = p+ div (xgradT)) , 


an equation which allows the determination of the temperature not sep- 
arately, but together with Euler’s equations, 1.e., using the whole system 
of six equations with six unknowns (v;, p, p, T). 

Generally, the fluid characterized by the equations of state under the 
form f(p,p) = Owith f satisfying the requirements of the implicit func- 
tions theorem, are called barotropic. For these fluids, the determination 
of the flow comes always to asystem offiveequations with five unknowns, 
with given initial and boundary conditions. 


3.4 Real Fluids 


By definition a deformable continuum is said to be a real fluid if it 
satisfies the following postulates (Stokes): 

1) The stress tensor [T] is a continuous function of the rate-of-strain 
tensor [D], while it is independent of all other kinematic parameters (but 
it may depend on thermodynamical parameters such as p and 7); 

2) The function [T] of [D] does not depend on either a space position 
(point) or a privileged direction (1.e., the medium is homogeneous and 
isotropic); 

3) [T] is a Galilean invariant; 

4) At rest ([D] = 0), [T] = —piI], p > 0. 

The scalar p > 0 designates the pressure of the fluid or the static 
pressure. A fundamental postulate states that p is identical with the 
thermodynamic pressure. We will see later in what circumstances this 
pressure is an average of three normal stresses. 

Generally the structure of the stress tensor should be [T] = —p[I]+[o}], 
where the part “at rest” —p[{I] is isotropic while the remaining [a] is an 
anisotropic part. For the so-called Stokes (“without memory”) fluids, 
[o] = ®(v,gradv,{D]), with restriction [ø] = 0 for the fluid flows of 
“rigid type” (without deformations), while for the fluids “with memory”, 
[a] depends upon the time derivatives of [D] too. 

The postulate 2) implies, through the medium isotropy, that the func- 
tion [T] is also an isotropic function in the sense of the constitutive laws 
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principles. At the same time, within the frame of Noll’s axiomatic sys- 
tem, the postulate 3), which states the inertial frame invariance of [T], 
is a consequence of the objectivity principle. 

At last, the necessary and sufficient condition for the isotropy of a 
tensorial dependence (the Cauchy—Eriksen—Rivlin theorem) shows that, 
in our working space E}, the structure of this dependence should be of 
the type 








[T] — |—p(p, T) + vo(p, T, h, Io, T3)|(¥) 


+ yi(p,T, h, Iz, 13)[D] + yo(p,T, hi, Ie, I3)[D]’, 


where po, 1, Y2 are isotropic scalar functions depending upon the princi- 
pal invariants J, Ig, I3 of [D], where I, = tr[D] = div v, 212 = (tr[D])?— 
tr[D]? and Iz = det[D], and with the obvious restriction yo(p, 7, 0,0,0) = 
Q (conditions required by the postulate 4)). 

This general form for the constitutive law defines the so-called Reiner— 
Rivlin fluids, after the names of the scientists who established it for the 
first time. 

Those real fluids characterized by a linear dependence between [T] 
and [D] are called Newtonian or viscous. By using the corollary which 
gives the general form of a linear isotropic tensorial function I([A]), 
observing the hydrostatic form at rest, we necessarily have for these 
fluids the constitutive law 





[T] = [—p (p, T) + A (p, T) tr[D]] {I} + 2# (p, T) [D], 


where the scalars u and A are called, respectively, the first and the 
second viscosity coefficient. By accepting the Stokes hypothesis 3A + 
2p. = 0, which reduces to one the number of the independent viscosity 
coefficients and which is rigorously fulfilled by the monoatomic gases 
(helium, argon, neon, etc.) and approximately fulfilled by other gases 
(provided that div v is not very large) we would have (from tr{T] = 
—3p + (8A + 2u) tr[D] ), that m1 + T22 + 733 = —3p, ie. the above 
mentioned result on the equality of pressure with the negative mean of 
normal stresses. 

Obviously, for a viscous fluid there are also tangential stresses and so 
there is a resistance to the fluid layers sliding. The viscosity of fluids is 
basically a molecular phenomenon. 

For the incompressible viscous fluid from tr{[D] = divv = 0 we get 
[T] = —pl] + 24[D]. 
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Sutherland, in the hypothesis that the colliding molecules of a perfect 
or quasiperfect gas are rigid interacting spheres, got for the viscosity 


-1 
coefficient u the evaluation u = aT!/? (1 + E) , where œ and f are 


constants [153]. 

Fluids that do not observe a linear dependence between [T] and [D] 
are called non-Newtonian. Many of the non-Newtonian fluids are “with 
memory”, blood being such an example. 

In the sequel we will establish the equation for viscous fluid flows 
without taking into account the possible transport phenomenon with 
mass diffusion or chemical reactions within the fluid. 

Writing the stress tensor under the form [T] = —p[I]+[o], the Cauchy 
equations for a deformable continuum lead to 





D 
— = pf — gradp + divia| 


or, in conservative form, 


2 (pv) + V- (pv @v) = pf — gradp + div|G]. 


We remark that all the left sides of these equations could be writ- 
ten in one of the below forms, each of them being important from a 
mathematical or physical point of view: 


Ov 
pa = | 5 + (v- grad) v = p É + (grad v) J 


=0| Fr + div(v 8 v) =vaiuy| = p | + grad (su +wx], 


Concerning div [o] = div [à (div v) [I] + 24 [D}]], which is a vector, 
by using the formulas 2{D] = (gradv) + (gradv)’, div (gradv)” = 
grad (div v), 2/{Qla =wxa ([Q] being the rotation tensor — the skew- 
symmetric part of gradv and aan arbitrary vector), we get for div{a] 
a first form 


divo] = (A+ u) grad (div v) + uV*v+ (div v) grad à 


+ 2grad v (grad p) + (grad p) x w 


where 


V’v = div (grad v), grad v(gradz) = (gradu - grad) v 
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A second form is obtained by using the additional formulas 


div (grad v) = grad (div v) — rotw = V’v, 2div|[Q] = —rotw ; 


more precisely, we have 


div|o] = grad [(À + 2u) (div v)| — rot pu+2grad v (grad p) 


+ 2 (grad u) x w — 2 (div v) grad p. 


At last, by introducing some known vectorial-tensorial identities (see 
Appendix A), one can get a third form, 


div[o] = grad [(À + 2u) (div v)| — rot pw 


+ 2grad [(grad u) - v] — 2div [(grad u) Q v}. 


With regard to the energy equation, by using the nonconservative, 
respectively the conservative form of this equation for an arbitrary de- 
formable continuum, in the case of the viscous fluid we get 


Pi 9 


(the nonconservative form), respectively 


2 
D (+7) = pt — div pv + div ([ø]v) + pf -v 


ra 2 2 ô l l 
a |p (e + z) +V. Ç (« + =) v = p~ —divpv +div (lalv)+pf- v 
(the conservative form), where, obviously, 


[o]v = A (div v) v+u [(graa v) + (grad vy] v. 


If we are interested in the mathematical nature of these equations we 
remark that, firstly, the equation of continuity is a partial differential 
equation of first order which could be written, in Lagrangian coordi- 
nates, Jo(R,t) = po, such that Jp = constant is a solution of this 
equation which also defines the trajectories (obviously real). As these 
trajectories are characteristic curves too, the equation of continuity is 
then of hyperbolic type. 
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Concerning the equation of flow, if from the first form of div[o] we 
take out the second derivative terms (the “dominant” terms), they could 
be grouped into 


pV?v + (A + u) grad (div v). 


According to the classification of the second order partial differential 
equations, these equations are elliptic if the eigenvalues yp and A + 2y of 
the associated quadratic form are positive. Consequently, in the steady 
case, if p > 0 and A+ 2p > 0 the flow equations are of elliptic type. The 
same property belongs to the energy equation if, by accepting for the 
conduction heat the Fourier law, the thermal conduction coefficient is 
positive. In the unsteady case the previous equations become parabolic. 

Globally speaking, the whole system of equations would be elliptic- 
hyperbolic in the steady case and parabolic-hyperbolic in the unsteady 
case. If u = 0, then the elliptic and parabolic properties will be lost. 

Concerning the initial and boundary conditions, the first ones specify 
the flow parameters at t = to, being thus compulsory in the unsteady 
case. As regards the boundary conditions, they imply some information 
about the flow parameters on the boundary of the fluid domain and 
they are always compulsory for determining the solution of the involved 
partial differential equation in both steady and unsteady cases. 

For a viscous fluid which “passes” along the surface of arigid body, the 
fluid particles “wet” the body surface, i.e., they adhere. This molecular 
phenomenon has been proved for all the continuous flows as long as the 
Knudsen number (Kn) < 0,01." 

Due to this adherence the relative velocity between the fluid and the 
surface of the body is zero or, in other terms, if Vg is the absolute 
velocity of the body surface and v the absolute velocity of the fluid, we 
should have Vgsur face = Vs. If Vs = 0, that means the body surface is 
at rest, then 7 = 0 and also Vn = O, t being a unit tangent vector on 
the surface and n is the unit normal vector drawn to the surface. 

These conditions are called the adherence or non-slip conditions, in 
opposition with the slip conditions vy = 0 and v 4 0 whichcharacterize 
the inviscid (ideal) fluid. 

Obviously the presence of a supplementary condition (v = 0) for the 
viscous fluids equations should not surprise because these are partial 
differential equations of second order while the ideal fluids equations are 
of first order. 














l 
This number is an adimensional parameter defined by Kn = T’ where / is the mean free 


path and F a reference length. 
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We will see that if the viscosity coefficients tend to zero, the solution 
of a viscous fluid problem does not converge to the solution of the same 
problem considered for an inviscid fluid. More precisely, we will establish 
that this convergence is non-uniform in an immediate vicinity of the 
body surface (where the condition vs = O is also lost) where another 
approximation (than that given by the model of inviscid fluid) should 
be considered. 

Concerning the boundary conditions they should be completed, in 
the case of unbounded domains, with a given behaviour at infinity (far 
distance) for the flow parameters. 

All these features analyzed above are associated with the physical na- 
ture of the fluid flow. Within the CFD we must take care to use the 
most appropriate and accurate numerical implementation of the bound- 
ary conditions, a problem of great interest in CFD. We will return to 
this subject later in this book. 


3.5 Shock Waves 


In a fluid, besides the surfaces (curves) loci of weak discontinuities 
there could also occur some sfrong discontinuities surfaces (curves) or 
shock waves where the unknowns themselves have such discontinuities 
in passing from one side to the other side of the surface (curve). To de- 
termine the relations which connect the limiting values of the unknowns 
from each side of the shock wave (the shock relations), we should use 
again the general principles but under the integral form which accepts 
lower regularity requirements on these unknowns. Once these relations 
are established, we will see that if we know the state of the fluid in 
front of the wave (the state “O”) and the discontinuities displacement 
velocity d, it will be always possible to determine the state of the fluid 
“behind” the shock wave (the state “1”). We will deal only with the 


case of perfect gases where the internal specific energy is e = £ (4) 


and the total specific energy is 5 pv" + pe, the fluid being considered 
in adiabatic (isothermic) evolution. This entails total energy conserva- 
tion, a requirement which prevails in the equation of state in the form 
— y 13 
p = kp”. 
Now we introduce the concept of “weak” solution which allows the 
consideration ofunknowns with discontinuities. Let us take, for instance, 





'5It is shown that the entropy increase, required by the second law of thermodynamics, 
associated with a shock raise, does not agree with an equation of state in the form p = kp” 
where kis constant. 
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a nonlinear equation written in conservative form, 1e., in a domain D 
of the plane (x,t), namely 


uz + (f (u)), = 0 


Or 


divF = 0 


where F = (f (u),u) and “div” is the space-time divergence operator. 
If ® is a smooth function with compact support in the plane (x,t), then 
the above differential equation leads to the fulfilment, for any ® , of the 
“orthogonality” relation f @divFdzdt = 0 which comes, by integrating 


D 
by parts, to f grad® . Fdzdt =0. 
D 


If u is a smooth function the last relation is equivalent with the given 
differential equation; but if it 1s not smooth enough, the last equality 
keeps its sense while the differential equation does not. 

We will say that u is a weak solution of the differential equation 1f it 
satisfies f grad® -Fdzrdt = 0 , for any smooth function ® with compact 

D 


support. Obviously, if we want to join also the initial conditions u(z,0) = 
uo, then, integrating on D; (a subdomain of D from the half-plane ¢ > 0) 
we get 


J srada - Fdzdt + J ® (x,0) uo (x) dz = 0 
Di DOO 


and if ® has its support far from the real axis, the last term would 
disappear again. 

So we have both a differential and a weak form for the considered 
equation. We will also have an integral form if we integrate the initial 


b 
equation along an interval fa,b} of the real axis, precisely 4 fudz = 


a 
f (u). 

Of course we should ask if a weak solution satisfies necessarily the in- 
tegral form of the equation ? Provided that the same quantities, which 
showing up in the conservative form of the equation are kept for the in- 
tegral form too, the answer is affirmative. That is why the weak solution 
will be basically the target of our searches. 

Let us now investigate the properties of the weak solutions of the 
conservation law u; + (f (u)),, = 0 in the neighborhood of a jump dis- 
continuity (1.e., of first order, the only ones with physical sense). Let u 
be a weak solution along the smooth curve © in the plane (x,t). Let ® 
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be a smooth function vanishing in the closed outside of a domain S, the 
curve X dividing the domain S into the disjoint subdomains Sı and S> 
(S = $,US2 ). Then 


0= | groaa -Fdzdt = J orada -Fdzdt + | orada - Fdzdt. 


Si So 


Since u is a regular function in both Sı and Sg, if n is the unit nor- 
mal vector oriented from S; to S2, then by applying Gauss’ divergence 
formula and the validity of the relation divF = Qin Sı andin S we are 
led to 


| EFi- Fa) nds = 0, 
u 


where F and Fo are the F values for u taking the limiting values from 
51, respectively Sz. 

As the above relation takes place for any ® , we will have [F-n] = 0 
on © where [F - n] = F; -n — F2-n denotes the “jump” of F - n across 


Suppose that X is given by the parametric equation z = z(t), so that 
1,—d 


the displacement velocity of discontinuity is d = dz . Further n = E 


and F being (f(u), u) , the above relation becomes 


—d{ul+[f(w]=0 pe X, 


where again [] designates the jump of the quantity which is inside the 
parentheses, when the point (x,t) is passing across X (from Sı to S2). 

A function u satisfying the differential equation whenever it is possit- 
ble (in our case in S; and S2) and the above jump relation across the 
discontinuity surface £X , will satisfy both the integral and the weak form 
of the equation. 

Obviously, all the above comments could be extended to the conserva- 
tive laws systems. Let us consider, as a conservative system, the system 
of equations for an isentropic gas in a one-dimensional flow, precisely 





Ppt + Myg = 0, 


m2 
met (Man) =o 
p x 
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where m = pv (the specific momentum), system which is completed by 
the state equation 


p = kp". 


But if instead of the equation of state p = kp” , we consider the energy 
equation 


et + e+) =| = 0, 
Pie 
with e = tpv? + -5 , then some physical reasons show that the ac- 
ceptance of the energy conservation is a much more realistic condition 
than p = kp’ , k, in general, depending on entropy and so it cannot be 
constant. 

In fact the above system together with p = kp? does not have the 
same weak solution as the same system but is completed with the energy 
conservation. 

There are special subjects as, for instance, the wave theory in hydro- 
dynamics, where the results obtained by considering the equation of 
state p = kp” are close to reality. But, generally speaking, the shock 
phenomena should be treated with the system completed with the above 
energy equation instead of the equation of state. 

From the jump relation [F-n] = 0, across the discontinuity surface 
+; which moves with velocity d, we get , for any of the equations of the 
above system, the jump relations 





dlo] = [m], 


d[e] = [(e + p) v], 


called the Rankine—Hugoniot jump relations. 

If it takes a coordinate system whose displacement with uniform ve- 
locity would be, at a moment t = 0 , equal with the displacement velocity 
of a discontinuity located at the origin of this system, then within this 
new frame of coordinates, the previous relations will be rewritten 


Povo = P11, 


povs + po = piv? + Pi, 
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(eo + po) vo = (e1 + pi) v1, 
where the subscripts identify the state “0” before the jump and the state 
“1” after the jump. If m = povo = pıv1 = 0, the respective discontinuity 
is Of contact type because vg = vı = 0 show that these discontinuities 
move with the fluid. 

If m Æ 0 the discontinuity will be called a shock wave or, shorter, 
a Shock. AS vo Æ 0 , vı #0, the fluid is passing through shock or, 
equivalently, the shock is moving through fluid. 

That part of the gas (fluid) which does not cross the shock is called 
the shock front (the state “0”) while the part after the shock is called 
the back of the shock (the state “1’’). 

From the Rankine—Hugoniot relations we could get simple algebraic 
relations which allow the determination of the parameters after shock 
(state “1”) by using their values before shock (state “0”). 

If co = yee and cy = yo are the sound speed in front and, respec- 
tively, behind the shock, then denoting by Mo = oo. and M, = — 
(ug and vf being the projections of the fluid velocity on the shock nor- 
mal, at the origin of the system) and by Tọ = + and T, = a , we easily 
get the relations 








Po y+1 
which determine y; and p; with the data before the shock. 
Analogously, we have 





Mé - 1 
1+ 24 (MG -— 1) 
and from the perfect gases law p = pRT we obtain for the “new” tem- 
perature Tı the evaluation 


TPL 2(y — 1) (yM +1) (Mg —1) 
TOPO (y +1) M$ l 
relation which, together with the above ones, solves completely the pro- 
posed problem. 
In what follows we will see what type of conditions should be imposed 
to ensure the uniqueness of the (weak) physically correct solution. 
It is easy to check that through every point of a shock in the (z,t) 
plane one can draw two characteristics, one of each side of the shock, 


1 — M? = 
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1.€., the shock “separates” the characteristics. These characteristics are 
oriented (both of them) towards the “past”, 1e., to the initial data line 
t = to or towards the “future” 1.e., towards larger t. 

A shock is said to obey the entropy condition if the two characteristics 
which cross at each point of it are oriented backwards to the initial line 
t = tg. A shock which does not observe the entropy condition is called a 
rarefaction shock. In gas dynamics the rarefaction shocks are excluded 
because if such shock exists, the (weak) solutions of the problem will 
not be unique and, more, such a solution does not depend continuously 
on the initial data (the characteristics cannot be “traced back” to the 
initial line) and the basic thermodynamic principles are violated. 

We shall allow only shocks which do obey the entropy condition. This 
restriction will make the (weak) solution of the problem unique. 

A shock is called compressive if the pressure behind the shock is 
greater than the pressure in front of the shock. 

One shows that for a fluid with an equation of state under the form 
p = kpv” (or, more generally, whose total energy is conserved while the 
Specific energy 1s given by e = pu" + s), the fulfilment of the entropy 
condition holds if and only if the shock is compressive. 

It has been proved that, for a perfect gas, the so-called Weyl hypothe- 
ses are satisfied, which means 





Then, besides the fact that the knowledge of the values of the flow pa- 
rameters before the shock together with the shock displacement velocity 
allows the determination of the flow parameters behind the shock, the 
following properties across the shock take place: 

1) There is an entropy increase which is of order 3 in 79 — Tı Or in 
Pı — Po; 

2) The pressure and the specific mass increase such that the shock is 
compressive (pı > po and T1 < 79); 

3) The normal component of the fluid velocity vs. the shock front is 
supersonic before the shock, becoming subsonic after shock. Further, the 
fluid flow before the shock will obviously be supersonic while after shock 
it will be subsonic, the shock waves arising only within the supersonic 
flows. 

One can show that the Weyl hypotheses are satisfied by other gases 
too. 
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3.6 The Unique Form of the Fluid Equations 


In the sequel we will analyze the conservative form of all the equations 
associated with fluid flows — the equations of continuity, of momentum 
torsor and of energy within a unique frame. Then we will show which 
are the most appropriate forms for CFD. We notice, first, that all the 
mentioned equations (even on axes projection if necessary) could be 
framed in the same generic form 





oU + OF n OG n oH _ 
Ot Ox Oy Oz 
where U, F, G, H and J are column vectors given by 


J 


pP 0 
pri pfi 
U = pv2 , J=4 Ph ; 
v 
P 3, pfs M 
p(e+ 3%) p(vi fi + vefe + usfs) + pF 


Pv2 

Pv{V2 — 02) 
pu + p — 029 
PU3V2 — 023 


p 2 
pvi +p- on 
F = ¢ pv2t1 — 012 , 
PU3V) — 013 
2 
P (e + w) Vi + PV, — V1011 — V2012 — V3013 
2 
P (e + +) V2 + pv2 — 1021 — 2022 — 3023 


Pv3 
PV] V3 — 031 
H = PV2U3 — 032 


PU3V03 + p — 033 


2 
p (e + z) v3 + pU3 — V1031 — V1031 — V3033 


where oj; are the components of the tensor [ø], f; of the vector f and v; 
of the vector v. 

In the above equations the column vectors F, G and H are called 
the flux terms while J is a “source” term (which will be zero if the 
external forces are negligible). For an unsteady problem U is called 
the solution vector because its elements are dependent variables which 
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can be numerically evaluated by considering, usually, some time steps. 
Therefore using this approach one calculates numerically the elements 
of U instead of genuine variables v1, v2,03 and e. Of course once the 
numerical values for the U components are determined, the numerical 
values for the genuine parameters are immediately obtained by p = p, 


y2 
pvi p (e + 7) DEA 


v = —, e = — - S In the case of the inviscid fluids we 


will follow the same procedure with the simplification oi; = 0. 

In the case of the steady flow, we have 2 aw = 0. That is why for such 
problems one frequently uses numerical techniques of marching type. 
For instance if the solution of the problem is obtained via a marching 
procedure in the direction of the æ axis, then our equation could be 
written in the form = = J-— = + on 
Here F becomes the < solution” vector while the dependent variables 











are pv}, pu? + p, pviv2, pvıv3 and [pvi (e + +) + poi]. From these 
variables it would be possible to get again the genuine variables even 
if this time the calculations are more complicated than in the previous 
case. 

Let us notice now that the generic form considered for our equations 
contains only the first order derivatives with respect to x; and ¢ and all 
these derivatives are on the left side, which makes it a strong conservative 
form. This is in opposition with the previous forms of our equations (for 
instance the energy equation) where the spatial coordinates derivatives 
could occur on the right side too. That is why these last equations are 
considered to be in a weak conservative form. 

The strong conservative form is the most used in CFD. To understand 
“why”, it would be sufficient to make an analysis of the fluid flows which 
involve some “shock waves”. We will see later, that such flows imply 
discontinuities in variable p, p, u;, T etc. If for determining of such flows 
we would use, for instance, the so-called “shock capturing” method, 
the strong conservative form leads to such numerical results that the 
corresponding fluid is smooth and stable, while the other forms of these 
equations lead to unrealistic oscillations, to an incorrect location of the 
discontinuities (the shock) and to unstable solutions. The main reason 
for this situation consists in the remark that whereas the “genuine” 
variables are discontinuous, the dependent variables like pv and p+ pv? 
are continuous across the shock wave (Rankine—Hugoniot relations). 








Chapter 2 


DYNAMICS OF INVISCID FLUIDS 


‘The inviscid (ideal) fluids are hypothetical fluids in which the viscosity 
is neglected and consequently there is no opposition while the fluid layers 
slide “one on another”. Although such fluids don’t occur in nature, their 
study offers useful information in the regions far enough from the solid 
surfaces embedded in fluids. At the same time the neglect of viscosity 
(i.e., all the coefficients of viscosity are zero) simplifies considerably the 
flow equations (Euler) which allows a deep approach via the classical 
calculus. Nowadays the interest has been renewed in inviscid fluid flows 
because up-to-date computers are capable of solving their equations, 
without any other simplifications for problems of great practical interest. 
It is also interesting to note that for R’ = oo (the inviscid fluid case) 
we have accomplished the conditions for a “perfect continuum”, the 
Knudsen number K,, being zero [153]. 











The target of this chapter is to set up the main results coming from 
the Euler flow equations which allows a global understanding of flow 
phenomena in both the incompressible and compressible case. Obvi- 
ously, due to the high complexity of the proposed aim, we will select 
only the most important results within the context of numerical and 
computational methods. 


1. Vorticity and Circulation for Inviscid Fluids. 
The Bernoulli Theorems 


Suppose that in the equations of vorticity under the hypothesis that 
the external forces derive from a potential, which means in 
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Dw 


ria (w : grad) v — w (div v) + rot (- gradp |! ) 


t zdvlo vio] 


we set [o] = 0, then we get 
Dw 

Dt 

For a barotropic fluid (obviously for an incompressible fluid too) be- 
cause grad f 4 = arc and taking into account the equation of conti- 


= (w- grad) v — w (div v) + rot Guree . 


Dt? 


D [w Ww Ww 
— {—]={|—- grad | v = (grad v) — 
pi (p) = (p 07ed) v= rae 


Similarly, from 
DT gradp 1. 
Di~ J (ee + “tole om 
C 
DT 


we get 5, = —f grec - ôr such that, for a barotropic fluid, we fi- 


nuity, it turns out that div v = -15 so that we obtain 


nally haye br = 0. This result, also known as the Thompson (Lord 


Kelvin) theorem, states that the circulation along a simple closed curve, 
observed during its motion, 1s constant whenever the fluid is inviscid 
(ideal), barotropic (or incompressible) and the mass (external) forces 
are potential.| Correspondingly, in the above conditions, the strength 
of a vortex tube is a constant too (Helmholtz). 

In the case of the ideal incompressible or barotropic compressible fluid 
flows, the vorticity (rotation) equation (obtained by taking the curl of 
each term of the Euler equation) could be written as %& +rot (wxv) = 0. 
On the other hand, if we consider the flux of rotation (vorticity) across 
a fluid surface ©, that is ® = JJ w -‘ndo, as div w = 0 and the formula 


[153], 
a=) Z + rot (wxw)| -ndo 


holds, we can state the following theorem: 


' The Thompson theorem requires, basically, the existence of a uniform potential of accelera- 
tions. Somne recent results, which have also taken into consideration the case of nonuniform 
potential of accelerations, should be mentioned [122]. 
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THEOREM 2.1. The rotation (vorticity) flux across a certain part of 
a fluid surface (which is watched during its motion) is constant. 

As direct consequences of this theorem we have the following results 
which can be proved by “reductio ad absurdum”: 

- A fluid surface X, which at a certain instant tọ is a rotation (vorticity) 
surface will preserve this quality all the time, 1.e., it will be a rotation 
(vorticity) surface during the motion. A similar result could also be 
formulated for the vorticity (rotation) lines, these lines being defined as 
the intersection of two vorticity (rotation) surfaces; 

- If, at a certain moment, the fluid flow is trrotational (potential), 
then this quality will be kept at any later moment. 

This last result, known as the Lagrange theorem and which is valid in 
the above mentioned hypotheses, could be obtained either by reductio ad 
absurdum (supposing that the flux of rotation across a certain surface, 
with w 4 0, would be different from zero which leads obviously to a 


contradiction) or by remarking that the equation E (2) = (grad v) A 
has the solution (in Lagrangian coordinates) € = soy te where wọ (wẹ) 
is the vorticity vector at the moment tọ and p = pg is the mass density 
at the same moment. 

If the fluid flow is irrotational, then there will be a velocity potential 
® such that v = grad®. As A = grad??, from Euler’s equation in 
Helmholtz form, in the same hypotheses of a barotropic fluid and of the 
conservative character of the external forces, we also get 





In other words, in an irrotational flow of an inviscid barotropic fluid 
with external forces coming from a potential U, we have ce + we +f ae — 
U = C(t), where C(t) is a function depending only on time (in the steady 
case this function becomes a constant, which does not change its value 
in the whole fluid domain). This result, known as the second Bernoulli 
theorem (integral) could be also extended in the case of a rotational 
fluid flow. Precisely, by considering the inner product of both sides of 
Euler's equation with v, we will have that pz ue +pv-gradkK = 0, where 
K=%+f2-u. 


If the flow is steady, then we will have at once v- gradK = 2* = 0, 


Dt 
1.€., the quantity K = v +f dp — U is constant at any path line, the 
value of this constant being different when we change the trajectory. 
This last result is known as the first Bernoulli theorem (integral). 
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Now we remark that the above quantity K also satisfies, in the steady 
state case, the equation w x v = —grad K and, correspondingly, v 
-gradK = O which could be obtained from the Euler equation in the 
Helmholtz form, with the same previous assumptions. Consider the 
energy equation for an inviscid fluid with no heat change with its sur- 
rounding (6g = 0) and with a time-free potential of the external forces, 
that is 


D v? , D fp D 
Pr (« + =) = —div (pv) + pgradU -v = -Pr (2) + p—U 


or di = 0, where H = pu tet+F—U. 
The energy equation shows that H = constant on each streamline. 
From the expression of H we get, by taking the grad operator and using 


the equality grad f ap + pgrad (+) = grad (2) , that 


grad H = grad (50 1/2- v) + grade + pgradv, 


where v = + is the specific volume. 

At the same time the first law of thermodynamics written under the 
“gradient” form, 1e., T grads = grade + pgradv, allows us to write 
that grad H = T grads + grad B or 


grad H = T grads — wxv. 


The last equality is known as the Crocco—Vazsonyi equation and it 
shows that H is constant in the whole domain of the flow provided 
that s =constant and w = 0. In other words, for the isentropic steady 
potential fluid flows H is constant together with K. 

In the absence of the external forces H = ho, where fo is the en- 
thalpy at the zero velocity (stagnation) points. In this case the Crocco 
— Vazsonyi equation can be written in the simplified form as grad họ = 
T grads — wXv. 

Generally, the values of the constants taken by K and H along a 
certain streamline, in the steady case, are different. But in the case of 
isentropic flows (s =constant), the constants for K and H will be the 
same. 

It has been shown that the modification of these constants while the 
streamlines are changing (which does not occur in the case of irrotational 
flows) is a direct consequence of the existence of the rotational feature 
of the whole fluid flow [153]. 
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2. Some Simple Existence and Uniqueness 
Results 


In what follows we will present, successively, some existence and 
uniqueness results for the solutions of the Euler system (equations). A 
special accent is put on the uniqueness results because, in fluid dynam- 
ics, there is a large variety of methods, not necessarily direct (1.e., they 
could also be inverse, semi-inverse, etc.), which enable us to construct 
a solution fulfilling the given requirements and which, if a uniqueness 
result already exists, will be the right solution we were looking for. 


At the same time we will limit our considerations to the “strong” 
solutions, 1.e., the solutions associated to the continuous flows, while the 
other solutions (weak, etc.) will be considered within a more general 
frame, in the next chapter. 


We will start by focussing on additional requirements concerning the 
associated boundary conditions. The slip-conditions on a rigid wall — 
which are necessary conditions for any deformable continuum and which, 
in the particular case of the inviscid fluids are proved to be also sufficient 
for the mathematical coherence of the jomed model — take the known 
form v-n = 0 or, when the wall is moving, v,-n = 0 (v, being the 
relative velocity of the fluid versus the wall). 


If our fluid is in contact with another ideal fluid, the contact surface 
(interface) is obviously a material surface whose shape is not “a priori” 
known. But we know that across such an interface the stress should 
be continuous. As in the case of the ideal fluid the stress comes to 
the pressure, we will have that across this contact surface of (unknown) 
equation F = 0, there are both F = 0 (the Euler-Lagrange criterion for 
material surfaces) and pı = pg (pı and pə being the limit values of the 
pressure at the same point of the interface, a point which is “approached” 
from the fluid (1), and from the fluid (2) respectively). The existence 
of two conditions, the kinematic condition (F = 0) and the dynamic 
condition (pı = pz|F=0) does not lead to an over-determined problem 
because this time, we should not determine only the solution of the 
respective equation but also the shape of the boundary F = OQ, the 
boundary which carries the last data. In other words, in this case, we 
deal with an inverse problem. 


If the flow is not adiabatic we will have to know either the temperature 
T(r,t) or the vector q on the boundary of the flow domain. 

If the flow is adiabatic, from the energy equation we will have s = 0 
and, if the fluid is also perfect s = ec, In "a + so, the Euler system will 
have fiye equations with five (scalar) unknowns v, p, p. If, additionally, 
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the flow is homentropic then (as we have already seen) the fifth equation 
will be p = Kp’. 

Concerning the initial conditions for the Euler equations, they arise 
from the evolution character of these equations. Such initial conditions 
imply that we know p, p, T and v at an “initial” moment so that these 
conditions, together with the Euler equations, set up a Cauchy problem. 
From the classical Cauchy—Kovalevski theorem we can conclude that this 
Cauchy problem for the Euler system (with f = 0), the equation of con- 
tinuity, the constancy of entropy on each path line (s = 0, which means 
in adiabatic evolution) and the state equation p = p(s, p), together with 
the initial conditions v|- = v° (r), pli» = P? (r); slo = 8° (r), FER, 
where infrer p° (r) = p? > 0, is a well-posed problem and for any ini- 
tial data and analytical state equations, i.e., there is a unique analytical 
solution defined on the domain V = {r € R3,|t| < T(r)} c R4, where 
T(r), for any r, is a function depending continuously on initial data in 
the metrics of analytical spaces. 

Of course the above mentioned result is a locally time existence and 
uniqueness theorem which is valid only for continuous functions (data 
and solution). 

Generally, there are not global (for all time) existence and uniqueness 
results, excepting the two-dimensional case due to the vorticity conser- 
vation (2 = oy. Nevertheless the practical applications require certain 
sharp global uniqueness conditions for the Cauchy problem or more gen- 
erally for the Cauchy mixed problem (with also boundary conditions, at 
any time t) associated with the Euler system. 

Before presenting such uniqueness results we remark that the “non- 
uniqueness” of the Euler system solution would be linked to the “sud- 
denness” of the approximation of a viscous and non-adiabatic fluid by 
an ideal fluid in adiabatic evolution. R. Zeytonnian” has shown that the 
loss of the boundary conditions associated with the mentioned approxi- 
mation, in the circumstances of the presence of some bodies of “profile 
type”, could be completed by the introduction of some Joukovski type 
conditions (to which we will return) while in the case of some bodies 
of “non-profile type”, the model should be corrected by introducing a 
vortices separation (vortex sheets). 

Let now U = (v1, v2, U3, p, s)" be a solution of the Euler system for t > 
0, a solution which is defined in a bounded domain 2 C R4. We accept 
that the boundary of this domain is composed of a three-dimensional 
spatial domain wo, enclosed in the hyperplane ¢ = 0, and by a sectionally 





$ 








See R. Zeytonnian, Mécanique Fondamentale des Fluides, t.1, pp. 154 — 158 [160]. 
See R. Zeytonnian, Mécanique Fondamentale des Fluides, t.1, p. 126 [160]. 
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smooth hypersurface I (for t > 0) which has a common border with the 
domain wo. Let also € = (€0,€1, 2, €3) be the outward unit normal to T. 
It is proved that the uniqueness of U in Q is intimately linked with the 
hyperbolicity of the Euler equations which requires the fulfilment of the 
following complimentary hypothesis: at each point of the hypersurface 
I’ the inequality 


Eo + vigi + vate + 363 > a (Ej + & + £2) (2.1) 


should be satisfied. 

More precisely, one states that ([160]) if the solution U of the Euler 
system exists in the class C! (Q) and this solution satisfies the condition 
(2.1), while infu, p? (r) > 0, then for any other solution U’ € C? (Q) of 
the Euler system, one could find a constant kg > 0 such that ôU = U'—U 
fulfils ||6U; ¢|| < ko llU; t = O||* for t > 0. Consequently if the equality 
U' = U holds on wọ (that means in the hyperplane t = 0), then it will be 
satisfied at any point-moment (r,t) € Q (wọ). Obviously Q (wo), called 
the determination domain for the solution of the Cauchy problem with 
the initial data on wo, is the union of all the domains which back on wo 
and on whose boundary the inequality (2.1) is satisfied. 

It has been also proved that if T (wọ) is a smooth boundary (of C! 
class) of the determination domain Q (wo), then this hypersurface will 
be a characteristic surface of the Euler system, the inequality sign of 
(2.1) being replaced by that of equality. 

We now remark that in the conditions of an Euler system in adiabatic 
evolution with a state equation p = p (p, s) of C? class, assuming that the 
domain D(t) of the fluid flow has the boundary © (t), which is composed 
of both rigid and “free” parts, and vp is the propagation velocity of the 
surface © [33] then, if 

(i) v(r, t), p(r, t), s(r,t) are functions of class Ct on [0, T] x D, 

(ii) the initial conditions v(r,0), p(r,0), s(r,0) are given together with 

(iii) the boundary conditions vpn = 0 on [0,7] x © and, similarly, 
v, p,5 in the regions where vp < 0, 
then the Euler system (even with f # 0), in adiabatic evolution, with 
the state equation p = p(p,s), has a unique solution’. 

The uniqueness is still kept even in the case when there are not bound- 
ary conditions at the points of & where vy > c, c being the speed of 
sound. 





“For the definition of the norm we deal with, we should first consider all the cuts w(t) of Q 

by the hyperplane t = constant > 0. Then by introducing the vectorial function v = {u,;} 

on 9, its norm corresponding to the cut w(t) will be defined by |v; t| = fff (© v?) dw. 
w(t) 


5J,Serrin [135]. 
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In the case of the incompressible inviscid isochrone ( ap = 0) or baro- 


tropic compressible fluid flows, Dario Graffi has given a uniqueness result 
which requires [57]: 

(i) the functions v(r,t), p(r,t) and p(r,t) are continuously differen- 
tiable with bounded first derivative on [0, T] x D, 

(11) the initial conditions v(r, 0), p(r,0), the boundary conditions v-n 
and the external mass forces f are given, respectively, on X and [0,7] x X, 

(iii) the state equation (in the barotropic evolution) is of the C? class. 

We remark that these results keep their validity if D becomes un- 
bounded — the most frequent case of fluid mechanics — under the re- 
striction of a certain asymptotic behaviour at far distances (infinity) for 
the magnitude of velocity, pressure and mass density, namely of the type 


D = Vo +O (r- G+) ) DP =PotO (r+) p=p„ +0 (r- G+) ) 


where € is a positive small parameter, 

We conclude this section with a particular existence and uniqueness 
result which implies an important consequence about the nonexistence of 
the Euler system solution for the incompressible, irrotational and steady 
flows. 

More precisely, if D is a simply connected and bounded region, whose 
boundary 0D moves with the velocity V, it can easily shown that [19]: 

(1) there is a unique incompressible, potential, steady flow in D, if and 
onlyif f V -nds = 0, 

aD 





(11) this flow minimizes the kinetic energy Eein = t f pv*dv over all 
D 


the vectors u with zero divergence and satisfying u-nlgn = V- nlgp. 

We remark that this simple result, through (11), associates to the prob- 
lem of solution determining a minimum problem for a functional, that 
is a variation principle. Such principles will be very useful in numerical 
approaches to the fluid dynamics equations and we will return to them 
them later in this book. 

At the same time if our domain D is bounded and with fixed bound- 
ary OD (V = 0), only the trivial solution v = 0 (the rest) corresponds to 
a potential incompressible steady flow. Obviously in the case of the un- 
bounded domains this result will be not true provided that the boundary 
conditions on 0D should be completed with the behaviour at infinity. 

The same result (the impossibility of an effective flow) happens even 
if the domain is the outside of a fixed body or a bodies system, the 
fluid flow being supposed incompressible with uniform potential (without 
circulation) and at rest at infinity. 
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3. Irrotational Flows of Incompressible Inviscid 
Fluids. The Plane Case 


The Lagrange theorem, stated in the first section of this chapter, 
establishes the conservation of the irrotational character of certain fluid 
flows. An important application of this theorem is the case when the 
fluid starts its flow from an initial rest state (where, obviously, w = 0). 

If a fluid flow is trrotational, then from the condition rot v = O we 
will deduce the existence of a scalar function © (z1, %2,2%3,t), defined 
to within an additive function of time, such that v = grad®. Obvi- 
ously, the determination of this function, called the velocity potential, is 
synonymous with that of the velocity field. But from the equation of 
continuity we also get 0 = divuv = div (grad®) = A®, while the slip 
condition on a fixed wall (%), immersed in the fluid, becomes 


0=v-nly = grad®- nl, = c> , 
that is the determination of ® comes to the solving of a boundary value 
problem of Neumann type joined to the Laplace operator. 

Obviously, if the domain flow is “unbounded” we need some behaviour 
conditions at far distances (infinity) which, in the hypothesis of a fluid 
stream “attacking” with the velocity vo, an obstacle whose boundary 1s 
($`), implies that 

lim grad ® = Vo. 
2? +22 +23-400 

So that in this particular case the flow determining comes either to a 
Neumann problem for the Laplace operator (the same problem arises in 
the tridimensional case too), that means A® = 0 in the fluid domain D 
with | ap = 9, or to a Dirichlet problem for the same Laplace operator 
(which is specific only in the 2-dimensional case) when Ay = 0in D with 
plap = constant. 

In the conditions of an unbounded domain (the case of a flow past a 
bounded body being included too), the above two problems should be 
completed by information about the velocity (that is about grad ® and 
grad w respectively) at far distances (infinity). 

Now we will show that in a potential flow past one or more body(ies), 
the maximum value for the velocity is taken on the body(ies) boundary. 
If M is an arbitrary point in the fluid which is also considered the origin 
of a system of axes, the Og axis being oriented as the velocity at M, 
then we have v2(M) = ©2(M), while for any other point P, we have 
v? (P) = (©2 + &2 + 62)(P). 

If the function ®, is harmonic and consequently it does not have an 
extremum inside the domain, then there will always be some points P 
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so that ®,(P) > 6,(M), which means v*(P) > v?(M). In other words 
the unique possibility for the velocity to get a maximum value is only 
on the boundary. Concerning the minimum value of the velocity this 
could be reached inside the domain, namely in the so-called stagnation 
points (with zero velocity). If the fluid flow is steady and the external 
forces can be neglected, from the second Bernoulli theorem (integral) 
it comes that, at a such stagnation point, the pressure has a maximum 
while at boundary points of maximum velocity, the pressure should have 
a minimum. 

Let us now consider the case of an incompressible irrotational plane 
(2-dimensional) fluid flow. 

Let Oxy be the plane where we study the considered fluid flow, u 
and v being the velocity vector components on Oz and Oy respectively, 
and q the magnitude of this vector. The fluid being incompressible, the 
equation of continuity can be written iu se = 0, such that udx — vdy 
is, for every fixed t, an exact total differential in x and y. Consequently, 
there is a function 7 (x,y,t), defined to within an additive function of 
time by the equality udy —vdz = dy, where t is seen as a parameter and 
not as an independent variable. 

This function w(z,y,t) is the stream function of the flow since the 
curves Y = constant, at any fixed moment t, define the streamlines 
of the flow that has been shown. On the other side, the flow being 
irrotational, we also have E — ge = 0 which proves the existence of a 
second function ® (2, y,t), the velocity potential, defined also to within 
an additive function of time, such that udz + vdy = d® where again t is 
considered a parameter and not an independent variable. Hence 





_ 2 _ dh | _ 9B _ ð 


“=ar Oy? "ð ðr 


or, under vectorial form 
v = grad® = —k x grad p, 


k being the unit vector of the axis directly perpendicular on the plane 
Oxy. 

But these equalities show that the two functions ® and y satisfy 
the classical Cauchy-Riemann system and, consequently, the function 
f = @®@+ ty is a monogenic (analytic) function of the complex variable 
z = x +îiy which could depend, eventually, on the parameter t. This 
function is called the complex potential of the flow and it is obviously 
defined to within an additive function of time. The real and imaginary 
part of f(z), which means the velocity potential and the stream function 
of the flow, are two conjugate harmonic functions; the equipotential lines 
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® = constant and the streamlines y% = constant form, at any point of 
the fluid flow, an orthogonal network, the inner product grad) - grad ® 
being zero. At the same time we also have 

oF | oP _ 2% -iÈ ui 

dz ðr ðr dy Oy 

The function g = u — iv is also an analytic function of z, called 

the complex velocity of the flow and which will be denoted by ¢ ; the 
modulus and the argument of ¢ define, respectively, the magnitude q of 
the velocity and the angle w, with changed sign, made by the velocity 
vector with the axis Oz, as 





= d = u — iv = qe ™, 

We conclude that the kinematic description, the whole pattern of the 
considered flow, could be entirely determined by knowing only the ana- 
lytic function f(z;t), the complex potential of this flow at the considered 
moment t. 

In the previous considerations we have seen that, to any incompress- 
ible potential plane fluid flow it is possible to associate a complex poten- 
tial. It is important to find out if, conversely, any analytic function of 
z can be seen as a complex potential, 1.e., it determines an incompress- 
ible irrotational plane flow of an inviscid (ideal) fluid. To answer this 
question we recall that, from the physical point of view, it is necessary 
to choose the function f such that its derivative, the complex velocity, 
is not only an analytic function but also a uniform function in the con- 
sidered domain (D), so that, at any point of (D), ¢ = of takes only one 
value. 

Once accomplished this requirement, due to the analyticity of the 
function at any point of (D), the conjugate harmonic functions u(z, y) 
and —v(z,y) (the real and the imaginary part of C) satisfy the Cauchy— 
Riemann system, that is 9u = — By , Se = ar but such a fluid flow 
should be an incompressible irrotational “plane flow of an inviscid fluid. 
On the other hand, if the domain (D) is simply connected, we will also 
deduce that f(z) is analytic and uniform too, which means a holomor- 
phic function in (D). Really, zo being the affix of a point of (D), we have 


a 
f(z) = f(zo) + f dz, the integral being taken along an arbitrary arc 
zZ 


0 
connecting the points Mo and M (or zg and z). The Cauchy—Goursat 
theorem proves, Ç being uniform and (D) simply connected, that the 
above expression for f(z) does not depend on the chosen arc and con- 
sequently f(z) is uniform. It will not be the same if the domain (D) is 
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multiply connected. Let (D), for example, be the domain sketched in 
Figure (2.1) where (Lı) and (L2) are two arcs joining Mo and M oriented 
F4 


as it is shown; by calculating the integral f Cdz along L; and then along 
20 
L2, we will get distinct values whose difference is equal to the integral, 


of function ¢, calculated along the closed contour L = Ly; U Le. On the 





Figure 2.1. The case of a multiply connected domain 


other hand it is known that the difference is equal to m (T + iD), where 
m is a positive, negative or null integer while T + iD is the number 
given by 


P+iD= | cdz= | [ude+vdy +i (udy ~ vda), 
(C) (C) 


(C) being a closed contour of (D), encircling once, in the direct sense, 


the domain ( A ) of boundary (C1). We remark that F = f v-dr is 


C 
the circulation of the velocity vector when we contour once, in : direct 
sense, the curve (C) and D = f v- nds is the flux across (C), as we 
C 
have already made precise. r 
But then the function 14? log(z— a), where a is the affix of an inside 
point A of (A), has exactly the same nonuniformity properties as f(z), 
which means, by deplacing along the same (L) the difference between 





The modulus of the integer m is the number which expresses how many times the respective 
contour encircles the simply connected domain (A) of boundary (C3); m is negative if the 
contour is encircled, |m]| times, in an inverse sense and it is positive if the encircling is in a 
direct sense (in the case of Figure 2.1, m = —1). 
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the initial and the final value is again m (T +iD). Consequently the 
function f(z) — HE log(z — a) is uniform, that is holomorphic in (D). 

We conclude that a function f(z), in the case of a doubly connected 
domain, could be considered a complex potential if it admits the repre- 
sentation Drip log(z — a) plus a holomorphic function of z. 

More generally, the following result holds: 

Let (A1), (Ag), ... (âp) be the connected components of the com- 
plement of a bounded domain (D), and let A,(a,) be a set of internal 
points of (Ag), respectively (q = 1,p). An analytic function f(z) can be 
considered a complex potential of a fluid flow in (D), if and only if there 
are a set of real numbers F, and D, (q = 1,p) such that 





tD 
ple) ~ Y Eat tog(e — a) 


ql 274 


is a holomorphic function in (D). 

Case of steady flows. Ifthe flow is steady u and v will be free of t (they 
do not depend explicitly on time) and consequently we may suppose that 
® , p and f(z) have the same property. 

Concerning the effective determination of the complex potential for a 
certain plane flow, it could be done taking into account the boundary 
conditions. In the particular case when the fluid past a fixed wall, this 
wall, due to the slip condition v -n = 0 = dy, is a streamline of our flow 
and consequently, along this curve, p = Im f(z) is constant. Conversely, 
if a plane fluid flow is known (given), we could always suppose that a 
streamline is a “solid wall’, because the slip condition is automatically 


fulfilled (4 = a = = 0); shortly, we could say that it is possible to so- 


lidify materialize) the streamlines of a given flow (under the above 
assumption). 

Finally, supposing that f(z) and implicitly the velocity field are deter- 
mined, it will always be possible to calculate the pressure at any point 
of the fluid flow by using the second Bernoulli theorem which can be 
written as K = g +2 —U = constant. To assess this constant it is suf- 
ficient to have both the magnitude of the velocity qı and the pressure pı 
at a point Mi belonging to the flow domain. Additionally, if f = 0, we 
also have Tog? = =1— Tz. Each of the two sides of the previous equality 


is non- dimensional. The first one, denoted by C5, is called the pressure 
coefficient. 

Starting from some analytical functions f(z) satisfying the unifor- 
mity properties stated above, it could always build up corresponding 
fluid flows. For instance a linear function f (z) = az + b, a and b being 
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constants, will lead to a uniform (constant velocity) flow while the log- 
arithmic functions f (z) =  logz and f (z) = -+ log z, defined on the 
whole plane without its origin (D and T being real constants) correspond 
respectively to a source (sink) — according to the sign of flow rate D 
— and to a point vortex of circulation [, all of them being located at 
the origin. For practical applications one considers also the so-called 
doublet (dipole) of axis Ox and strength (moment) K, located at the 
origin, whose complex potential is f (z) = — i. 

Of course all these singular flows could be shifted to another location 
zo of the plane (and even with an axis making an angle œ with Oz) by 
considering the change of coordinates 


z=24+ Ze. 


Properties of the above elementary flows as well as a set of additional 
examples of such simple flows one finds, for instance, in Caius Iacob’s 
book “Introduction mathématique a la mécanique de fluides”, chapter 
VII, page 407 [69]. 

We now remark that any linear combination of the complex potentials 
fi(z) is still a complex potential in the common definition domain where 
the analytic functions f;(z) satisfy the uniformity requirements stated 
above. Consequently, starting with some given fluid flows, it 1s always 
possible to set up, by superposition, new flows, that means to consider 
linear combinations of the respective complex potentials. 

For instance by superposition of a uniform flow parallel to the Oz 
axis, of complex potential Voz, and of a doublet placed at the origin of 
complex potential Vo = (Vo and R being positive real constants), one 
gets the complex potential of the fluid flow past a circular disk (cylinder) 
of radius R without circulation. If we superpose on the previous flow a 
point vortex located at the origin, which leads to the complex potential 


R? T 
f (2) = Vo (z+ =) + zz 282 


we obtain the fluid flow past the same disk of radius R but this time 
with circulation I. 

Detailed considerations on the steady, plane, potential, incompressible 
flows past a circular obstacle can be found, for instance, in the same [69] 
or in [52]. 


4. Conformal Mapping and its Applications 
within Plane Hydrodynamics 


In the previous section we mentioned the technique to build up fluid 
flows by considering elementary analytic functions. But it will be im- 
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portant and very useful to have at our disposal more general construc- 
tion methods for the fluid flows. The conformal mapping will be such 
a method for determining a fluid flow satisfying some “a priori” given 
requirements. 

Generally, a conformal transformation of a domain (d) from the plane 
(z), onto a domain (D) from the plane (Z), is a holomorphic function 
h : (d) + (D) which fulfils the condition h'(z) 4 0 (the angles preserving 
condition). If the conformal mapping is also univalent (injective) this 
will be a conformal mapping of the domain (d) onto the domain (D). 
Obviously the holomorphicity is preserved by a conformal mapping. The 
same thing happens with the connection order of the domain (d). We 
know that the determination of the conformal mapping (on a canonical 
domain) is synonymous with that of the Green function associated to the 
Laplace operator and to the involved domain, that is with the possibility 
to solve a boundary value problem of Dirichlet type for the same operator 
and domain [69]. 

Concerning the existence of conformal mapping, in the case of a 
simply-connected domain, a classical result known as Riemann—Cara- 
theodory’s theorem states that: 

For a given simply-connected domain (d) from the plane (z) and 
whose boundary contains more than a point, it is always possible to map 
it conformally, in a unique manner, onto the circular disk |Z| <1 from 
the plane (Z), such that to a certain point zo € (d) there corresponds an 
internal given point Zo from |Z| <1 and to a certain direction passing 
through zo there corresponds a given direction passing through Zo. 

We remark that the uniqueness of the conformal mapping holds to 
within three arbitrary parameters, so that we deal, basically, with a 
class of functions which defines the considered conformal mapping. 

Unfortunately the proof of the existence in this theorem is far from 
being a constructive one such that, in practical problems, we are faced 
with the effective determination of the conformal mapping. There are 
few cases when these conformal mappings are explicitly (analytically) 
found. That is why the approximative procedures (one of them being 
sketched in a next section) are of the greatest interest. 

Finally, the above result could also be extended to the doubly-connec- 
ted domains (see, for instance, Y. Komatu [75]) and even to the general 
multiply-connected domains but, in this last case, it 1s extremely difficult 
to determine and work with the involved functions. As a consequence 
the conformal mapping method is not practically used in the case of 
domains with a higher order of connection. 

Returning to the simply-connected case, the following result is of re- 
markable interest in different applications: 
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THEOREM 2.2. If (d) is a simply-connected domain from the plane 
(z), bounded by a simply closed curve c, and if Z = h(z), a holomorphic 
function in ( d ), has the additional property that when z is deplaced 
along the contour c in a certain sense, its image Z describes a simply 
closed curve C— delimiting a domain (D) from the plane (Z), in such 
a way that the correspondence between c and C is a bijection, then the 
correspondence between (d) and (D) will also be a bijection and, conse- 
quently, the function Z = h(z) will be a conformal mapping of (d) onto 
(D). 

Let now F(Z) be the complex potential of a given fluid flow defined 
in a domain (D) of the plane (Z); we suppose as known the function 
Z = h(z) and its inverse z = H(Z) which establish a conformal map- 
ping between the domain (D) of the plane (Z) and a domain (d) of the 
plane (z). Then the function f(z) = F(A(z)), with the same regularity 
properties as F(Z), will be the complex potential of a new fluid flow 
defined in (d) and called the associated (transformed) flow of the given 
fluid flow by the above mentioned conformal mapping. 

Really f(z) could be considered as a complex potential because 


df _dFdZ dFdh 


dz dZdz  dZdz 


and so f'(z) will be a uniform function in (d) together with F’(Z) in 
(D),as well as h’(z) is also uniform together with A(z). 

We also remark that in two homologous points z and Z of the con- 
sidered conformal mapping, we have f(z) = F(Z). But then the values 
of the velocity potential and of the stream function are equal at such 
homologous points; consequently, the streamlines and the equipotential 
lines of the two flows are also homologous within the considered confor- 
mal mapping. More, the circulations along two homologous arcs and the 
rates of the flow across two homologous arcs are equal. Particularly, if 
a fluid flow defined by F(Z) has a singularity at Zọ € D (source, point 
vortex, etc.), the associated flow will have at the point zp, the homol- 
ogous Of Zo, a singularity of the same nature and even strength. Of 
course, at two homologous points the fluid velocities are not (in general) 
the same, which comes out from the above equalities for the complex 
velocities. 

Concerning the kinetic energy this will be preserved too, as from 
the relation between the surface elements dA = |Z’ ? da it results that 
pv?da = pVd A, v and V being the velocities magnitude in the associ- 
ated flows of the same fluid density p. 
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4.1 Helmholtz Instability 


Now we will study the stability of an inviscid, incompressible, parallel 
fluid flow, containing a velocity discontinuity, following [22]. Precisely, 
we will suppose that, above the Oz axis, the fluid moves with a uniform 
velocity U in the positive sense and, below, it moves with a uniform 
velocity of equal magnitude but in the opposite sense. In this case, the 
Og axis represents a discontinuity surface for the velocity and it is the 
site of a vortex sheet of uniform circulation 2U per unit of width. We 
remember that the circulation 1s 


r= [v-ds 


where V is the magnitude of the velocity of the fluid and ds is the arc 
element along a closed curve encircling the vortex. 

Such a vortex sheet is unstable 1e., if a displacement happens the 
sheet will go away and will not return to its initial position. This could be 
shown by analytical studies, considering small sinusoidal perturbations. 
Here we will numerically analyze the time evolution of such perturba- 
tions. 

We divide the vortex sheet into segments of equal length A on Ox and 
each segment will be divided into m equispaced discrete vortices. As 
the total circulation per unit length is 2U, each discrete vortex has the 
circulation 2UA/m. We will suppose that at the initial moment these 
vortices are displaced from their initial positions yg = 0 to the positions 


27 Lp 
k= asin į- 
4 A 





Jk =B, (2.2) 


Let us consider the row of vortices containing the vortices k, k nm, 
k + 2m,... The complex potential generated by this row is 


no- Ë: reza) 


n=O A 





2U A Ux , 
— log(z — zk — nA) = i log sin 


Thus the complex potential generated by all the m rows which compose 
the sheet is 


w(z) = 57 we(z) = >> i log sin es] . 


Replacing this potential in the relation 


dw l 
— =u iu, 


dz 
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by differentiating and separating into the real and imaginary parts we 
obtain the components u and v of the velocity at the point (z,y). So, 
for the vortex 7 we have 


de; U m sinh r] (2.3) 
dt m kZ cosh [am] — cos [e] 
and ont . 
T(Tj—Tk 
dy; __U $ D ae ed (2.4) 
dt m kZ cosh [Pree — cos baad 
By introducing the dimensionless variables 
T y a tU 
X = ~, Y = 5, A = -T = — 
A’ A? A A 
the relationships (2.2), (2.3) and (2.4) become 
Y; = Asin (27X;),T = 0, (2.5) 
dX; 1 3 sinh [27 (Y; — Y;)] (2.6) 
dT m ay cosh [2r (Y; — Y; )| — cos [2a (X; — Xx)]’ 
dT m & cosh [2r (Y; — Y,)] ~ cos [2r (X; — X) 


Due to the symmetry and periodicity of the involved functions, the 
computation is needed only for 7 = 2,...,m/2 within a half of the wave- 
length. The greatest part of this computation involves the above Cauchy 
problem numerically solving. 

The computer result is an animation which shows the evolution of the 
perturbation in time (see also Figure 2.2). 

An enlarged picture of the interest zone, obtained by cubical interpo- 
lation of X and Y, is shown in Figure 2.3. 

The MATLAB code is 

global m; m=40;A=0.05; 

x=0:1/m:1;y=A*sin(2*pi*x); u0=Lx;y]; 

[t ,u] =ode45(@Qedrol, [0,0.3] ,u0); 

p=plot (x,y,/EraseMode’,’none’) ;axis([0 1 -0.3 0.3]); 

for j=1:length(t) set(p,’color’,’w’) ; 

set (p,/Xdata’,u(j,i:m+i) ,/Ydata’,... 

u(j,m+2:2*m+2) ,’color’ ,‘k’) ; 
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Figure 2.2. Evolution ofa vortex sheet after perturbation 


T=0.30 
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Figure 2.3. Evolution of a vortex sheet after perturbation, T = 0.30 


drawnow;end; 

The differential system is described by the function M-file edrol .m 
function yprime=edrol (x,y); 

global m; disp(x); yprime=zeros(2*m+2,1); 

for j=1:m for k=i:m if k” =j 

yprime (j)=yprime (j)+1/m*sinh(2*pix(y (mtit+j)... 

-y (mti+k) )) /(cosh(2*pix (y (m+1+j)-y Gn+1+k)))... 
-cos (2*pi*(y(j)-y(k)))); 
yprime(m+1+j)=yprime(m+1+j)-1/m*sin(2*pix(y(j)... 
-y (k) ))/(cosh(2*pix (Cy Gm+1+j)-y(mtitk)))... 

-cos (2*pi*(y(j)-y(k)))); 

yprime (m+1)=yprime(1); yprime(2*m+2)=yprime (mt2) ; 
end; end; end; 
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5. Principles of the (Wing) Profiles Theory 


5.1 Flow Past a (Wing) Profile for an Incidence 
and a Circulation ‘ʻa priori” Given 


Let (c) be a contour — the right section, in the working plane, of an 
arbitrary cylinder; in aerohydrodynamics such a cylinder could be seen 
as an airfoil or a wing of a very large (“infinite”) span (to ensure the 
plane feature of the flow) and the respective right section (c) is called 
wing profile or shorter profile’. 

The main problem of the theory of profiles is to study the steady flow 
of a fluid past a profile (obstacle), a flow which behaves at infinity (that 
means for | z | very large) as a uniform flow of complex velocity 


Voe ** = Vo cos a — iVp sina. 


By incidence of the profile with respect to Oz, we will understand 
the angle œ made by the velocity vector at far field (infinity) with the g 
- axis. Besides the incidence of the profile let us also establish precisely 
(“a priori”) the circulation T of the flow around the profile. 

The determination of the complex potential comes then to the search 
for an analytic function f(z) such that: 

1) f(z)- uv log z is an analytic and uniform function in (d); 

2) its imaginary part is constant along (c); 

3) lim Ë = vyema, 

lz|-+00 dz 

Let (D) be the domain of the plane (Z) defined by |Z| > R and let 
z = H(Z) or Z = h(z) be the canonical conformal mapping? which maps 
(D) onto the domain (d), the exterior of the given profile (c). 

The complex potential F(Z) of the associated (transformed) flow will 
satisfy the properties 1), 2) and 3) provided that f and z are replaced by 
F and Z, while (d) and (c) are replaced, respectively, by (D) and (C). 
More precisely, the fulfilment of the conditions 1) and 2) comes from the 
already studied parallelism between f(z) and F(Z), while the condition 


"With regard to the geometry of profiles, some additional considerations can be found, for 
instance, in the Caius Iacob book “Introduction mathematique à la mécanique des fluides”, 
pp. 652-654 [69]. In this book, starting with p. 435, some special classes of profiles are 
envisaged too. 

"We recall the following basic theorem: “ There is a unique conformal mapping, called canon- 
ical, of the domain (d) — the outside of the closed contour (c) — onto the outside of a circular 
circumference (C) of radius R, centered at the origin, a mapping which in V(oo) admits a 


oO 

development in the form z=Z4+ 3° <The radius R of the circumference (C) is an “a 
n=0 Žž 

priori” unknown length which depends only on the given contour (c). 
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3) 1s a direct consequence of the equality | lim a = 1 which is always 
Z|> 20 
valid for a canonical conformal mapping. 
But we have already established a function F(Z) answering these 
questions; hence, the function f(z) that we seek is given by f(z) = 


F(h(z)) where, of course, 


, 2 iQ T 
F(Z) = Wl Zeie 4 E! 


It is shown that the thus determined function f(z) is, up to an ad- 
ditive constant without importance, the unique’ function satisfying the 
conditions 1), 2) and 3). The fundamental problem of the theory of 
profiles is thus reduced to the problem of determination of the canonical 
conformal mapping of the domain (d) — the exterior of the profile — 
onto the outside of the circular disk. 

If the fluid flow past a circular disk has some singularities (sources, 
point vortices, doublets, etc.) an important result which allows the de- 
termination of the corresponding complex potential 1s the “circle (Milne— 
Thompson) theorem” which states the following: 

The function f(z) which is analytic in D — the exterior of the cir- 
cumference |z| = R — except at finite number of singular points EC D, 
whose principal parts with respect to these singularities is fo(z) and 
which is continuous on D\E, will satisfy the requirement Im f (Z)|zinr = 

2 
0 only if f(z) = folz) + fo (+) +a, a being a real constant. 


Some remarkable extensions of the circle (Milne~Thompson) theorem 
are given by Caius Iacob [69]. 

The Blasius formulae [52] allow us to evaluate directly the global 
efforts exerted on the profile by the fluid flow. We will limit ourselves to 
the determination of the general resultant of these efforts, which comes 
to the “complex force” F given by the formula (Blastus—Chaplygin) [52] 


, 2 
F= z f (£) dz , (c) being considered in a direct sense. 
c) 
To calculate this integral we remark that it is possible to continuously 
deform the integration contour (c) into a circular circumference of an 


arbitrarily large radius, centered at the origin, of being analytic and 


dz 
uniform in the whole outside of (c), that means in (d); on the other 


? 


°This result is a consequence of the uniqueness of the solution of the external Dirichlet 
problem for a disk with supplementary condition of a given non-zero circulation. See, for 
instance, Paul Germain, “Mécanique des millieux continus”, pag. 325, Ed. Masson, 1962 


[52]. 
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n 


09 . 
hand, for |z| large enough, using z = Z+ do x and F(Z) = Vo(Ze—**+ 


2 pia T 
= )- =~ log Z we also have 


. — Í 
df _dFdaZ _ yV e-ia _ iT 1 Re 1 On 
dz dZdz  \ °” Z g? L Zrii 





the unwritten terms being infinitesimally small of second order in z7} 


and Zt. Hence 


2 . —į 
(L) = veaa _ Moe 
a 


T Z 
such that 


. TV, —10 
F= ~ (2in) (=) = ipl he. 
ie 


So, we can see that the general resultant is acting on a direction which 
is perpendicular to the attack (far field) velocity, its algebraic magnitude 
being —pl Vo. This result is known as the Kutta—Joukovski theorem and, 
according to it the resultant component on the velocity direction — the 
so-called drag —, is zero, which represents D’Alembert’s paradox, while 
the normal component vs. the velocity direction, the so-called /ift, would 
be zero if the flow is without circulation. 

D’ Alembert’s paradox also holds for three-dimensional potential flows. 
This “weakness” of the mathematical model could be explained not only 
by accepting the inviscid character of fluid and, implicitly, the slip- 
condition on rigid walls but also by assuming the potential (irrotational) 
character of the entire fluid flow, behind the obstacle too. However ex- 
perience shows that, behind the obstacles, there are vortices separations. 
That is why we will consider, in the next sections, the case of the almost 
(nearly) potential flows — that is with vortices separation — and when 
D’ Alembert’s paradox does not show up. 


5.2 Profiles with Sharp Trailing Edge. 
Joukovski Hypothesis 


Many aerodynamics profiles have “behind” an angular point, the plane 
trace of the sharp edge of the wing with infinite span. Let zp be the 
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affix of this sharp trailing edge of (c) and Zp = Re? be the affix of its 

homologous from (C) (by the canonical conformal mapping considered 

before). The function z = H(Z), in the neighborhood of Z = Zp behaves 
10 

as 


z-zp=A(Z-Zp)Pt+---, 


the omitted terms in this expansion being of order higher than p in 
Z—Zpr. According to the above expansion ifa direction, passing through 
Zr, is rotated with an angle a, then the homologous direction passing 
through zp, will rotate with the angle pa. If we denote by ôr (0 < 6 < 1), 
the angle of the semitangents drawn to (c), at zp (that is the “jump” 
of a semitangent direction passing through zp is 27 — ôn, see Figure 2.4 
A), one could see that the exponent p in the above expansion should 
necessarily be 2 — 6, the “jump” of the homologous direction from the 
plane Z, thus being ~ (see Figure 2.4 B). 


Z 
j (2), 


(z) 





(A) (B) 


Figure 2.4. Profile with sharp trailing edge 


d 
Consequently, in the vicinity of Zp, (5) = A(2—8)(Z — Zp)! î + 
F 


d dF dZ 
- and this derivative vanishes at Z = Zp. But then, from CA = J7 de’ 


z 
one could see that the complex velocity in the neighborhood of the sharp 


See, for instance, C. Iacob, * Introduction mathématique à la mécanique des fluides”, p. 
645 [69]. 
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trailing edge of the profile of the affix zp, has, in general, an unbounded 
modulus. This situation does not arise when Z = Zp is a zero velocity 
(stagnation point) for the envisaged flow; really, Z = Zp being a simple 


dF 
zero for IZ and 


dZ\  _ I 4 
dz)» AQ- óZ- Zr)’ i 


a will be zero at z = zp if0 < 6 < 1 or, bounded, if ô = 0 (this last case 


corresponds to the presence, at the trailing edge, of a cuspidal point of 
(c)). 

To avoid the existence of infinite velocities in the neighborhood of 
the sharp trailing edge (which does not have any physical support), one 
states the following hypothesis, called also the Joukovski-Kutta hypothe- 
sis (condition): “The circulation which, for a given incidence, should be 
considered for the flow around a profile with sharp trailing edge, is that 
which leads to a finite velocity at the trailing edge”. 

To determine the effective value of this circulation it would be suffi- 
cient to write that Zp = Re is a stagnation (zero velocity) point for 
the transformed (associated) flow around the disk (C). 

From the expression of the complex velocity on the circular boundary 
in the fluid flow past the disk [69], that is 








C = 2ie t VY [sin (9 ~ a) — sin 7], 


we could see that this implies y = 6 — a and hence 
T = 4nVoRsiny = 4r VoRsin (£ — a). 


So that, taking into account the Joukovski hypothesis, there is only 
one flow past a profile when the incidence is “a priori” given. The angle 
GB defines the so-called zero lift direction because, if 8 = a, T = 0 and 
the lift will be also zero by the above evaluation for T. 


5.3 Theory of Joukovski Type Profiles 


Let us consider the transformation z = 5 (Z + +) whose derivative 


IS az = 5 (1 — gr). This transformation defines a conformal mapping 
between the planes (z) and (Z) except the singular points Z = +1 where 
the conformal character is lost. 

It is shown that if Z = re’? (r #1 ), its image in the plane (z) will 


be the ellipse 
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whose focuses are located at the points A(1,0) and A‘(—1,0). In the 
case when r = 1 the image in the plane (Z) will be the segment [—1,1] 
run in both senses (on the “upper border” and then, in the opposite 
sense, on the “lower border”). Obviously, in this case, the considered 
transformation would map both the outside and inside of the unit disk 
|Z| < 1, onto the whole plane (z) with a cut along the segment [—1, 1] 
(in accord with the existence of two inverse transformations Z = z+ 
y z2 — 1, where, to fix the ideas, the positive determination of the root 
at z = x > 1 is considered). 

IfT is a circumference passing by A and A’, its image will be only a 
circular arc joining A and A’ and crossing the center C of I’, an arc which 
is run in both senses. Let’s now consider acircumference I; passing only 
through the singular point A (and not through A‘). Its image will be 
a closed curve with a sharp cuspidal point at A where the tangent is 
the same with that to the are ACA’ which is also “the skeleton” of this 
contour. 

This image contour is called the Joukovski (wing) profile, and the ini- 
tial considered transformation is of Joukovskt, or Kutta—Joukovski type. 

0 


Obviously to a fluid flow around I4, of > velocity at far field, it 


could associate a fluid flow of Vp velocity at infinity, past the considered 
Joukovski profile, the incidences in both flows being the same. 

The Joukovski profiles are technically hard to make and more, they are 
not very realistic for practical purposes. That is why their importance 
is mainly theoretical. 

The above Joukovski type transformation could be generalized by 


considering 
1 R? 
—~i(74— 
z= 5 ( + 7 ) 


or even z = Z+ R the last transformation having the advantage of 
equal velocities at far field in the associated flows. We remark that the 
last form could be rewritten as 


(2 3 ' 
z+ 2R Z+R/) ’ 
and it transforms the outside of |Z| = R onto the whole plane (z) with 
a cut along the segment [-2R, 2R]. A direct generalization would be 
z—-kR _ (7 —R 
z+ kR Z+R 
which points out that 


k 
) 1<k<2 


76 BASICS OF FLUID MECHANICS AND INTRODUCTION TO CFD 


z-kR=(Z-R)"9(Z), o(R) 40, 
a form which avoids the sharp cuspidal point and which, in the vicinity 
of infinity, has the expansion 


k(k-1) R? 
2 Z 

In this case the image of acircumference I passing through — R and 
R will be the union of two circular arcs, symmetrical versus Og and 
passing through —kR and kR. 

Finally, if one considers the image of acircumference I’), passing only 
through Z = R and centered on the OX axis, this image will be tangent 
to the previous symmetrical contour at kR where it has also a sharp point 
with the angle of semitangents equal to 2km. Such an image is known 
as a Karman—Trefftz profile. An application on a dirigible balloon of 
Karman—Trefftz type is given in chapter 6, 3.3. 

Writing the Joukovski type transformation under the form 


dZ Z Zj’ 


von Mises has considered the generalization 


#= (1-8) (1-8). (1-6) rckeam AR 


Again a circumference passing through Z = R is transformed onto a 
(wing) profile of von Mises type, with a sharp point at a certain 29 and 
where the jump of each semitangent is kz. 

We remark that if the Joukovski type profiles depend on two param- 
eters (like the coordinates of the Ty center), the Karman — Trefftz type 
profiles depend on three parameters (with the additional k) while the 
von Mises type profiles depend on n+ 1 parameters. 

E. Carafoli has introduced the transformations of the type z = Z + 
R + TED with p a positive integer (the order of the pole b). For small 
a one obtains quasi—Joukovski profiles. 

Caius Jacob has considered a class of profiles defined by the conformal 
mappings expressed in terms of rational functions [70]. 

Recently, I. Taposu has emphasized a special class of profiles (“dolphin 
profiles”) whose use in practice could improve the classical concepts of 
aerodynamics [139]. 

In different laboratories around the world one deals with classes of 
profiles (Naca, Göttingen, ONERA, RAE, Tzagy, etc.) which are given, 
in general, “by points” and, seldom, by their analytical form. 


z=Z+ 
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5.4 Example 





In the sequel we will illustrate a particular transformation (mapping), 


namely the Joukovski transformation (see section 2.5.3), z = z’ + =, 
By this transformation the complex potential of a uniform flow becomes 
f(2) =U (2! + g) i.e., the potential for a uniform flow past a circular 
cylinder of radius a, U being the magnitude of the velocity at far field. 

This transformation, z = 2’ + b where b? < a”, allows the conformal 
transformation of a circle of radius a centered at P(x'p, yp) from the 
second quadrant Oz‘y' onto a so-called Joukovski airfoil (profile) in the 
Oxy plane. 

Let us now consider a uniform flow of velocity U in the positive Oz 
direction past the above Joukovski airfoil. In particular, its sharp trailing 
edge at x = 2b, is the image of the point Q at z’ = b where Oz’ is crossed 
by the above circle. 

The magnitude V of the velocity in the Osy plane is related to the 
magnitude V’ of the velocity in the Oz’y' plane by the relation 


df 
dz! 
dz 


dz! 








df 
dz 





7 














1.€., 
Vy! 


V= Le (2.8) 


zi 


We remark that if the velocity V’ # 0 at Q where 2’ = b, then the 
velocity V at the sharp trailing edge z = 2b becomes infinite, which 
is a contradiction with the Joukovski—Kutta condition. Thus, we must 
impose that the point Q on the circle be a stagnation point; this goal 
may be reached if we create a clockwise circulation [ on the circle, 
and this circulation is then conserved by the conformal mapping. The 
magnitude of this circulation is T = 4raU sin@ = 4rypU and the flow 
past the circle is then constructed by adding to the uniform stream a 
doublet and a point vortex, so that we get the complex potential of the 
resultant flow 

a? z — z! 
f =U z — zp + zy + up log (=) . 
Here the constant term —i2y‘, loga has been added but the values of the 
stream function W on the circle do not change after this superposition. 
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The variables a,b, z‘p,yp are related by the relationship a? = y? + 
(b— wor and they control the shape of the airfoil. For instance, a and 
b determine the thickness and the chord length while the ordinate of P 
the “camber” of the airfoil. 

For our example we will take U = 1m/s, a = 1m, b = 0.8m, yp = 
1.199m. Using the formula for the uniform motion with circulation past 
a circle in the Oz'y’ plane, we generate the airfoil profile as a level curve 
(streamline) Y = 0 in the Ory plane. Other level curves UV = Const 
give other streamlines around the airfoil, see Figure 2.5. 





Figure 2.5. Uniform flow past a Joukovski airfoil 


The pressure on the surface could be calculated using the velocities, 
from the formula (2.8) 





y renee 
= 
b\? 
1- (3) 


and then the dimensionless pressure difference (the pressure coefficient) 
at every point can be calculated according to Bernoulli’s relation by 


p— P J 
=y =1-[=). 2.9 
” oU? o ae 


It is shown in Figure 2.6. 
The MATLAB program is 
a=1;b=0.8;U=1; yp1=0.189; 
xpi=b-sqrt (a~2-yp1°2) ;zp1=xp1i+i*yp1; 
x=-2.5:0.05:2.5; y=-2.5:0.05:2.5; 
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-1 0 1 x 


Figure 2.6. The pressure distribution around the airfoil 


[X, Y]=meshgrid(x, y) ;Z=X+i*Y ; Z2=Z-zp1 ; 
PSI=U*timag(Z2+a°2./Z2+i*2*ypi*log(Z2/a)); 
c=contour(X,Y,PSI,[0 0]) ;axis(‘equal’) ; 
z=c(1,:)+i*c(2,:); 
for j=i:length(c) if abs(z(j)-zp1)<a z(j)=0;end;end; 
f=zt+b°2./z; 

for j=i1:length(c) if abs(f(j))>3 £(j)=0;end;end; 
plot (f,’r.’) ;axis (‘equal’) ;hold on; 

c=contour(X,Y,PSI, [-1:0.1:-0.1 0.1:0.1:1.5],’f’); 
axis (‘equal’); 

z=c(1,:)+i*c(2,:); 

for j=1:length(c) if abs(z(j)-zpi)<a z(j)=0;end;end; 
f=z+b°2./z; 

for j=i:length(c) if abs(f(j))>3 £(j)=0;end;end; 
plot (f,’k.’) ;axis(‘equal’) ;hold off;pause; 
fi=linspace(0,2*pi,200); z2=a*exp(i*fi) ; 

zi=z2+zp1; z=zitb°2./z1; 

=Uxabs((1-(a./z2) .~2+i*2*yp1./z2)./(1-(b./z1).72)); 
plot (real (z) ,1-(V/U) .*2) ;axis(/equal’) ; 


5.5 An Iterative Method for Numerical 
Generation of Conformal Mapping 


[In the sequel, we will present a method for the approximate construc- 
tion of conformal mappings for arbitrary shaped obstacles [87]. 

It is known that afunction z = H(Z), which maps conformally the 
outside of a profile (c) from the plane (z) onto the outside of a disk (C), 
of radius R, from the plane (Z), can be represented as a series 
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oO R Tl 
z=Z t —|}. 
+ po + iqo + Lo (pn + tn) (5) 

The main problem is the effective calculation of thecoefficients po, go, 
5 Pn, Qn. TO do that, we will consider the previous development at the 
point Z = Re? , 0 <0 < 2r, of the circumference (C) and then we will 
separate the real and the imaginary parts, thus obtaining 


z (0) = po + (R + pı) cosé + qı sind + ` (pn cos nO + qn sinn), 


n=2 


y (9) = qo + (R — pı) sin 0 + qı cos 0 + ` (qn cos nô — pn sin nð). 


n=? 


Although the coordinates (x,y) of the points of the contour (c) are 
known, either in a tabular or in a functional form, the functions 2(@) 
and y(0) are still unknown. That is why an iterative method to calculate 
z(6) and y(@) must use the coefficients po, qo, -, Pns Qn- 

First, due to the orthogonality conditions for the trigonometric func- 
tions, we have 





l 27 
= — do 
Po = 5 J x(0)dð, 


1 27 1 2T 
R+ pı = - | z(8) cos 0d0, R -— pı = J) y(0) sin 6dé, 


27 
1 
pn =- | y (0) sin nôd, n > 1, Qh= ~ | y (0)cosn0dð,n > 0 
0 


© 


and, from here, we could write that 


1 
Or 

1 27 
= z7 i 

Then we choose for x (0) its “initial” (of order zero) approximation 
x? (0) = a+ B cos O where a and 8 are arbitrary. From the expression 
of po and pı + R, we have pw) = Q, pi) + RO = B. 


T [x (0) cos 8 + y(@) sin 8] dé, 
0 


pi lz(0) cos 8 — y (0) sin 0} dé. 
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To the above abscissa z! it is possible to join the corresponding or- 
dinate y), either from the given tabular or from the functional form, 
and then we can also obtain the coefficients RC) — p”, pP, qP which 
will be calculated via the mentioned integral relations. Using these coef- 
ficients new abscissas and then new ordinates are calculated and so the 
process is continued. For instance, within the iteration of m order (m-th 


iteration) we have 


im-D) (0) = a+f cos gq” sin 0+ 5— (por cos nd + gi?) sinnð) , 


n=? 
1 27 
+ RO =, Rm) — pm) = 1 J y(™) (0) sin 040, 
0 
from where 
8 1 20 
mPp (n) j 
nm) = 8 4 i J y™ (8) sin O40. 
0 


The iterative method sketched above is easy to use on a computer. 
The only additional required subprograms are connected to the interpo- 
lation such that in each “sweep” new values of the ordinates, respectively 
abscissas, become available. The method converges quite fast. 


6. Panel Methods for Incompressible Flow of 
Inviscid Fluid 


The panel methods in both source and vortex variants, are numerical 
methods to approach the incompressible inviscid fluid flow, and which, 
since the late 1960s, have become standard tools in the aerospace indus- 
try. Even if in the literature the panel methods occur within “computa- 
tional aeronautics”, we will consider them as a method of CFD. 

In this section we will “sketch” the panel method, separately in the 
source variant and then in the vortex variant, by considering only the 
“first order” approximation. 





6.1 The Source Panel Method for Non-Lifting 
Flows Over Arbitrary Two-Dimensional 
Bodies 


Let us consider a given body (profile) of arbitrary shape in an incom- 
pressible inviscid fluid flow with free-stream velocity Və. Let a contin- 
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uous distribution of sources be along the contour (surface) of the body 
and let A(s) be the source strength, per unit length, of this distribu- 
tion where s is the natural parameter (the distance measured along this 
contour in the edge view). Obviously an infinitesimal portion ds of the 
boundary (source sheet) can be treated as a distinct source of strength 
Ads. The effect induced by such a source at a point P(z,y), located a 
distance r from ds, is a fluid flow with an infinitesimally small velocity 
potential dd given by 





dọ = —— lnr. 
$ 27 

The total velocity potential at the point P, induced by all the sources 
from a to b, is obtaining by summing up the above infinitesimal poten- 
tials, which means 


Obviously, the fluid velocity induced by the source distribution (sheet) 
will be superposed, at any point P, on the free-stream (attack) velocity. 
The problem we intend to solve (numerically) is that of the determi- 
nation of such a source distribution A(s) which “observes” the surface 
(boundary) of the body (profile), i.e., the combined action of the uni- 
form flow and the source sheet makes the profile boundary a streamline 
of the flow. 

To reach this target, let us approximate the profile boundary by a 
set of straight panels (segments), the source strength A per unit length 
being constant over a panel but possibly varying from one to another 
panel. 

Thus, if there is a total of n panels and Aj, Ag, ... ,Aj, ... , An are the 
constant source strengths over each panel respectively, these “a priori” 
unknown Aj will be determined by imposing the slip-condition on the 
profile boundary. This boundary condition is imposed numerically by 
defining the midpoint of each panel to be the control point where the 
normal component of the fluid velocity should be zero. 

In what follows, for sake of simplicity, we will choose the control points 
to be the midpoints of each panel (segment). 

Let us denote by rp; the distance from any point (z;,y;) on the j-th 
panel to the arbitrary point P(x,y). The velocity potential induced at 
P due to the j-th panel of constant source strength A; is 
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_ Aj 
"4 
Obviously, the potential at P due to all the panels is the sum 


6; = Le J tarpidsy 
E j 


Suppose now that P is the control point, that is the midpoint of the 
i-th panel. Then we have 


Tt 
A; 
® (23, yi) = ` 27 [rads 
j=1 j 


while the normal component of the velocity at (xi, yi) is 


— 


Te 


j 1 


E ® (zi, Yi) ’ 

n(n;) being the outward unit normal vector to the i-th panel. Because 
for 7 = 12, rij = 0 at the control point and, when the derivative is carried 
out, rj; appears in the denominator (thus creating a singular point), it 
would be useful to evaluate directly the contribution of the -th panel 
to this derivative calculated at (x;,y;). Since it is about a source which 
acts only on a half-circumference (the other half-circumference does not 
interfere due to the rigid wall), its strength will be an and this is the 
looked for contribution to the normal component of the velocity. Hence 


2th ar] a (Inri;) dsj. 





Un = 





Taking into account that the normal component of the free-stream 
velocity Væ at the same point (2;,y;) 18 Yoon = Voo'Ni = Voo COS Bi, Êi 
being the angle between Væ and nj, the slip-condition will be v9.7 + 
Un = 0, which means 





x 
x | ans (Inrj;) dsj + Vo cos B; = 0. 
i J 
Applying this approach to all the panels, the aboye equalities with 
t = 1,2,...,n, represent a linear algebraic system with n unknowns 


Ai, A2,+--;An, Which can be solved by conventional numerical methods. 
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Certainly this approximation could be made more accurate by in- 
creasing the number of panels and, if necessary, by considering panels of 
different length (for instance, in the case of a profile shape, one gets a 
good accuracy by considering 50 to 100 panels which are either smaller 
in the leading edge region of a rapid surface curvature or longer over the 
quasi-flat portions of the profile). 

Obviously, following the same way, we can also obtain the tangential 
components of the velocity at the same point (z;,y;), precisely 


Tt 
Àj d 
. p == . —<—=__; l „ d a 
Vi = Voo,t + Ut = Vo SÌN Bj + 3 Ja J 7a (In rij) ds, 
~ j 


Hence, the pressure at the same control point is calculated by the 





2 
Bernoulli theorem while the pressure coefficients are Cp; = 1 — (=) . 


Voo 

Before ending this section it is important to give a procedure for 
testing the accuracy of the above method. If S} is the length of the j-th 
panel of source strength A; (per unit length), then the strength of the 
entire panel will be, obviously, $;A4;. But the mass conservation, in the 


Tl 

hypothesis of a closed contour, allows us to write $7 S;A; = 0 which 
j=l 

provides an independent criterion to test the obtained results. 


6.2 The Vortex Panel Method for Lifting Flows 
Over Arbitrary Two-Dimensional Bodies 


Consider now a continuous distribution of vortices (vortex sheet) over 
the surface (contour) of a body (profile) in an incompressible flow with 
free-stream velocity Və. Let y = y(s) be the strength (circulation) 
of the vortex sheet, per unit length along s. Thus the strength of an 
infinitesimal portion ds of the boundary (vortex sheet) is yds and this 
small section could be treated as a distinct vortex of strength yds. Intro- 
ducing again the point P(x,y) in the flow, located at distance r from ds, 
the infinitesimal portion ds of the boundary (vortex sheet) of strength 
yds induces an infinitesimal velocity potential at P, namely 


qe — 18g 
2T 


and, correspondingly, the entire distribution of vortices from s = a and 
s = b will generate a velocity potential 
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b 
1 
© = —— | yds. 
sz | Ors 
a 


Analogously, the circulation around the vortex sheet from s = a to 


s = b is the sum of the strength of the elemental vortices, that is 
b 
T = fds. Another property of this vortices distribution is that the 





tangential component of the fluid velocity experiences a discontinuity 
across the sheet in the sense that, for every s, y = uj — Ua, u; and ug be- 
ing the tangential velocities “above” and “below” the sheet respectively. 

This last relation is used to demonstrate that, for flow past a wing 
profile, the value of y is zero at the trailing edge, which means yp = 0. In 
fact this relation is one form of the Joukovski condition which fixes the 
values of the circulation around the profile with a sharp trailing edge, the 
lift force L being related to this circulation through the Kutta—Joukovsk1 
theorem, that is L = PæœoVYæl. The goal of this method is to find y (s) 
such that the body (profile) surface (boundary) becomes a streamline of 
the flow. At the same time we wish to calculate the amount of circulation 
and, implicitly, the lift on the body. 

As in the case of sources, we will approximate the vortex sheet by 
a series of n panels (segments) of constant strength (per unit length) 
which form a polygonal contour “inscribed” in the profile contour, Let 
us denote by 1, Y2, ... , Yjs +» Yn the constant vortex strength over each 
panel respectively. Our aim is to determine these unknown strengths 
such that both the slip-condition along the profile boundary and the 
Joukovski condition are satisfied. Again the midpoints of the panels are 
the control points at which the normal component of the (total) fluid 
velocity 1s zero. 

Let P(x,y) be a point located a distance rp; from any point of the j-th 
panel, the radius rp; making an angle 0p; to the Oz axis. The velocity 
potential induced at P due to all the panels is 


Tl 
ef) 
j= -F | Osas3, 
j=1 j 





O(P) = 


Te 
j= 


1 
where 6,; = arctg ZYL 
pj Jir, ` 


If P is the control point of the z-th panel, then 


ml 
® (Ti, Yi) = — ` a J es; Qij = arctg — +, 
j=l . t J 
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Hence the normal component of the total fluid flow at the point (2z;, y;) 
is 





which, vanishing for every 2 (the slip-condition), will generate a linear 
algebraic system to determine the unknowns y1, Y2, ... , Yj, -- , Yn- But 
this time, in contrast with the source panel method, the system should be 
completed with the Joukovski condition yp = 0. In fact, the fulfilment 
of this last condition could be performed by considering two small panels 
(panels 7 and ¿— 1), in the neighborhood of the sharp trailing edge, such 
that the control points 7 and 2 —1 are close enough to the trailing edge, 
and imposing that y; = ~y;,-,. This leads to the “a priori’ fulfilment 
of the Joukovski condition. At the same time, to avoid the approach of 
an over-determined system of n unknowns with n+ 1 equations we will 
ignore the slip-condition at one of the control points and so we get again 
a system of n linear algebraic equations with n unknowns, which can be 
solved by conventional techniques. 

Obviously, the obtained solution, besides the slip-condition, will sat- 
isfy the Joukovski condition too. More, the tangential velocities to the 
boundary are equal to y which could be seen clearly supposing that, at 
every point inside the body (on the “lower” part of the vortex sheet 
too) the velocity ug = 0. Hence, the velocity outside the vortex sheet is 
Y = Uy — Ug = Uy — 0 = u SO that the local velocities tangential to the 
surface (boundary) are equal to the local values of y. 

Concerning the circulation, if S} is the length of the j-th panel, then 
the circulation due to the j-th panel is y;S; and the total circulation is 

Tl Th 
T= 2 7,5; and, correspondingly, the lift L is poo Væ 2 yjSj. 

Finally, we remark that the accuracy problems have encouraged the 
development of some higher-order panel techniques. Thus a “second- 
order” panel method assumes a linear variation of y over a given panel 
such that, once the values of y are matched at the edges to its neighbors, 
the values of y at the boundary points become the unknowns to be 
solved. Yet the slip-condition, in terms of the normal velocity at the 
control points, is still applied. 

There is also a trend to develop panel techniques using a combination 
of source panels and vortex panels (source panels to accurately represent 
“the thickness” of the profile while vortex panels to effectively provide 
the circulation). At the same time, there are many discussions on the 
control point to be ignored for “closing” the algebraic system in the case 
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of the vortex panels. References can be found, for instance, in the book 
of Chow [22]. 


6.3 Example 


Let us consider, for instance, a source panel of length 2L, lying sym- 
metrically on the Oy axis [22]. Assume that on it, sources of the strength 
A per unit length are distributed. The velocity potential induced at every 
point (z,y) by the source contained in the infinitesimal panel element 
dy’ at (0,y’) is ady. In fz? + (y — y')?]2 (this expression is obtained by 
taking the real part of the source complex potential). 

The potential induced by the entire panel is 





DN L 
O(z,y) = Pal In [x? + (y — y')*] dy’ 
T J-L 
and the velocity components can be obtained by derivation with respect 
to x, respectively y, 


u(z,y) = A larctg (He) — arctg (+) 


2 2 
v(x, Yy) = fr n72 + (y — L)? 
Considering a point (x,y) such that z > 0 and y € (~L, L), if z —> 0 
from the right of the panel we obtain the limit u(+0,y) = a. On the 
other hand, by a similar approach from the left, we obtain the limit 


u(—0,y) = —2. Thus the panel generates a flow having an outward 


2 
normal velocity of magnitude A, The tangential velocity v is the same 
on both sides of the panel and it is zero at the midpoint and infinite at 
the edges of the panel. 

If such a panel with sources of strength A = 2U is placed normal 
to a uniform flow of speed U, the induced normal velocity cancels the 
oncoming flow on the left side and thus the resultant flow is tangent to 
the surface. So, the panel becomes coincident with one of the streamlines 
of the flow. 

If the panel makes an angle @ with the uniform stream, the generated 
flow cancels the normal induced flow if its strength is A = 2U sin 8. 

Let now m be the number of the panels. On each panel are distributed 
uniform sources of strength Ai, ..., Am (strength per unit length) respec- 
tively. The velocity potential of the resultant flow at every point (zj, y;) 
from the flow field, generated by the sources from the j-th panel is, as 


above, a f, Inrijds; where J is the panel and A;ds; is the strength of 
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the source from the element ds; located at (xj, yj) on that panel. Here 
Tij = 4/ (zi — r) + (yi — yj) is the distance from the control point 
(xz, yi) to an arbitrary point (xj, y;) on the j-th panel. 

The velocity potential for the flow obtained by superposition of the 
given uniform flow and the m source panels is then 


m 
X; 
(zi yi) = Uzi + `S oe / Inrjjds;. 
j=l 


Let now (z; y;) be the control point on the i-th panel, where the 
outward normal n; makes an angle 6; with the uniform stream. At this 
point on the surface of the body, the above slip condition becomes 


ae Bes sB;,4=1 (2.10) 
2 t Laa 7 os fi i = 1,...,m i 
jfi 
where 
lg= | < In rid; 
= jidm 97 > 


The calculations become easier if we express the integrals I;; in terms 
of the geometrical elements of the panels, see Figure 2.7. 





(X.Y) OG Vie? 


Figure 2.7. Evaluation of the integrals J; 


The length of each panel 1s 


Sy = yY (Xin — X5)° + (Yar — Y; 


The angle 6; at (X;,¥Y;) between the panel and the Oz axis is related 
with the similar angle of the normal n; at the control point (z;, y;) by 
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the relation 


from where 
sin ĝ; = cos 8;, cos 8; = — sin O; . 


After derivation with respect to the normal we get 


li = f (zi — zy) cos Bi + (yi — ws) sin Beg, ds; 
(zi — 25)" + (yi — yy)? 
where 
ry = Xj + 8;c080;,y; = Yj; + sj sinj. 
By replacement, the integral becomes 


ty= [3 Cs;+D 
T jy 8 242As; +B. 


where 
A = — (zi — Xj) cos 6; — (yi — Y;) sin 8; , 
B = (a; — X;)° + (m 4), 
oe ine; — 0;), 
D = — (zi — Xj) sin 0; + (yi — Y;) cos; . 


But the denominator of the integrand 1s of the form 
(s; + A)? + B- A’ =(s;+ A)?+ EF? >0 
where 
E = (Ti -- X;)sinð; — (yi — Y;) cos 0; 


thus, consequently, 


Ij = 5 sin (0; — 8;) In i + Si +2485 fa 


(2.11) 
— cos (6; — 8;) arctg (54) — arctg (4)| . 


By using the system (2.10), with the introduction of the dimensionless 
(undimensional) variables À; = sh, we get 


m 
; Ii; == sin 6;,2 = 1,....™m 
j=l 


where /;; are given by (2.11), excepting ln = m for every i. 
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We remark that for a body of a complicated shape the calculation 
of the normals to the panels at control points is not always easily per- 
formed. We can modify the above algorithm by choosing the boundary 
points (X;, Y;) to be on the surface of the body and the control points 
(zi, yi) to be the midpoints of the panels. The panel orientation is given 


by 
Y1 — Y; , 
0; = Arct (3) ,2=1,...,m 
' I Xi+y1— Xi 


where Arctg takes its values on [—7, r}. This technique is easier to apply 
but it is not as accurate as the previous method. Now the control points 
are located near the surface of the body and they will approach the 
surface if the number of panels increases. 

Other remark is that the panels could be of different sizes. It is useful 
to take small panels in a part of the body of large curvature, in order to 
increase the accuracy of the method. 

After the calculation of the dimensionless strengths A4, the velocity 
potential ®(z;,y;) may be written. The velocities at the control points 
are tangent to the panels and thus at these points 





d 


V (zi, yi) = as 
2? 


where t; 1s a tangent vector to the surface of the t-th panel. 
Taking the derivative of ® with respect to n; we also obtain 


-py = COS 6; + jj ° 
j=1 
Here Jj, is given by 
2 . 
Ui, = —4 cos (0; — 0;) In |1 + ead 


— sin (6; — 0;) larctg (35) — arctg (4)| 


for 2A j and I; = Ofor every i. 
Finally, the pressure on the surface of the body could be described by 
the pressure coefficient (2.9) 


Cn, = p-P _ 1— V Í 

Po 5pU? 7 UJ ` 
We will illustrate this method with the following problem. Let us 
consider two circular cylinders of radius 1 m, placed in a uniform flow of 
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velocity 1m/s. The centers of the cylinders are separated by a distance 
of d = 2.5m, in a direction perpendicular on the flow. Considering n 
panels on each cylinder, let us calculate for every 2n control points the 
values of the velocity and the pressure coefficient. 

We choose the simplified variant, with the boundary points on the 
surface of the cylinders and the control points are the midpoints of the 
panels. The variables P of the program will contain all the characteristics 
of every panel. 

The results are presented in Figure 2.8. 


e DF a 


Figure 2.8. The pressure coefficient on the surface of the cylinders 





The MATLAB program is 

n=32;r=1;d=2.5;U=1; 

P=zeros (24#n,8) ; I=zeros(2*n) ; Ip=zeros (2*n) ; 

for i=i:n ui=pi-(i-1)*2*pi/n; 
P(i,1)=r*cos (ui) ;P(nti,1)=P(i,1); 
P(i,2)=r*sin(ui)+d/2;P(nti,2)=P(i,2)-d; 
P(i,3)=r*cos (ui-2*pi/n) ;P(nti,3)=P(i,3) ; 
P(i,4)=r*sin(ui-2*pi/n)+d/2;P(n+i,4)=P(i,4)-d; 
end; 

for 1=1:2*n 

P(i,5)=(P(i,1)+P(i,3))/2; 
P(i,6)=(P(i,2)+P(i,4))/2; 
P(i,7)=atan2(P(i,4)-P(i,2),P(i,3)-P(i,1)); 
P(i,8)=sqrt((P(i,3)-P(i,1))°2+(P(i,4)-P(i,2))°2); 
end; 
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for i=1:2*n for j=1:2*n 

if j ~=1 

A=~(P(i,5)-P(j,1))*cos(P(j,7))-... 

(P(i,6)-P(j,2))*sin(P(j,7)); 

B=(P(i,5)-P(j,1))72+(P(i,6)-P(j,2))°2; 

E=(P(i,5)-P(j,1))*sin(P(j,7))-... 

(P(i,6)-P(j,2))*cos(P(j,7)); 

(i, j)=1/2*sin(P(i,7)-P(j,7))*... 

log (1+ (P(j ,8)72+2*A*P(j,8))/B)-... 

cos(P(i,7)-P(j,7))*(atan((P(j ,8)+A)/E)-atan(A/E)); 

Ip(i,j)=-1/2*cos(P(i,7)-P(j,7))*... 

log(1+(P(j,8)72+2*A#P(j,8))/B)-... 

sin(P(i,7)-P(j,7))*(atan((P(j,8)+A)/E)-atan(A/E)) ; 

else I(i,i)=pi;Ip(i,i)=0; 

end; 

end; end; 

Lp=I\ sin(P(:,7)); 

VPU=cos(P(:,7))+Ip*Lp; V=VPU*U; 

cp=1-VPU. ^2; 

for i=1:2*n disp([i cp(i) V(i)]);end; 

for i={:2*n 

plot3([P(i,5),P(i,5)+eps],[P(i,6),P(i,6)+eps],[0,cp(i)]); 

set (gca,'view’, [95,20]) ; 

xlabel (‘x’) ;ylabel (’y’) ;zlabel (‘cp’) ;hold on; 

end; 

plot3([P(:,5);P(1,5)], (PC: ,6) ;P(1,6)],zeros(2#n+1,1),’.’); 

plot3((P(:,5);P(1,5)], (P(:,6);P(1,6)],... 
-10*ones(2*nt+i,1),/."); 

grid; 

hold off; 

We remark the low-pressure region between the two cylinders. 


7. Almost Potential Fluid Flow 


By almost (slightly) potential flows, we understand the flows in which 
the vorticity 1s concentrated in some thin layers of fluid, being zero out- 
side these thin layers, and there is a mechanism for producing vorticities 
near boundaries. 

For such models the Kutta—Joukovski theorem does not apply and 
the drag may be different from zero, which means one can avoid the 
D’ Alembert paradox. 

There are many situations in nature or in engineering where the 
viscous flows can be considered, in an acceptable approximation, as 
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“nearly potential”. Such situations occur in particular when it con- 
siders “streamlined” bodies, that is bodies so shaped as to reduce their 
drag. 

Now we shall analyze the model of incompressible inviscid fluid flow 
due to the presence of N (point) vortices, located at the points r,,ro, 

.,rn in the plane and of strength [,,To, ... IT y, respectively. The 
stream function joined to the j-th vortex, ignoring the other vortices for 
a moment, is given by 





T. 
U(r) = -z2 Inf —r;|. 
The vorticity associated to the same vortex will be given by 


Wj = ~Ay; = Fr) (r — rj) ; 


where dis the Dirac function while the corresponding velocity field (ig- 
noring again the influence of the other vortices) is 


- riy- y; [T-T 
v= 0wa) = (Duzu Deza) 


with r = |r — rjj. 

Obviously, due to the interaction of vortices, the points where the 
vortices are centered (located) start to move. More precisely, taking 
into account the superposed interaction of all the vortices, r; (xj, y;) 
move according to the differential equations 





dt; 1 5o ilu = wi) dy; 1 yo la) 
Oe rr Ol A Dr a 
dt 20 oy rij dt 27 ae ij 

where ri; = |r;—r;| . 

Then, if we retake the previous way in a reverse sense, we conclude 
that: 

Let a system of constants T; , .... Uy and a system of points (initial 
positions) rı (21,41) , --> ry (tn, yn) be in the plane. Suppose we allow 
these points to move according to the above equations whose solutions 
could be written in the form z; = z; (t) and y; = y; (t). Definethen v; = 








a * — 2 N * * 
(an, i ) and let v (r,t) = 2 v; (r,t). This last equality 
j= 
provides a solution of Euler’s equations, a solution which preserves the 
circulation. Really, if C is a contour encircling k vortices rj,rg,..., rk 


k 
then lc = 5° T; andT¢ is flow invariant (constant). 
i=] 


94 BASICS OF FLUID MECHANICS AND INTRODUCTION TO CFD 


Of course the relationship between these solutions and the other solu- 
tions of the Euler system is not very obvious but it could be established 
rigorously under some carefully chosen hypotheses. 

Now we remark that the above system forms also a Hamilton system. 
Really, by defining H = — ix » PT; In|r;—r;|, the system is equivalent 


l Fj 
with 


pii OH p dui H ay 
I dt Oy;’ J dt Ox; ) 


Introduce the new variables 
ti = y [Lilea y = VVilson (Ti) yt = 1,N | 
we get a real Hamilton system 


dr; OH dy, OH. —, 








re a SS Saa Trt 1, N 
dt ~ Oy dt ar," 
and, as in classical mechanics we have 
He ee 5 OH di L 
dt Ox, dt dy. dt pag 


1.e., H is a constant in time along a path line. 

A consequence of this property is that if all the vortices have the same 
sign for their strength, then they cannot collide during the motion. In 
other terms, if |r;-r;| Æ 0 , i Æ j, at t = 0, then this result remains 
valid for all time since if |r;—r,;| — 0 , H will become infinite. 

We remark that the Euler equations themselves form a Hamiltonian 
system (see, for instance, [2]) such that the Hamiltonian nature of the 
vortex model (approximation) should not surprise. What might be of 
great interest is to establish whether or not this system is completely in- 
tegrable in the sense of Hamiltonian systems. There are some reasons to 
suppose the existence of a certain Lie group that generates the equations 
(in some sense) [19]. 

Let us generalize the previous case and imagine the N vortices moving 
in a domain D with boundary ðD. Following the same way as before we 
must modify the flow of the j-th vortex (its velocity v;) so thatv- n|ap = 
0. This could be done by adding a potential flow of velocity u; such that 
vj-n = —uj-n. In other words, we choose a stream function %; associated 
with the j-th vortex, which satisfies 
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| Ap; = —w; = -Pjd (r — rj) 


aD 
that is, equivalently, to choose y; (r) = —lj;Gy (r, r;) , where Gy (r, r;) 
is the Green’s function for the Neumann problem associated with the 
Laplace operator (Laplacian) in the domain D. 

Retaking again the Euler system in the form 





Ay = wW, u = dyp, V = —Oz 1p, = = 0, 


we can write 


yaaa | o ()n|e -r'ar 


and then we set u = Oyy, v = —Ozy. But these equations seem to be 
just the equations established for a system of point vortices, the integral 


N 
representation for 4% being replaced by the formula y = $> y; (r), valid 
j=l 
in the conditions of a point vortices system analogously as a Riemann 
integral is approximated by a Riemann sum. This suggests that an 
inyiscid incompressible flow can be approximated by the flow induced 
by a discrete system of vortices, The convergence of solutions of the 
discrete vortex equations to solutions of Euler’s equations as N —> oo 1s 
studied in [38] and in [61]. 
Vortex systems provide both a useful tool in the study of general 
properties of Euler’s equations and a good starting point for setting up 
effective algorithms for solving these equations in specific situations. 


8. Thin Profile Theory 


The theory of a wing with an infinite span (.e., the theory of profiles) 
requires knowledge ofthe conformal mapping ofthe profile outside, from 
the physical plane (z) onto the outside of a disk from the plane (Z). 
However, for an arbitrary (wing) profile, it 1s difficult to get effectively 
this mapping; that is why, many times, one prefers the reverse procedure, 
that is to construct (wing) profiles as images of some circumferences 
through given conformal mappings. The Joukovski, Karman—Trefftz, 
von Mises, etc. profiles belong to this category [69]. 

In the particular case of the thin profiles with weak curvature, the 
problem of a flow past such a profile can be directly solved in a quite 
simple approximative manner. More precisely, this time it will not be 
necessary to determine the above mentioned conformal mapping but 
only the solving, in the physical plane, of a boundary value problem of 








96 BASICS OF FLUID MECHANICS AND INTRODUCTION TO CFD 


Hilbert type that reduces, in an acceptable approximation, to a Dirichlet 
problem for the Laplace equation. 


8.1 Mathematical Formulation of the Problem 


Suppose that our (wing) profile is formed"! by the arcs Cı and Co of 
equations 


y = g; (£) = eh; (x),a < z < b,j = 1,2, 


where € > Qis a very small positive parameter; we admit that the 
functions hy(z) and he(x) are continuous and derivable in [a,b] and 
h;(a) = hj(b), j = 1,2. Suppose also that he(z) > hı(z),a <z <b. 

This profile is placed in a uniform fluid free-stream of complex veloc- 
ity Woo = Vaoe~, both the magnitude of the physical (attack) velocity 
at far field Və and its angle of incidence a, sufficiently small, being inde- 
pendent of time. In what follows we will look for the complex potential 
of the fluid flow under the form 


f(z) = Woz + F (z) 


or, focussing on the velocity field determination, we set 


df dF . 
q, Woo + de = u — w 
with 
dF 
-—— = ŲỌ-— 
7, tV. 


The unknown function F(z), the corrective complex potential, in- 
duced by the presence of the thin profile, is a holomorphic function in 
the vicinity of any point at finite field, with a logarithmic singularity 
at infinity. On the contrary, the derivative of this function, on is holo- 
morphic in the entire outside of the profile, vanishing at infinity, that is 
(#) = 0. More, the above equality (for the velocity field) generates 
the representation 








u = Vx cosa +U, v= Vxsina +V, 


U and V playing the roles of some perturbation (corrective) velocities 
due to the presence in the free-stream of the thin profile. 





ll Obviously it is about the cross-section of the profile in the plane xOy. 
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Just the regularity of the function gF in the whole outside of the 
considered profile leads to the idea of determining of this function instead 
of the corrective potential F(z). To reach this purpose we need first 
to formulate the boundary conditions of the problem in terms of the 
functions U and V. 


Since the unit normal vector to the contour C;, ofequation g; (£)—y = 





0,is n \9} (=), -1], the slip-condition along the walls C; can be written 


v-n=ug(z)-v=0, j=1,2. 


Taking into account the above relationship between (u,v) and (U,V) we 
have finally the condition 


V = —Vosina + g; (x) (Vo cosa +U) on Cj, j= 1,2, 


such that the velocity field determination comes to the solving of a 
Hilbert boundary value problem associated to the Laplace equation. 

It 1s obvious that, additionally, we should observe the Joukovski con- 
dition to ensure the boundness of the velocity at sharp trailing edge 
(that is, at z = b). 

So far we have not formulated, in the mathematical model associated 
to the problem, any simplifying hypothesis. Now we assume that |U] is 
small enough to be neglected in the presence of Və cos & which agrees 
with the fact that the considered profile is thin and the incidence itself 
a is small. On the other hand we may assimilate the profile with the 
segment AB of the real axis and designating by C” this segment, by 
C% its side corresponding to y = +0 and by C} that corresponding to 
y = —0, the above boundary (slip-) condition could be approximated by 











V = -Vy sina + Væ cosa : g; (£) =l; (£) pe Ci, j=1,2. 


Thus we are led, in view of the determination of the harmonic function 
V(z,y), to a Dirichlet problem for the entire plane Ozy with a cut along 
the segment C” of the real axis. 


8.2 Solution Determination 


The solving of a Dirichlet problem joined to the Laplace operator for 
the whole plane with a cut along the segment AB of the real axis, to 
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which the problem of the fluid flow past a profile 1s reduced, 1s a classical 
issue in the literature’. 


The solution of this problem, applied to the function Fadl = V +U 
whose real part is known on the boundary AB, leads to 


y= 1 PLRO-LE ° = wi (£) 
U-W a9 h a an VE Ope POL. 


where k is a real constant, P(z) = (z — a) (z — b) while the chosen de- 


termination for y P(z) equals to +,/P(z) at z = z > b. 
Unfortunately, this bounded solution of the proposed Dirichlet prob- 
lem does not satisfy yet the condition expressing the rest of fluid at far 


dz 


distances 1.€., (e = 0. To satisfy this condition too we will add 
Co 


. . „~ /z—b . 
to the previous solution a term of the type tå4/ ——-—, where À is a real 
z—a 


constant (not chosen yet) and the determination of the squared root is 
the same as the previous one (1.e., it is positive at z = g > b)”. Since 
in the neighborhood of infinity we have 


P@ =2{1- 2th 4 Soh, 1 -hiér 5a ), 


2z z? z— É 


. fz—b a-b 1 
TÀ t aan De taO} 


we could write 


z-b__i PLE++LE 
v-iv i2 On , Ape ST" 

















-į ROLLO (¢_ a+b i Pea 
20 Z a |P(é)| S 9 )ac+ 5 | [2 (€) ty (£)] dé 


1 , a—b 1 
ra (-)+a{ie ita 


12 A direct and elegant manner for solving this problem, even in the more general case of a 
boundary formed by n distinct segments on Oz, can be found, starting from page 201, in the 
book of C. Iacob [69]. 


-AZ+ H 


Really, by adding to U —iV a term in the form i Pi p where A, u € IR, the values of V 
z 





on AB will not be modified. 
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Then, to ensure that at far distances (|z| —> oo) the solution of our 
problem tends to zero, it is sufficient to choose the real constants A and 


k so that , ' © 
-1 [BREGE 7 ware 
A z / PO & an 0. 


Finally we have for the complex velocity the representation 


dB 1 ROO a Ji Io (€) +h (£) os ) JES a 
dz 2r J, z— V b- é ” 


a formula given by L. I. Sedov, but obtained via other technique [134]. 
On the other hand, as a complex potential f(z), at far field, has an 
expansion under the form 











T 
f(z) = Woz + 5 logz + ao + Z +S 


2ri 


and implicitly the complex velocity is 


we get for the circulation T, veces the value 





b — da 
r= f te) ~ 4 ©) pea. 


This value corresponds to that obtained by the Joukovski condition 
(rule), the fluid velocity being, obviously, bounded at the sharp trailing 
edge. Supported by it we could also calculate the general resultant of 
the fluid pressures on the thin profile, namely we have” 








E—a 
b 


dÈ. 
Tz 


b 
Ra — iRy = ipVece f aE) =h E) 


Details on the theory of a thin (wing) profile and even some extensions 
such as the case of the thin airfoil with jet, can be found in the book 
of C. Iacob [69]. The thin profile with jet in the presence of the ground 
has been studied in [113]. 





'4Tn virtue of the uniqueness of such a series development. 
By applying directly the Blasius—Chaplygin formulas. 
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9. Unsteady Irrotational Flows Generated by the 
Motion of a Body in an Inviscid 
Incompressible Fluid 


In what follows we will formulate the mathematical problem for deter- 
mination of the fluid flow induced by a general displacement (motion) in 
the fluid mass of a rigid body, this fluid flow being unsteady (in general). 
Before considering separately either the 2-dimensional (plane) or the 3- 
dimensional case, we remark that the problem of a uniform displacement 
of a body with the velocity —v,, in a fluid at rest, is completely equiv- 
alent with the problem of a uniform free-stream of velocity vg, past the 
same body but supposed fixed. This fact comes out at once, if one con- 
siders also, besides the fixed system of axes, a mobile reference frame 
rigidly linked to the body and we express the position vector (radius) 
of the same point within these two systems, namely r = r’+rg; then, by 
derivation, one deduces a similar relation between the velocity vectors 
expressed in the two systems, that is v’ = v + Voo. Hence, the rest state 
at infinity versus the fixed system (v = 0), will be the state of a uniform 
motion with the velocity Veo within the mobile system where the body 
could be seen fixed (being rigidly linked to it). 








9.1 The 2-Dimensional (Plane) Case 


In general, when we deal with the case of unsteady plane flows we 
need first to introduce a fixed system of axes OXY. With respect to 
this system, at any instant t, the flow will be determined by its complex 
potential F(z, t), defined up to an additive function of time. The uniform 
derivative of this complex potential will provide the components U and 
V on the axes OX and OY. 


The function F(Z, t) in the domain (D), where it is defined at any mo- 
ment ¢, is either a uniform function (which means a holomorphic function 
of Z) or the sum of a holomorphic function and some logarithmic terms, 
the critical points of these last ones being interior to the connected com- 
ponents ( A, ) of the complement of (D). “A priori’, the coefficients 


ratty of these logarithmic terms can depend on time but, under our 
assumption, I’, are necessary constant. If this does not happen, the 
circulation along a fluid contour encircling ( Ag ), a contour which is 
followed during the motion, will not be constant, in contradiction with 


the Thompson theorem. 


The determination of F should be done by using both the initial 
conditions (a specific feature for the unsteady flows) and the boundary 
conditions attached to the problem. 
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In particular, along a wall the normal component of the relative veloc- 
ity of the fluid (versus the wall) should vanish. Concerning the pressure, 
it can be calculated by the Bernoulli theorem which, in this case, states 
that 


OD 
Ot 


2 
q 
p+ — Um +p 


C(t), 


where the “constant” C(t), depending on time, will be determined with 
the initial conditions, 

An important case is when there is only one mobile body (obstacle) 
in the mass of the fluid, which allows a simple formulation of the initial 
and boundary conditions (on the body surface). More precisely, by con- 
sidering a mobile reference frame (system of coordinates) Axy, rigidly 
linked to the obstacle (body), and by using the linear expression of Z as 
function of z (with the coefficients depending on time, in fact a change 
of variables, the flow being watched within the fixed frame OXY), we 
get first f (z,t) = F (Z,t) which represents the complex potential of the 
flow expressed in the variables z and t. 

Hence for the components u and v of the velocity vector, we have 
U—-W = 4 (here u and v are the components of the absolute fluid velocity 
versus the fixed system OXY, these components being expressed in the 
variables z and y). 

Let us now denote by a(t) and £ (t) the components on Az and Ay 
respectively, of the vector v4, the velocity of the point A belonging to 
the body, and by Q (t) the magnitude of the body rotation; the contour 
(surface) of the obstacle being then defined by the time free parametric 
equations z = z (s) , y = y (s), the velocity vp ofa point P(s), belonging 
to this contour, is vp = v4 + 2k x AP whose components are a — Qy, 
B+OQc. 

Then, the normal component of the relative velocity at the point P, 
belonging to the obstacle contour, is (u — a@ + Qy) dy - (v — B — Qr) E 
such that the slip-condition can be written, for any fixed t, in the form 











This last expression determines, to within an additive function of time, 
the value of y along the contour, precisely 


Yle =a (Hy -P e- SP (a? +44), 
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9.2 The Determination of the Fluid Flow Induced 
by the Motion of an Obstacle in the Fluid. 
The Case of the Circular Cylinder 


Let us consider an obstacle, bounded by the contour (C), which is 
moving in the fluid mass supposed at rest at infinity. We know that the 
circulation along the contour (C) is necessarily constant; in the sequel, 
we limit ourselves to the case when this constant is zero. 

Our aim, using the above notation, is to determine at any instant t, 
a function f(z) holomorphic outside (C), whose derivative is zero at 
far distances and whose imaginary part along (C), fulfils the condition 


2 (t) 


y =a(t)y -p (t)r - x+y"). 


Suppose now, for sake of simplicity, that we solve first, the following 
particular cases of the initially proposed problem, which are distinct by 
the values characterizing the obstacle rototranslation: 

Na=1,6f=0,2=0; 

2a=0,8=1,2=0; 

3)a=0,8=0,02=1. 

In all these cases we may assume that the corresponding complex 
potential f is independent of time (the attached domains having a fixed 
in time shape); denote by f(z), f (2) (z), f (3)(z), the complex potentials 
which correspond to these three cases respectively. 

It is obvious that, in general, a , B , Q being supposed arbitrary 
continuous functions of time, the function 


f (z,t) = a (t) f™ (2) + 8 (t) FP (2) +9 (t) FO (2) 


represents a solution of the initial proposed problem’. One could prove 
that the flow thus determined is unique, according to the uniqueness of 
the respective Dirichlet problem. Concerning the effective determination 
of the functions f(z), in the first two cases (when the displacement 
of the obstacle 1s a uniform translation of unit velocity) the fluid flow 
watched from Axy, can be identified with a steady flow of the type 
already studied in the section devoted to the theory of profiles. The 
third case is that of a uniform rotation. This case, as the previous two, 
can be explicitly solved if we know the canonical conformal mapping of 
the outside of (C) onto the exterior of a circular circumference. 


'6The solution of the respective Dirichlet problem being a linear functional of the boundary 
data. 
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Let us consider the simple case when (C) is a circular disk centered 
at A. First we remark that, in this case, the function f(z) is constant 
and consequently we could eliminate the free of z term Q (t) f® (z). 
This result is obvious because the rotation of the disk with respect to its 
center does not influence the ideal fluid flow. The case when a = 1 and 
B = 0 corresponds to the situation when (C) is performing a uniform 
translation along the Oz axis; with respect to (C) (the system Axy), 
the flow is steady with a velocity at infinity parallel to the Oz axis 
and whose algebraic magnitude, versus the same axis, is —1; then the 








. . . . . 2 . 
complex potential associated to this relative flow is — (2 + w) , R being 


the radius of (C) and consequently the absolute flow watched from the 
fixed system OXY, has as complex potential 


— 


} 


R? R? 
fP (2) = z — (2+ F) 
which corresponds to a doublet located at the origin A of the plane 
z, and whose axis is collinear with the velocity. From here, we could 
deduce, at once, that in the case when the circular cylinder translates 


with arbitrary components (a, 8), the corresponding complex potential 
1S 


Z 


2 


f(z) =- latip) Z. 


An important generalization of the above situation is the situation 
when the displacement of the obstacle in the fluid mass takes place in 
the presence of an unlimited wall (as it is the case of a profile moving 
in the proximity of the ground, that is the “ground effect” problem). 
At the same time a great interest arises from the fluid flow induced 
by a general rototranslation of a system of n arbitrary obstacles in the 
mass of the fluid. We will come again to this problem after the next 
section, by pointing out a new general method for approaching the plane 
hydrodynamics problem [111]. 





9.3 The 3-Dimensional Case 


Consider now the three-dimensional flow induced by the motion of 
a rigid spatial body (obstacle) in the mass of fluid at rest at far field, 
1.€., it is about a generalization of the previous study made in the plane 
case. Let then OX1Xz2X3 be the three-rectangular fixed system and the 
velocity potential of the absolute fluid flow ® (X1, X2, X3,t) be, at any 
moment, a harmonic function of X; whose gradient (velocity) 1s zero at 
infinity. Introducing also the mobile system Ax, 2923 — rigidly linked to 
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the obstacle — but watching the absolute flow (that is versus the fixed 
system OX ,X2X3) we set again 


p (T1, £2, £3, t)= = ® (X1, X2, X3, t). 


To determine this function gy, the velocity potential of the absolute 
flow but expressed in the variables of the mobile system Az,2973 (a 
function which is also harmonic and with zero gradient at infinity), we 
should write the slip-condition on the surface (X) of the obstacle. Let 
then v4 and Q be the velocity of the point A, belonging to the obstacle, 
and, respectively, the obstacle rotation; these are known vectorial func- 
tions of time. At a point P of the contour (ÈX), if n is the unit outward 
normal drawn to (£) at P, we have for the function y the condition 


U-n= se = vpn = (v4 +9k x AP)-n 
n 


i.e., the projection of the relative velocity U — v, on n is zero. 

We denote now by Vi, V2, V3 the components of va on the Azı, Aza, 
Azx3 axes and by V4, Vs, Ve those of Q on the same axes; let also n1, n2, n3 
be the components of n while n4, ns, ng are those of AP x n on the same 
axes of the reference frame Agzızəz3. With this notation, the above 
condition 1s 








While np are geometric entities depending only on P from (%) and 
not on t, Yp are known functions of time, independent of P from (%). 


Let us admit that there are the functions y (21, 22,23) harmonic 


outside of (D) so that dg? — = np on (©) and whose grady"?) vanish at 


far distances. In fact the existence of these functions comes from the 
solving of a Neumann problem for the exterior of the domain (D), with 
the additional requirements that the first order partial derivative of yl) 
tends to zero when the point P tends to infinity. 

It is known that such Neumann problems, in quite general conditions, 
admit one unique solution and only one [52]. 

Setting then 


p (£1, £2, £3,t) = Dt t) oP ( (£1, £2, £3), 


this function ọ satisfies all the conditions of the problem and defines the 
searched velocity potential for fluid flow outside the obstacle. Once the 
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function y 1s determined, the pressure can be calculated by applying the 
Bernoulli theorem. 


9.4 General Method for Determining of the Fluid 
Flow Induced by the Displacement of an 
Arbitrary System of Profiles Embedded in 
the Fluid in the Presence of an “ʻA Priori” 
Given Basic Flow 


In what follows we intend to give a brief survey on a new method which 
allows us the solving of any direct problem of plane hydrodynamics, 1.e., 
to determine the fluid flow induced by a general displacement in the 
inviscid fluid mass, of an arbitrary system of profiles, possibly in the 
presence of unlimited walls, in the conditions of the pre-existence of an 
already given “basic” flow which could present even a (finite) number of 
singularities. 

The great advantage of this method consists, not only in its general- 
ity but also in the fact that it can be easily adapted to the numerical 
calculations. A CVBM joined to this general method will be presented 
later in this book. 

From the mathematical point of view, by avoiding the conformal map- 
ping technique, the method solves the proposed problem by using some 
appropriate singular integral equations which, under our assumptions, 
lead to a system of regular integral Fredholm equations. By imposing 
some additional hypotheses on both the profiles and the “a priori” ex- 
isting basic flow, one establishes also, together with the solving of the 
involved algebraic system, the existence and uniqueness theorems for the 
respective integral equations. 








9.4.1 The Mathematical Considerations and the 
Presentation of the Method in the Case of Only One 
Profile Moving in an Unlimited Fluid 


Let us consider'’, as being given, a plane potential inviscid fluid flow 
called the basic flow. Let wg(z) be the complex velocity of this basic 
fluid flow. 

Let us now imagine the fluid flow induced by a general displacement 
(roto-translation) of an arbitrary profile in the fluid mass. Of course this 
flow will superpose on that basic fluid flow. In what follows, we want 


I7 For more details and even for the consideration of a general case of ”n” profiles, one could 
read the paper of T. Petrila [103]. An extension of this method to the case of profiles with 
sharp trailing edge and of the influence of some unlimited walls on the flow can also be found 
in the papers of T. Petrila [102], [101]. 
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to present a new method for determining the complex velocity wg(z) 
of the fluid flow which results by the just mentioned superposition, a 
method which could provide simple numerical algorithms for the whole 
flow pattern. 

Concerning the curve C, one admits that its parametrical equation 
z = B (y4), defined for y € E and referred to a fixed system of rectan- 
gular Cartesian coordinates Oxy, fulfils the following conditions (1): 

(I)i) it is a 27 periodic bounded function in [0, 27); 

(I)ii) it is a Jordan positively oriented curve for » = [0, 27; 

(1)iii) it is a twice continuously differentiable function in [0, 27), with 


Bib) £0 and Bib) < M, M being a finite constant. 

We remark that the restrictions imposed on the profile (C) will lead 
to the continuity of its curvature which implies the continuity of the 
kernels of the involved Fredholm integral equations. 

In regard to the given function wg(z), it belongs to a class (a) of 
functions with the following properties: 

(a) 1) they are holomorphic functions in the domain Dj, (the entire 
plane), except at a finite number (q) of points z, placed at a finite 
distance, and which represent the singular points for these functions; 
let Dj be the domain D, from which one has taken out these singular 
points; 

(a) 2) they are continuous and bounded functions in D* \ {zp} kg 
a domain which contains also the point at infinity; let 


wp(oo) = m, wp(z); 


(a) 3) they are Hölderian functions at the points of the curve (cy'®. 


q 
Let Ig be the circulation of the basic fluid flow which equals 5° Ix, 
k=1 
that is equals the sum of the circulations of all the given singularities of 


the fluid flow. 

Regarding the unknown function w(z), the complex velocity of the 
resultant flow, it will be looked for in a class of functions (b) which 
satisfies the requirements: 

(b) 1) it is a holomorphic function in the domain D = D, \ {intC}, 
except the same points {2k} e=ig which are singular points of the same 
nature as for wg(z) G.e., the corresponding Laurent developments have 
the same principal parts); 


'8 Suppose that, during the displacement of the profile, we have {intC} C Dj}, which means 


the curves C do not intersect the points {zk }patg which stay all the time outside of these 
curves, 
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(b) 2) it is a continuous and bounded function in D* = D*\ {2k} bnTog \ 


{intC}, which also contains the point of infinity where | jim w(z) = 
2|—> 00 


w(oo) = wg (00); 

(b) 3) it is a Hölderian function at the points of the contour (C) where 
it also satisfies the boundary condition: 

There is a real function u(y) such that for any wp € [0, 27r), we have 


p 2O 


w(B(p)) = 
Te 


+i+im + iw |b) — za], 


where ! and m are given functions of time corresponding to the compo- 
nents of the transport (translation) velocity at the point z4 € {intC} 
while wis also a function of time Ode the instantaneous rotation; 

(b) 4) it satisfies the equality fe w cœ w(z)dz =T, where I is an “a priori” 
given function. 

Once all these mathematical assumptions have been introduced, the 
(unknown) function w(z) is sought among the solutions of the following 
singular integral equation with a Cauchy kernel, namely 





wle) = uel) = zi | Mela, (2.12) 


where € € D*”. 
In order to use the boundary (slip) condition on C, we now let £ > 
zo = B(y~*) € C and so we get 


w (8 (4*)) = 2wsg (8 (4*)) — — 


1? The above representation for the complex velocity introduces a corrective complex potential 

(corresponding to the presence of the profile (©) in the form of a continuous distribution of 

point vortices along the curve (©). We would get the same representation using Cauchy’s 

formula for the function w(z}— wg(z) and for the domain Dp, the cross-section of D with 

a disk centered at the point € € D and of radius R. Setting then R — œ and taking into 

account that i lim (w(z} — wg(z}}) = 0, we are necessarily led to the following relation for 
z| >20 


the desired function w(z) 
w{z) 1 wpg(z) 
w(£) = we (£) — aq | eiet J Bee 


As regards the last term, it doesn’t play an essential role because the solution of the Fredholm 
integral equation (to which we are led), and which satisfies the condition with the “a priori” 
given circulation, is independent of it. 
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where ¢ is the principal value (in the Cauchy sense) of the involved 
integral. Denoting then v (4) $ ()| by y(w) and 


B (p) {l — im — iw [8 (4) — zal} 


by v(Wy?, we could write 








way ZOE) LP eae 
=a (BW) ~~ faa ps 


that is 


. 1 20 2B (a*) 
y (w") sa f V8) gon ay 


= 2up (B(8*)) BOW) — vO) E vty) BO) ay, 
ant Jo B (b*) — 2 (4) 
Separating now the real parts of both sides, we obtain the following 
integral equation of Fredholm type with continuous kernel, precisely 


1 


20 
V8) — 5 E TO Koa (6 #) a (2.13) 


= Re {2up BUNA —v (b")} + 


1 2r 

+5 E DO) Kos (W9) + Imo (4) Lop (ww) dh = F W), 
0 

where we have denoted 


4 


Lop (Y*: h) + iK gg (4*4) = TW Bw | 


20 With this notation we could also write 


2r 2r 2r 
r= f y(y)dy + f v(y)dy = f y(p)dy + 2wS, S being the area bounded by (C). 
0 0 0 
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We remark that according to the above hypotheses, the right side is a 
Hölderian function, which implies that the solutions of this equation (if 
they exist), are also Hélderian functions. 

To study the existence of the solution of this integral equation we will 
use the Fredholm alternative which is now applicable. According to this 
alternative, the existence of the solution is related to the fulfilment of 
the condition 





Actually, the uniformity of the complex function wg(z) in the vicinity 
of C leads to 


20 
[ Re {2p [B (*)] B(p*) —v (¥*) dy” = 0; 
0 
meanwhile we also have 
or 2r : + or on 5 * 
Fav [Resi Fro aiae] = fav [Rew F age) sau 


2r 
= J Rev (4) dy 


which proves that the condition 


is satisfied”. 

Consequently the equation (2.13) admits a set of solutions of the form 
y = ky? +% where kis areal arbitrary constant, y? is the unique non-zero 
solution of the homogeneous equation which also satisfies the condition 


27 
f y’ (hb) dp 4 Owhile Ẹ is a particular solution of the non-homogeneous 
0 


equation. It is easy to see that we can always choose one solution (that 
is the corresponding k) such that 


*lTo interchange (commute) the integrals is possible due to the Bertrand—Poincaré formula. 
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20 


[1 a+ 208 =T, 
0 


l being “a priori” given. 

The previous results can be concisely formulated in both mathemati- 
cal and fluid dynamics language, 1.e., we have: 

THEOREM 2.3. For any curve C and complex function wg(z) belong- 
ing to the class (I) and (a) respectively, and for any continuous system 
of four real functions of time (l,m,w,T ), there is only one solution of 
the above singular integral equation (2.12) which satisfies the conditions 
(b). 

Or, in hydrodynamical language, 

For any profile C and a basic potential incompressible inviscid fluid 
flow with complex velocity wp(z), satisfying the conditions (I) and (a) 
respectively, and for any continuous displacement of this profile in the 
mass of the fluid, there is only one resultant fluid flow with an “a priori” 
given circulation which satisfies also the conditions (b). 


10. Notions on the Steady Compressible 
Barotropic Flows 


Suppose now that the inviscid fluid is compressible but limiting our 
interest to the case of the steady irrotational flow of a barotropic fluid. 
Further, for sake of simplicity, we will neglect the external mass forces 


f(™M). 


10.1 Immediate Consequences of the Bernoulli 
Theorem 


Our working hypotheses allow us to use the second Bernoulli theorem 
which can be written here in a very simple form, namely h + T = họ, 
ho being a constant in the whole mass of the fluid and g the velocity 
modulus (magnitude). In this relation A is a function of p defined up to 
an additive constant, by the differential equality pdh = dp. Introducing 
now the equation of state under the form p = g (p) (the fluid being 
compressible barotropic) we have also 


c being the speed of sound in the fluid and which is defined as c? = ao 
So that it comes out that A will be an increasing function not only of p 
(see the above definition) but also of p. 
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When ho is known the Bernoulli theorem allows, by using also the 
equation of state, the calculation of h,p,p as functions of the velocity 
modulus q. 

Now we shall show that the functions h, p, p,c are always decreasing 
functions with respect to q. For h it comes directly from the above 
Bernoulli theorem; p and p being also increasing functions of h (as in- 
verse functions of increasing ones), they will be decreasing functions of 


q too. Finally, from c? = “a and from the hypotheses made on the 


state equation p = g(p) (g > 0 and T3 > 0), it can deduce that c? is 
non-decreasing with respect to p and hence the above stated property is 
valid for c too. 

The Mach number denoted by M, is the ratio q/c; so that M is always 
an increasing function of q. 

A last entity which plays an important role in the study of these fluid 
flows is the mass flux density pq. For this we have 


d(pq) _ dg | dpdp _ dq a= (1 T) 4 


pq q pd q œ 


We remark that pq is an increasing function of q (although p is decreasing 
with respect to q) if M < 1, that is the flow is subsonic while it is a 
decreasing function of q if M > 1, that is the flow is supersonic. 

In the current applications we will presume that the barotropic fluid is 
an ideal gas in an adiabatic evolution so that p = kp’, k being a positive 
constant and y, the adiabatic index, being also a constant greater than 
unity (for air y = 1.4). In this case we have c? = kyp™!£E = ye and, 
correspondingly, since pdh = dp, we could take for h the assessment 








Denoting by po, po,co the values taken by p,p,c at the point of zero 
velocity (q = 0), we could also write 
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relations which, together with the Bernoulli theorem already written at 
. . . 2 
the beginning of the section (h = hg — 4), lead to 


—1)q? —1)q? 
c? = c2 — ODA = (1- % a) 


Co 


a 
p= p (1- ERE) (2.14) 





i.c., to the formulas which give explicitly the dependences c(q), p (q) 
and p(q). The functions (2.14) point out an important property which 
is specific only to the compressible fluid flows: the constant cg being 
known, it will be impossible for the fluid to overtake during its flow, a 
certain maximum velocity gm, given by 
2 
Gn = — rc 

Such a restriction does not occur in the case of the incompressible 
flow. When q — qm, the quantities p, p , c defined by (2.14) tend to 
zero and so the Mach number increases indefinitely. On the other hand, 
if at a point of the flow domain the fluid velocity is equal to the sound 
speed, that is q = c = c*, then, from the same (2.14), we get 








ct? — 2c — 1l , 
y+1 y+1” 

The quantity c* will be a constant called the critical sound speed in 
fluid. In virtue of the already established properties (with regard to the 
Mach number, for instance), at a certain point the flow is subsonic or 
supersonic as g 1s inferior or superior of c*. 

We remark that if our compressible fluid is also perfect, in the sense 
of the Clapeyron law acceptance together with the constancy of the 
specific heats Cp and Cy, we will also have h = C pT . But then, 
in the same conditions of an adiabatic process, we could deduce that 


an 
L= (Z) and the previous relations should be completed with 
_ 2 
T = Ty (1- GY"). 


It is important to understand in which context the incompressible fluid 
flow could approximate the compressible fluid flows. If we denote by G 
the inverse function of p = g(p), that is p = G(p), the incompressible case 
corresponds to G = constant. As a = c’ is the inverse of a, we can 
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see that an incompressible fluid shows up as a limit case of compressible 
barotropic fluid when the sound speed is infinity large, i.e., the Mach 
number is zero everywhere. 

In the adiabatic case, in a domain where g is sufficiently small to 
support the development 


2 4 2 
ya 7q 1 q 
p = po l~s +57 +... = po — = poq? — sjt, 
C c2 


with c2 = ye we can see that, in the case when the velocity g is such 





that the quantity 1y could be neglected versus the unity, we reobtain 


the Bernoulli theorem for the incompressible fluid, which means p = 
po — ipag? , SO that the compressibility effects don’t arise. 


10.2 The Equation of Velocity Potential 
(Steichen) 


The envisaged flows being irrotational, the velocity vector v depends 
on a velocity potential © (21,272,273), i.e., there is the representation 
v = grad® or v; = ®;. This function, as in the incompressible case, 
will satisfy a partial differential equation which could be determined, for 
instance, by introducing the above representation into the equation of 
continuity. More precisely, the equation of continuity could be written 
(the flow being steady) as 











pvii + pivi =0, (div(pv) = pdivv+gradp-v=0). 


But, using the Bernoulli theorem already written in the previous sec- 


. 2 Lae . 
tion (h+ $ = ho) and the definitions of c? and h as well, we have in the 
entire fluid mass 


d 
0 = dh + qdq => dp + pqdq = dog; + pqdq = c*dp + pqdq = 0 


so that 


Or 


2 
c grad p = —pgrads . 
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Correspondingly, the equation of continuity, after a division by p and 
a multiplication by ¢?, becomes 


g? 
c diw v — v - grad (5) = (). 


The flow being irrotational we also have v; = © and q* = (grad p)’ = 
® ,®&, so that we can write 


PB — 5B; (DaDa) = (bie DiBa) Bx = 0, 
which represents the looked for equation. This partial differential equa- 
tion of second order is obviously nonlinear and contains only the deriva- 
tives of ® since we have established that c? is a function of q°, that is 
of Pa . In the case of the 2-dimensional flows, by setting z1 = z, 
Zo = yY, (uy = u, uz = v) we can see that @(z,y) is the solution of the 


equation 
1 u-\ P uv Ob i v2 \ 06 -0 
( ~ 3) 3a “2 bn * ( =) ay? ~ 

The type of this equation, called also the Steichen equation, depends 
on the position of the Mach number versus the unity” which reflects, 
from the mathematical (analytical) point of view, the profound difference 
that exists between the subsonic and supersonic flows. So, if q < c, 
the subsonic flows, the equation is of elliptic type while if q > c, the 
supersonic flows, the equation is of hyperbolic type. In the case when 
for certain regions we have q < c and for others q > c, the equation is of 
mixed type and the associated flow is called transonic; in this situation 
the curves along which the transition from a type to another takes place, 
that is the curves q = c = Cm, are Called the sonic lines. 

As regards the asymptotic behaviour of ® at far distances, Finn and 
Gilbarg have proved that, in the subsonic case [46] 


r By 
2, 02,2 
In (z + Bry ) + z, aretg m 


m 
An 8B 
where V,, 1s the constant magnitude of the attack (free-stream) velocity 


with the incidence a versus OX, 6? = 1 — M3, >0,2= Ze", Fis 
the flow-rate and T the circulation. 


® = Vy (X cosa +Y sina) + 


22 The determinant of this equation being 
u2 y2 uy? u2 ty? 2 > 
(1- #7) (1-3) -SE s1- $e lM ' 
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Before focussing on a simple application of this equation we remark 
that the Steichen equation is equivalent with the system 





ð pðp ð mæ 


— ðr p Oy’ = Oy p Ox 

where 4 (x,y) is the stream function which can be directly introduced 
through the continuity equation, a system which is not a Cauchy—Riemann 
system any more but a nonlinear one, p being a function of q? = (grad Y°. 
Obviously, in the incompressible case because p = po, we reobtain the 
Cauchy—Riemann system. 

Finally, by expressing the Steichen equation through the stream func- 
tion y, we remark the invariance of the form of this equation, which 


means 
2 2 2\ 92 
2 
1-45 Ny w Od 1-2 o, 
ðr? œ ðrðy ce } Oy? 

where u and v are now considered as functions of . 

Concerning the boundar % condition attached to these equations, they 
come to v- n = 2 = 0 = % and so p = constant on the fixed obstacle 


(wall) while, at far field, Supposing that the velocity vg 1s parallel to 
the Ox axis, we have 


oP O® 0 

AT = Voo, 3 = WV; 

ðr jJ o OY J x 
respectively 


ð ð 
e (æ) = Uoo; (2) =0, (Pæ = P (vs). 


We remark that if we accept, instead of barotropy, an equation of 
state under the form p = p (p, s) while the fluid flow is now rotationally 
steady, the equation for the stream function becomes [153] 





(2 — u?) doa — Quvpay + (c° = 12) ty =p ug (=), A 


Obviously, in the irrotational ( w = 0) and homentropic (s = constant) 
case, we reobtain the above determined equation. 


10.3 Prandtl-Meyer (Simple Wave) Flow 


Consider now the plane fluid flows whose velocity potential is of the 
form ® = ru (0), the variables r and @ being the polar coordinates of 
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a current point P of the plane. Let 1 be the unit vector of OP while 
j is the unit vector which is obtained by rotating 1 with +5. Since 
d® = udr + ru’d@, we can write 


v = grad® = u (0)i+ u' (0)j 


(r being the Lamé coefficient for the variable 0). 

Then the velocity vector will remain equipolent with itself along any 
half-straight line emanating from the origin ( @ = const). 

Conversely, it is proved that any irrotational flow with the above 
property admits a velocity Potential of the form ® = ru (0).” 


, 2 , , 
Remarking that 1, = u? at u’? and therefore grad = *(u+u')j 


(because grad q* = SL i++ 2i oq" j while 0 is obviously zero) together with 

divv = divgrad® = ‘oe utu” , the equation c div v—v grad (5 >) = = 0 

which i is often written as Ad — zgrad È - gradq? = 0, becomes (c? — 
u?)(u+ ull) = 0. 


If u + u” = 0, u will be a linear function of sin and cos @ while ® is 
a linear function of z and y, the flow being thus uniform. By avoiding 
this trivial solution, we keep necessarily u’? = c? so that the modulus 
of the normal component to OP of the velocity is equal with the local 
speed of sound”. The flow will be thus supersonic. 

Denoting by a the angle made by v to OP (0 <a < 5 ), then 
sing = iy = (£), M being the Mach number at P. The angle a is, by 
definition, the Mach angle at the same point P. 


. . . . . 2 . 
Finally, let us write again the Bernoulli equation h + T = hg. Admit- 
ting that the fluid flow is barotropic in adiabatic evolution, this becomes 


q? e? B u? + u? u!2 c 
is rr tyy 

which is a differential equation for determining of u(@). To solve this 
equation we shall introduce the parametric representations 


2 2 
u= 4 Co COS and u' = 4| —— c sin 
y1” X y+1° X 


which finally lead to a representation of the solution in the form 











u(9) = gm cos p (0 — Om) , 


23 The expression for the Laplacian in polar coordinates, being 
1 976 $ 
Ab= g i T +a o2 + 1S. 
*4 The curves with this property are also called Mach lines. 
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gm being the maximum of the fluid velocity while u = ,/ Yi. 


A flow of this type is called a simple wave or Prandtl—Meyer flow; it 
occurs, for example, in the conditions of a supersonic flow past a sharp 
convex corner (dihedron) made by plane walls (see Figure 2.9). The 





Figure 2.9. The simple wave flow past a convex dihedron 


involved flow is uniform in the region delimitated by the first horizontal 
wall and the Mach line OMọ of equation 0 = ag”, where Qo is the 
Mach angle corresponding to vg; along this Mach line a “matching” 
with a simple wave flow takes place, this simple wave flow acting in 
the “fan” (OMp,ONpo)2° Once the “expansion” is achieved, the flow 
becomes again uniform and parallel with the second wall OE. 

For details one can consult [69]. 


10.4 Quasi-Uniform Steady Plane Flows 


The examples envisaged in the previous sections have shown that the 
complete solving of many problems arising from fluid dynamics seems 
to be extremely difficult even in the case of an inviscid fluid. The main 
difficulty comes from the nonlinear character of the appropriate math- 
ematical problem, which is obvious in the case of a compressible flow. 





25 The existence of such a line is supported by the fact that the perturbation induced by the 
dihedron vertex could not be transmited upstream (the sound speed Coo being less than the 
velocity voo which is downstream oriented) and so it will propagate just along O Mo. 

26 Along ONo, the radius limiting the fan-expansion, the velocity either takes its maximum 
value gm or is parallel with the wall OF, the flow becoming uniform. In the case of a 
“cuspidal” dihedron (i.e. with an upstream oriented concavity) instead of a fan-expansion we 
will have a “compression”, i.e. a supersonic flow with a shock wave (a velocity discontinuities 
line) located in the vecinity of the corresponding half-straight line ON. 
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If the flow is incompressible and irrotational, the equations are linear 
while the boundary conditions could become, sometimes, nonlinear such 
that the “superposition” principle does not apply any more. Finally, 
even if the problem is entirely linear, it is very often impossible to get 
an explicit analytical solution. 

Due to all these difficulties, sometimes it is advisable to reasonably 
involve “deep” schemas which allow a better approach to such problems. 
In this view the linearizing method behaves like a very useful study tool 
which allows us, by simplifying the problem formulation, to get explicit 
(approximate) solutions in many and various situations. Naturally, we 
should always analyze the validity of the obtained results. 


10.5 General Formulation of the Linearized 
Theory 


Suppose that as an “unperturbed” flow, a uniform flow of velocity 
Vo (Uo, 0) , parallel to the Ox axis is considered. In this flow, the mass 
density and the pressure are denoted by poo and po respectively and, 
if the flow is compressible, we denote by cy the sound speed (which 
is the same at any point of the flow domain). To simplify the writing 
of the below formulas, one could choose U, as a velocity unit and in 
this case Cog 18 the inverse of the Mach number which is simply denoted 
by M. Suppose now that this given uniform flow (stream) is perturbed 
by introducing of some disturbance factors”, thus having for velocity, 
pressure and mass density respectively, the representations of the type 
Ux + NU, NV, Doo + 1D, Poo + Np, defining entities which characterize the 
new (perturbed) fluid flow. Here 7 1s a small parameter whose mechan- 
ical significance should be made precise in every particular problem. 

It easy to see that the determination of this new flow comes to pre- 
cise these functions u,v, p,p. But the equations connecting the unknown 
functions u(z, y), v(z,y), p(z,y), p(x, y) could be obtained by pointing 
out that the total derivative of a quantity, which is zero in the unper- 
turbed flow, comes now to the operator Une 

So that the equation of continuity and the Euler equations become, 
keeping only the main terms (of first order) in 7 (which agrees with the 
linearizing principles) 

















27 Such a perturbation could occur when, for instance, the uniform stream meets a profile, 
etc. 

8 Really, from 4 = 2 + v- grad , by using both the flow steadiness and the expression 
linearizing, we get this result, 


Dynamics of Inviscid Fluids 119 


dx dz * dy 
ðu 1 Op ðv Op 
Uos + — P= 0, Usa +5" =0, 
OX Poo OF 0, U Ox + ðy 0 





assuming obviously that the mass (external) forces f can be neglected”. 
If the fluid is incompressible we have p = pœ and the above three 

equations form a linear system in the three unknown functions u,v, p. If 

the fluid is barotropic compressible, from the state equation we have 


Poo + np = g (Po +P), 


which means, keeping only the principal (main) terms in », 


_ dg _ 2 
»= (3) oof? 


an equation which completes the above system of three equations. 

In what follows we will focus on the case when the perturbation of the 
uniformflow is due to the presence, in this uniform stream, of an obstacle 
(profile). Before analyzing the boundary conditions on the obstacle we 
will make precise the conditions joined to the fluid behaviour at infinity. 








10.6 Far Field (Infinity) Conditions 


Obviously, the entities u,v, p, p which characterize the perturbed flow 
will tend to zero upstream (in an exact formulation, it 1s possible to find 
an abscissa xo such that for x < zg these entities are arbitrarily small). 
This condition allows us to simplify the above written system. Thus, 
the second equation 





Ou Op 


shows that p+ poU,,u is a function only of y; but from the imposed 
condition, this function 1s necessarily zero because it tends to zero when 
x = —oo and therefore 


p = ~PoUaot. 


If this value of p is introduced in the third equation of the system, 
that is in 


2 Here, the obvious equalities deoo. = 0; oe = 0; ole = 0 have been used. 
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ðv Op 
Poo On Oe 
we reobtain the irrotational feature of the flow (2 — oe = ) , so that 


there is a potential ọ (x,y) of the perturbation velocity, 1.e., the compo- 
nents of the (perturbation) velocity admit the representation 





oe, 2 
= ðr? By 


Inprinciple, y is precise to within an additive constant; we could fix 
T 


this constant by defining y as g(x,y) = f u(€,y)d€° which implies 
— 00 
that py — 0 when z — —oo (y being fixed). 

We shall also admit that v(z, y) could be expressed by the derivative of 
the above integral, the commutation of the derivative and of the integral 
being ensured. 

At last, the first equation of the system (that of continuity), taking 
into account all we have already obtained, leads to the following partial 
differential equation for the function °! 


M being the Mach number of the unperturbed flow. Conversely, any 
solution of this equation defines through the above formulas, a perturbed 
flow. 


10.7 The Slip-Condition on the Obstacle 


Let there be, in the fluid mass, an unbounded (of infinite span) cylin- 
drical obstacle whose right section in the plane Oxy is (£). To legitimise 
the linearization, the tangent drawn at any point of the contour of this 
section (£) must make a very small angle to the Ox axis, the velocity 
vector being oriented just along this tangent. More precisely, we suppose 
that the section (©) is delimitated by a closed contour, infinitely close 
to the segment ~4 <z t of the Ox axis and which is defined by the 
equations 


y=nF" (£),y = qF" (£), (F* (z) > F7 (2)), 


30 It is assumed that the written integral exists (it has “a sense”); it is a moment hypothesis 
which should be checked once the effective solution is obtained. 


31 Taking into account that p = + = — Psy oo. 
oo oo 
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where F+ and F” are some given functions defined on —4 < x < £, 
sufficiently smooth on this interval and taking equal values at the ends 
of it’. 

Once these considerations are made, always within the linearized the- 
ory, the unknown functions of the problem (of the “perturbed” flow) 
will be supposed defined in the whole plane (2, y) except the cut y = 0 
’ —5 < T < E, 

But then, the slip-condition along the profile surface, expressed on 
the two “sides” ofthe cut, could be written as 


ho 





v (z, +0) = U5" (x), v(x, —0) = Ud (z), 


where 6+ (x) and 67 (xz) are the derivatives of F*+ and F- with respect 
to g”. 


10.8 The Similitude of the Linearized Flows. 
The Glauert—Prandtl Rule 


Suppose, for instance, that we deal with the subsonic flows. 
By setting 6? = 1 — M?, y(z,y) will be the solution of the elliptic 
equation 


Let us now consider a change of variables and functions, defined by 
T =x, = By, (2,9) = Ly (x,y). The function ¢ (z, y) is a harmonic 
function in the variable % and y, which means 


8? 2 
ZP + a"? = 0 
oz? OY? 
Further, we also have 
Ns 3 dp _ 
0 (Z,+0) = 35 (z, +0) = By (x, +0) = v (x, +0) 


and, analogously, 


ü (z, —0) = v (x, —0). 


32 Tt says (in aerodynamics) that y = nF defines the upperside of the profile while y = nF7 
defines its lowerside. 

33 Really the slip-condition v-n = 0 expressed, for instance, on the upperside will be written 
as (Uso + nu) nåt (x) ~ nu = 0 what leads, by linearizing, to the above result. 
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Thus, if the potential y(z, y) defines a “neighboring” flow versus an- 
other one of Mach number M, 1.e., the function ¢ satisfying the equation 
of the perturbed flow together with the conditions at far field and the slip 
condition along the contour of the given profile (£), then the function 
ø (z,y) will define a perturbed flow governed by the harmonic equation 
of the incompressible fluid (M = 0), with the same conditions at far 
distances and slip-condition along the same contour of the profile (£). 

In this respect the study of a linear subsonic flow could be always 
reduced to that of an attached incompressible fluid flow. This result 
is Of great practical importance, the study being essentially simplified 
by reducing the compressible problem to an incompressible one. By 
collecting all the formulas which allow the complete determination of the 
compressible case using the data of the attached incompressible problem, 
we get the so-called Glauert—Prandtl rule (method). 

More details on this parallelism of the mentioned flows can be found, 
for example, in the book of C. Iacob [69]. 

Obviously, in the conditions of a supersonic flow with M > 1, if 
again 8? = M? — 1, we will obtain the equations 676, — ®,, = 0 or 
B-vbee — Pyy = 0, both of them being hyperbolic. A general solution of 
these equations is 


® = Fi (x — By) + Fo (x + by), 


with Fi and F> sufficiently smooth arbitrary functions. The curve é+ = 
x + By = constant, the characteristics of our hyperbolic equations (and 
which are, generally, weak discontinuities curves) are the Mach lines (or 
waves). 

We can see that the inclination of these curves is given by tg@ = +5 = 
EeP that is 8 = + arcsin (-}) and therefore @ is the Mach angle. 

Under these circumstances, the propagation velocity v, joined to the 
presence of an obstacle in the fluid mass, satisfies the same equation 
such that we have v’ = grad (F; + F>) while the total velocity is given 
by v = Vootv’ (Væ being the attack velocity). 

A simple calculation points out that the projections on the Mach lines 
of this total velocity, are constant in the sense that along a Mach line 
from a family (of Mach lines), the projection of the velocity on the Mach 
lines from another family remains constant. 

The linearization of the supersonic flow equations is known as the 
method of J. Ackeret, the equivalent of the Glauert—Prandtl method for 
the subsonic flows [69]. 
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11. Mach Lines. Weak Discontinuity Surfaces 





Let us reconsider the Steichen equation to which we attach a Cauchy 
condition. In the hydrodynamical language this Cauchy problem applies 
to the determination of the fluid flow in the proximity of a given ana- 
lytical arc C, of equation z = z (a), y = y (a) , a € [ag, a1], by knowing 
a distribution of velocity along this arc, given by u = u (a), v =v (a). 

Obviously once u = oe and v = oe on the arc C have been deter- 
mined, the velocity potential will be also known on this arc. But for the 
effective determination of g (the flow) in a vicinity of the arc C (which 
is synonymous with the possibility to envisage a Taylor development for 
y) it is important that both the arc C and the data on it satisfy some 
regularity requirements. 

It is shown [69] that the Steichen equation being of Monge type, the 
Cauchy problem is not possible for those arcs and data which satisfy the 
differential relation 





2 2 2 
(: - | dy? + Sdady + (i - =) dx? = 0. 
C C 


C 


If à (u,v) and àz (u,v) are the solutions of the associated algebraic 
equation in A, which means of the equation (c? — u’) AZ + 2uvà + c — 
v* = 0 whose roots are real only if v? > ¢? (supersonic flows), then the 
characteristic strips are given by [69] 


dy = udz + vdy, dp = udr + vdy, 
du + àz (u,v)dv =0, du+, (u,v) dv = 0, 
dy — àı (u,v) dz =0, dy — ro (u,v) dx = 0. 


By integrating the equations of the second row we are led to the prime 
integrals A(u,v) = Cı and B(u,v) = Cy which being basically some 
partial differential equations of first order, could provide a particular 
class of solutions (integral surfaces) for the Steichen equation. 

If one considers the projection of the characteristic strip (correspond- 
ing to a given solution y) on the flow plane Oxy, the respective curves 
are (called) the characteristics. One of the family of characteristics, cor- 
responding to the above particular solutions, is made by straight lines 
along which v(u,v) will be constant. But these are the simple wave 
flows already envisaged in the case of the expansion around a dihedron 
(Prandtl—Meyer flows), the flows for which the biectivity between the 
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physical plane (z,y) and the hodograph plane (u,v) is absent, which 


means pia = 0, and which will not be considered in what follows™. 

Generally, if y is an arbitrary solution of the Steichen equation, the 
projections of the characteristic strips on the plane Oxy will be defined 
by the last equation of the two groups or, obviously, by the unique 
equation (e — u?) dy? + 2uvdrdy + (e — v?) dz? = 0 (where u = ne 
and v = Al These projections — the characteristic curves (lines) — are 
real only if v > c (or v > c*) and they are called Mach lines. From the 
theory of differential equations it is known that the locus of the cuspidal 
(“returning”) points of the Mach lines is the sonic line v = c. 

Therefore through every point of the supersonic flow region c* <v < 
dmax, a2 Mach line from each family is passing and along it the fluid 
velocity satisfies the equations from the second row. At any point of 
a Mach line the projections of the fluid particle velocity on the normal 
direction are equal to the local speed of sound. Really, from 





(e — u’) dy? + 2uvdrdy + (c’ — v’) dz? = 0, 


if ds = ./dx? + dy? is the elemental arc along a Mach line we also have 
that c? = (v — uM)? = (v-n)*. This result being valid for both 
characteristics at a certain point, leads to the fact that the direction 
of the velocity vector (that is the tangent drawn to the streamline at a 
point) is the bisecting line of the angle made by the Mach lines at that 
point, an angle which is the double of the Mach angle a = Arcsin £. 

Any surface (curve) of weak discontinuity (that is across it there are no 
discontinuities for the velocity field but there are discontinuities for the 
first order derivatives of the velocity components) 1s compulsory among 
the characteristic surfaces (curves), an expected result according to the 
unsolvability of the Cauchy problem in this case. 

Consider now a linear or quasilinear system of first order partial dif- 
ferential equations, written under the form A°U9 + (A. V)U+B =0, 


where A = (Al, A?,..., A”), V= (Bora), the matrix of un- 
knowns being U, the matrix (column) of the “free” terms is B while the 





34 Considering a hyperbolic system of the type U t + A(U)U.z = 0 and defining a solution 
of the simple wave type as a solution of the form U(r,t) = U[h(r,t)] - which means the 
dependence on the Euclidian variables is made by the same function A —- Friedrichs has 
shown, in a famous theorem, that within the class of continuous solutions only a solution of 
the simple wave type could be joined (it is adjacent) to a constant state (corresponding to 
the rest or to a uniform flow). 
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matrices of the system are A*, 


k k 
Uy bı ai Vin 
u2 bo G9) Gon 
U= , B= , AË = 
k k 
Un br Gn) Onn 


Obviously, either the coefficients ar, or the terms b; could depend 
on the independent variables zg = t, £z1,...,£n (a linear system) plus, 
possibly, on theunknowns u1, u2, ...., Un (a quasilinear system). We will 
see immediately that the compressible inviscid fluid (Euler) system is of 
the above form. 

Let us now consider a Cauchy condition associated to the above writ- 
ten system, a condition which implies the specification of the solution 


U on a hypersurface X of equation 
Go(@0,21,-..,2%n) = 0, 


that is U|, = F, F being a given column vector. Similarly, as in the 
case of the Steichen equation, the solvability of this problem is connected 
with the possibility of the evaluation of the higher order derivatives of 
U on the surface X (that is the possibility of a Taylorian expansion) 


what is not possible if det (af,9€2) = 0 [91], a relation which defines 





the characteristic hypersurfaces. In other terms, if Pj; = x a} jak and 


P = det (Pig), then P being also a homogeneous polynomial function of 
n degrees in ag, 01, ... ;Qm, if this is zero only when at aj7 =a, =.. = 
Oy, = 0,the system will be elliptic Gt does not have real characteristic 
hypersurfaces) or if the equation P = O (in ag) has n real roots (for any 
given values for a, ... , @m) the system will be completely hyperbolic. 

Finally, ahypersurface © is a weak discontinuity surface (when passing 
across it u; are continuous while at least one of its derivatives u; has 
a discontinuity of first kind), if and only if P = det (P;;) = 0 [33]. As 
this represents also the equation of characteristic hypersurfaces we get 
the above mentioned result. 

The theory of weak discontinuity surfaces is very important in fluid 
mechanics since the perturbations propagate along the discontinuity sur- 
faces. If we accept, for instance, that a uniform stream of velocity v is 
perturbed at a fixed point O, then this perturbation will be transported 
by the fluid and then it propagates with the sound speed c following a 
direction n. In the subsonic case, v < c, this perturbation may reach any 
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point from upstream or downstream, there not being real characteris- 
tics. In the case v > c, the perturbation propagates in a region which is 
strictly delimitated by the real characteristics (Mach lines) which pass 
through O, thus delimitating a cone with the vertex at O and whose 
span is the double of the Mach angle. Outside this cone there is no 
perturbation interference linked to the fixed point O. 

If we recall the Euler equations, in an adiabatic regime and in the 
absence of the mass forces, then considering as independent thermody- 
namical variables p and s, from p = p(p,s) we have 





ap _ a ap , A a8 _ 9 Op , op ðs 
Oz; Opdz; ds 02; ðr; Os ðr; 


such that the Euler equations become 


Op Op Ov; 
—_—— + V; 
Əri + P On, 








= 0, 


Ot + Əxi 


Considering again the matrices A], A2, A3 and the vector of the un- 
known functions U by 


vp 0 0 0 v2 0 p 0 0 
< vu 0 0 ioe 0 v2 0 0 0 
=| 0 0 0 0 |, #=|F 0v% 0 42 1, 
0 0 0w 0 0 0 O wv OD 
0 0 0 0 y 0 0 0 O w 
v 0 0 p 0 p 
0 V3 0) 0 0 V1 
A? = 0 0 V3 0 0 ; U = V9 ; 
2 
S 0 0 V3 ioe V3 
0 0 0 0 v3 S 


the above system can be rewritten as U; + (A - V) U = 0, where A = 
(Al, A?, A’). Following the result from the above general frame, the 
characteristic equation G (x1, £2, £3,t) = 0 will be given by P = 0, where 
w= Gt, a = Gi, (a = (a1,a2,a3)) while P is 
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d œp a2p azp 0 

P = Qz 0 d 0 
f2 

a3 — 0 0 d 

0 0 0 0 


and where d = w + ayjv1 + Qva + a3v3. Developing the determinant 
using the last row, we have that 


vll] 
HPAP 


A 


P = (w + av)’ [(w + av)? — c?a?] =0 


which, for any &1, @2, @3, has all the roots (in w) real and so the system 
of the compressible inviscid fluid equations, in adiabatic evolution, is of 
hyperbolic type. 

As regards the possibly discontinuity surfaces, which are among the 


characteristic surfaces, by denoting the propagation velocity of such a 
_ GetvgradG 
lgradG| 


—p* (p* — °) =0, 
that is p = 0 or p = +c. Meanwhile the surface of velocity p = 0 (the 
entropy wave) is a material surface (which is moving together with the 
fluid) and along which an entropy discontinuity could occur while the 
pressure is constant, the surfaces which propagate with the sound speed 


(+c) (called the sound waves) will be the loci for pressure discontinuities, 
the entropy remaining there constant. 


surface with p (p = ) from the above equation we get 


12. Direct and Hodograph Methods for the 
Study of the Compressible Inviscid 
Fluid Equations 


In what follows we will give a brief overview of some of the methods for 
approaching the “generalized” Cauchy—Riemann system for the steady 
irrotational plane flows, 1.e., the system 


Op _ pomp, OP _ _ po 

ðr p dy’ Oy pôr’ 
with the classical slip-condition on the surface of the embedded bodies 
together with the condition at infinity (in the case of the unbounded 
domains). 


The above system is obviously nonlinear since 


v=o (H+ GY) 
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Concerning the existence of the solution of this system, a system equiv- 
alent with the Steichen equation, C. Morawetz and A. Busemann have 
proved that, at least in the transonic case, it is ensured provided that 
one gives up the usual continuity requirements. 

Now we will briefly present either a direct method or some hodograph 
methods to approach the above system. For sake of simplicity we will 
deal with the subsonic (elliptic) case when any discontinuity surface is 
avoided. 








12.1 A Direct Method [115] 


The direct method we intend to present briefly in the sequel is 1m- 
portant by its possibilities to be used for approaching other nonlinear 
systems too. 

Suppose, from the beginning, that the functions y and y are in the 
form y = f(u) and y = g(v), where u and v represent, respectively, 
the velocity potential and the stream function of the same flow but 
considered incompressible. Using the Cauchy—Riemann system for u 
and v, we will get 


_ fu 
Ju 


where fa = k (gradu)? |”. 

Now we will get, using this direct method, the classical solutions of 
the source and of the (point) vortex in the compressible case. 

By imposing that 4% = g(@) = 5-0 +c (c and ¢ are constant), we 
would try to determine a y = f (Inr) such that the above system is 
fulfilled. Simple calculations show that this p should be of the form 


i 2 
p=5ġfv (£); dv + c" (c” constant), that is v? = y2 + y? = ao 


fu 


Pr Py, Py = —— yy 
Jv 


r 


while p = f (inr) depends on this v?. But this solution is just the com- 
20 
pressible source. Analogously, if ig = f(@) = 0+ c” is given, then the 
corresponding solution wy of the obvious structure y% = g (In t), will be 
: — d —_ am _ 2 
necessarily yy = ad Gte and p = W(in®) =p(v ). 


The last triplet (vy, Y, p) corresponds to the compressible point vortex. 


35 With respect to the explicit form for © it is, for instance, 


pj] = { “Sto h Kı, K2, a > 0 (for adiabatic flows) or ®[] = /1+A[], A > 0 
(Chaplygin fluid), etc. Obviously this functional dependence should fulfil the restrictions 
implied by its significance, namely ® > 0, ®(v = 0) = 1, ae >0,6<90 (c*?) (c* being the 
critical velocity). 
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Let us now extend the above procedure by considering either the pair 
of functions A(z, y), B(z,y) : Dı C R? > R, A, B € C? (Di), D(A,B) a) = 
0 or the nonholomorphic function g(z) = A(z, y)+iB(z,y), g : Dı > Do. 
If we introduce also the function F : Dz >C, F = U(A,B)+iV(A,B), 
a holomorphic function in Ds, it is obvious that the composed function 
Fig(z)) = f(z) = o(z,y) + iv(a,y) will be nonholomorphic in D;. 
So we have in our hands a pair of complex functions g and F with 
the above mentioned properties, which should be formulated such that 
their composition satisfies the focussed system and, more, the functional 
dependence p = p (v?) is ensured. Basically all these lead, through the 
Cauchy—Riemann system which is satisfied by U and V, to the fulfilment 
of the condition 


l sez) _ 1 Y% 
Az + Br -— me) = (43 +B 2) = 
x ( hy) B bo)" 
D(A,B 


Diy) and 6 = A,A, + B,By, each side of this equality 
depending on yZ + y2. 

In the particular case of a subsonic stream past a circular obsta- 
cle with a velocity at far field (væ, 0), by accepting the adiabatic law 
p = (1—kv?)™™ and choosing F(A, B) = —arctg$ + iln VA? + B?, 
the above system leads, by an approximate solving, to a solution which 
has been already established through the Imai—Lamla method but which 
now satisfies exactly the boundary conditions [115]. 





where A = 


12.2 Chaplygin Hodograph Method. 
Molenbroek—Chaplygin equation 


The hodograph (plane) method, as in the incompressible case, leads us 
to a study of the flow in the “hodograph” plane (u,v) and, consequently, 
the independent variables x and y are replaced by u and v or V and @ (the 
velocity polar coordinates) while y and y should be expressed with these 
new coordinates*’. It is also possible to try, conversely, to express z,y, V 
and @ as functions of p and x, considered now independent variables, 
which has the advantage of knowing, in general, the variation domain 
for the point (y,y) of the plane Oyy while the corresponding domain 
from the hodograph plane is not known yet. 

We remark that if we make the change of variable defined by u = 





Ge 


and v = ne together with the change of function 6 = uz + vy — o 


36 Details on the “hodograph” plane techniques can be found, for instance, in [69]. 
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the Steichen equation will transform into the following linear partial 
differential equation (Prandtl equation) 


v?\ a2® uv 0?® u? \ 8? 

c? jJ ðu c? Oudv c? J Ov 
to which one could apply the classical methods of integration (Riemann). 
The inconvenience of such change of variable and function consists in 
the lack of a simple mechanical interpretation for ®, while y and y have 
several interpretations. 

If we keep only the passage to the hodograph plane, by setting z = 

x +iy we have dz = dx+idy and dy = udz + vdy, dy = —F-vdt + Ludy 
and from here, by eliminating dx and dy and replacing u = V cos and 
v = V sin, we get 


eP 
dz = y (ap + 4— Pap) 


Imposing that the right side should be a total (exact) differential and 
separating then the real and imaginary parts, we obtain the system 


a0 p VO (2) wv 
Op PoV Op’ Aw pV Jy A 


which, by “inversion”, could be written (Chaplygin) 


Op _ poV oy 09 y po\ Ob _ m RA Ow 
00 p ov’ av y 7 ce? j OO 


If we manage to solve this system, we will have ọ (v,0) and y (v, 8), 
defined in a domain of the hodograph plane contained in the disk u? + 
2 = V2,.°’. From the “connection” formulas dz = er (dy + i22 dp), 
by integrating, we can obtain z(V,0) and y(V,0), that is z(u,v) and 
y(u, v), and therefore, by inversion (the condition ems Æ 0 making 
this possible), one finally gets u(z,y) and v(z,y). 
Suppose now that, from the last two equations of the system, we 
have eliminated y, thus obtaining the so-called Molenbroek—Chaply gin 
equation 


77 We denote the magnitude of the maximum velocity gm = Vmax While the critical velocity 


c= V*, 
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2 (pov db) . po (;_ Vi) Hb _ 
dV \ p OV pV c2 jJ 062 
an equation which could be rewritten, 1n an equivalent form 


3 Oy VZN 8y V2\ dy 
vot (1-5) Serv (14s) ge =o 

The last form is a linear elliptic or hyperbolic equation, according to 
V < cor V > c, and whose characteristics in the hodograph plane 
will not depend on y(V,@) or w(V,@). These characteristics called 
also hodograph characteristics, will be defined by the equation d6? + 
ds (1- %) dv? =0. 

It is shown that these hodograph characteristics, in fact the char- 
acteristics of the Prandtl equation in the coordinates V and 8, have 
perpendicular directions (tangents) vis-a-vis the Mach lines of the other 
family from the physical plane. 

Before ending this last section of Chapter 2, we intend to present, 
briefly, other useful forms of the Chaplygin system or of the Molenbroek— 
Chaplygin equation. 

If, for instance, in the plane of the variable V, we introduce r = 
f VI-M" dV, we obtain oe = k(r) 2, oe = —k(r) 3 with 
k(r) = A 1 — M? and the Molenbroek-Chaplygin equation becomes 


3y , ary d Oy _ 
oy + Se + (Elnr) =0. 


V 
If in the place of V, we consider now the variable o = — f L a p 
ya po V 


being a function of V, then the Molenbroek—Chaplygin equation gives 
us oY + k(o) 2z = 0 with k(c) = (1 — M?) a4, which is used specially 
in the transonic flows. The case k(a) = ø corresponds to the Tricomi 
equation. 

Finally, in the adiabatic case, by introducing the nondimensional vari- 
able y and the constant ĝ so that r = wie = a and 8 = > to the 
interval of variation 0 < V < Vmax corresponds the interval 0 < 7 < 1 
while to the critical value V* of the velocity corresponds 7* = ITT: 
We also have p = po(1—7)’, p = po (1—7), c = c2 (1—7) and 
the Chaplygin system and the Molenbroek—Chaplygin equation become 
respectively, 


Op 2r öp Op = (28 +1) 7 OY 
00 (1—7)8 Or’ Or ar (1 —7)F+! 00’ 


and 
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oO 2r OW La Q6+)rd%y _| 
Or (1 - r)’ Or 27 (1 - ret! | ` 
Using the method of separating variables, Chaplygin has succeeded in 


obtaining the exact general solution for the above equations by means 
of the hypergeometric series [69]. 





Chapter 3 


VISCOUS INCOMPRESSIBLE FLUID 
DYNAMICS 


In what follows we will give a short survey on some features related 
to the viscous incompressible fluid flows and their equations (Navier— 
Stokes), all considered within the context of building of some numerical 
algorithms to approach these flows. Thus, after a brief overview of some 
uniqueness and existence results, we will focus on different formulations 
used for Navier-Stokes equations. A special role will be played by the 
so-called integral conditions for the rotation which replaces the non- 
existence of a “classical” boundary condition. 


Aspects connected with the nondimensionalization of the involved 
equations, followed by some approximate models in the case of small, 
respectively great, Reynolds number, are then envisaged. From the large 
variety of approaches to the important concept of boundary layer, we 
will chose the probabilistic way which, apart from a higher rigor, 1s a 
source of efficient numerical algorithms. 


Everywhere in this chapter the laminar character of the flow is ac- 
cepted. 


1. The Equation of Vorticity (Rotation) and the 
Circulation Variation 


We have seen that for a viscous incompressible fluid, the stress tensor 
is given by the constitutive law [T] = ~—p[I]+ 2y[D], that is [e] = 24[D]. 


We suppose, in the sequel, that the viscosity coefficient u 1s constant 
(by accepting the Stokes hypothesis 3A + 2u = 0, à should be constant 
as well). Since 
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2udiv[D] = u |div (gradv) + div (grad v)”] 


= p[div (gradv) + grad (div v)| = pV°v = —protw, 


by introducing also the kinematic viscosity coefficient v = 5, the equa- 





tons which govern the fluid flow (more precisely, the equations of linear 
momentum) could be rewritten, as we have previously seen, in one of 
the following equivalent forms: 


ð 1 
+ div (v Q v) = —-gradp+vV*v +f, 
Ot p 
Or 
v 1 2 
— + (v - grad) v = —-gradp+vV'v +f, 
Ot p 
or 


ov + grad (5° z) +WwXv = -1 radp +vV2v +f. 
Ot 2 p 

These equations of mixed type, are known also as the Navier—Stokes 
equations. Obviously, in order to define precisely the whole pattern of 
the flow, they should be completed by the equation of continuity and 
the equation of energy together with some initial and boundary (adhe- 
rence or no-slip conditions) plus, eventually (in the case of unbounded 
domains), the behaviour conditions at far field (infinity). 

In what follows we will search new formulations for the Navier—Stokes 
system or even different “approximations” for it in order to solve some 
practical problems. 

Before doing that we need some results about the vorticity (rotation) 
and circulation. 

For a viscous compressible fluid, by applying the operator rot to both 
sides of the flow equation under the Helmholtz form, which means to 
the equation 





Ov 
| + grad (5 z) +wxy| = pf — grad p + div|o], 


in the hypothesis that the external forces come from a potential U, that 
is f = —gradU, we get 


Ow 
— + rot (wxv) = rot (- gradp 


z; + =div(ol). 
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However, according to Appendix A, 


rot (w x v) = (v - grad) w — (w+ grad) v + w (div v) — v (divw) 


and divw = 0, so we will also have 


sv - grad) w = (w+ grad) v—w (div v)+rot (ate + *div(o} 
pp 


1.€., the rate of change of vorticity for an observer who is moving with 
the fluid is 


Dw 
Dt 


= (w: grad) v — w (div v) + rot (- grad p 


+ divjo), 


div|o] having the expression already formulated within the study of 
viscous compressible fluid flows. 

On the other hand, we know that the circulation along a closed fluid 
contour C, is defined by T = J v- dr and a = J a-dr . But since 


a=f- gradp + sue] and f comes from the potential U we obtain 


Dr _ grad p 
Di -= | (- 7 + “div[o) «de 
C 


which provides the rate of change of circulation for the considered fluid 
flow. 

Obviously, in the conditions of a viscous incompressible flow (div v = 
0) and under the same hypothesis on the conservative character of the 
external forces (f = —gradU), by applying again the operator rot to 
both sides of the Navier-Stokes system, that is to 


A + grad (Zo Ye x v = —<gradp +vV?v +f, 


we get 


0 

oe + rot (w x v) =VvV7u 

As rot (w x v) is given this time (div v = 0) by 
(v: grad) w — (w- grad) v 


and 
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(w - grad) v = (gradv) w = ([D] + [Q]) w = [D]w, 
we finally have 


= = [D]w + Vw. 
We remark that the vorticity changes due to the term [D]w are related 
to either the “stretching” of the vortex line or to the “angular turning” 
of the vortex line. In the plane case these aspects of stretching or turning 


are completely absent ([D]w = 0) and the vorticity equation is simply 


Dw 

Dt 

The above equations, which have been established assuming incom- 

pressibility, will have the same structure even in the case of barotropic 
compressibility when there is a function h(p) such that 


= vV7w. 





The same equations anticipate vorticity conservation in the plane case, 
which will not be true in the three-dimensional case. This remark would 
back support the non-existence of some general uniqueness and exis- 
tence results (with the continuous dependence on data) for the three- 
dimensional Navier—Stokes equations when only some local results, that 
is for small intervals of time, exist. 





2. Some Existence and Uniqueness Results 


The Navier-Stokes equations(the equations of viscous incompressible 
fluid flows) have had the attention of many mathematicians who have 
approached them in their study of the mathematical coherence of the 
corresponding model, 1.e., the search for the existence and uniqueness of 
the solution which depends continuously on data. 

In a famous paper published in 1933 [82], J. Leray established the ex- 
istence of the steady state solution (but not its uniqueness) in a bounded 
domain Ñ, for the Navier-Stokes system by using an “a priori” assess- 
ment of the Dirichlet integral in the form f (gradv)* < M, where M 


Q 
depends on Q, the Reynolds number and the data of the problem (the 
external mass forces and the transport velocity of the domain bound- 
ary). In the same paper Leray investigated also the case when Q is 
an external unbounded domain (the complement of a compact set) by 
completing the Navier-Stokes equations with a condition of the type 
Jim v (r) = Væ i.e., a far field condition). 
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Although in the three-dimensional case the respective behaviour con- 
dition is satisfied (Finn [45]), this will be not always fulfilled in the plane 
case so that the problem of the mentioned Leray solutions is still open. 


In the particular case when væ Æ 0 and the Reynolds number is suf- 
ficiently small, G.P.Galdi has given an existence and uniqueness result 
within some suitable function spaces. The same author has established 
an existence and uniqueness result for the Oseen problem [48]. Con- 
cerning the Stokes problem for an exterior domain whose boundary 1s 
Lipschitzian, Galdi and Simander have proved, in L? (Q), the existence 
and the uniqueness of a solution which depends continuously on data 
[50]. 

As regards the Cauchy problem for the unsteady Navier-Stokes sys- 
tem, the existence and the uniqueness of the classical solution has been 
established in both plane and axially symmetric cases while in space 
the existence has been proved only locally, 1.e., for limited time inter- 
vals and for sufficiently small Cauchy data (in a suitable topology) [77], 
E. Hopf pointing out that this problem is not “well-posed” [66]. The 
same E. Hopf has also proved the existence of weak solutions for the 
Navier-Stokes equations [67]. 


An overview of the existence and uniqueness results has been made 
by R.K.Zeytonian [159] and more recently by P.L. Lions [85]. 


In the sequel we will touch upon the some uniqueness results of the 
classical solution which, as we have pointed out in the case of the inviscid 
fluids, are of the greatest practical interest. 


Thus, in the conditions of the domains which are bounded by surfaces 
made by a finite number of closed boundaries of rigid bodies (possibly 
in motion), a Dirichlet-Cauchy condition for the Navier-Stokes equa- 
tions G.e., the adherence condition together with an initial condition 
for velocity) has a unique (classical) solution in quite non-restrictive hy- 
potheses (Foa, [47]). D. Graffi and J.Serrin have extended this result 
to the case of the compressible fluids too [57], [135]. At the same time, 
following a procedure given by Rionero and Maiellaro for the inviscid 
fluids, the uniqueness of the classical solution is also established under 
the assumptions of the boundedness at infinity of the velocity gradients 
[130]. 

Concerning the unbounded domains (the exterior of a closed and 
bounded surface), a situation which often occurs within practical prob- 
lems, Dario Graffi has shown the uniqueness of the solution for a Dirichlet- 
Cauchy problem provided that the velocity and pressure fields are con- 
tinuous and bounded with respect to the spatial variables and the time, 
while the velocity second order derivatives are continuous a.e. with re- 
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spect to the same variables and, at far distances, the pressure p behaves 
as p— po = o (+). 

Some extensions of this result, for the case of compressible fluids, may 
be found in D. Graffi [59], S. Rionero and P. Galdi [129]. 

Obviously if a classical solution initially exists (that 1s on a small 
interval of time, starting from tọ) and it is steady, then, if this solution 
will not be sufficiently smooth at an ulterior moment t (which means, 
basically, it will not exist) the uniqueness will collapse. 


3. The Stokes System 


Let D be a plane or spatial region with a fixed smooth boundary 0D 
and w a vectorial field defined on D. It is known that such a vectorial 
field w could be uniquely decomposed into the sum u + gradp = w, 
where u is a vector satisfying div u = 0 (solenoidal) being also “parallel” 
to the boundary ðD, that is u- nly, = 0, while p is a scalar (defined up 
to an additive constant) [19]. 

Due to this result we may define the operator P, called the orthogonal 
projection operator, which maps every vector w into the vector u, 1.e., 
into its part of zero divergence which is also “parallel” to the boundary. 
According to the above result this operator P is well-defined. 

We notice that P is, by construction, a linear operator satisfying the 
equality w = Pw + grad p, whose fixed points are the vectors u fulfilling 
divu = 0, u-nlgp = 0 and, of course, Pu = u while its zeros are the 
vectors gradp because, obviously, P(grad p) = 0. 

Let us consider the Navier-Stokes system, under the assumptions of 
the external (mass) forces absence or of their derivation from a potential 
U, and let us apply to this system the operator P. As 





P (Zaradp) = P(gradU) =0 


we have 


P (Z) = P (- (v: V) v +vV’v). 

But if v satisfies the iricompressibility condition (divy v = 0) and the 
necessary condition on the fixed boundary 0D ( v-nlyp = 0 ) as well, 
the same result does hold for a and it does not for V*v (this fulfils 
div (Vv) = 0 but, in general, V2v- nl 4p #0). With this remark we 
are led to the following equation of evolution type (an important feature 
which allows the construction of numerical temporal algorithms) 
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where 4 = v, R being the so-called Reynolds number (generally R = 


Keke, Ve and Le being the characteristic (reference) velocity and length 
respectively or, in other terms, it is the ratio between the weight of the 
inertial forces and that of the viscosity forces). 

The importance of this equation consists first in the pressure elimina- 
tion, the pressure being then constructed “a posterior” as the “gradient” 
part of 





— (v: V)v + avy. 


Further, this consequence of the Navier-Stokes equation is of a great 
importance in elaborating on a class of numerical algorithms’. 

If R is small (the case of the slow flows or the very viscous fluids, etc.) 
the right side of the above equation could be approximated by 


Ov _ 1» 


and hence we have the approximate system 


ðv 


EP + gradp = tVy?v 


dwv =0, v: n|ap=0. 


This system which represents a good approximation of the Navier— 
Stokes equations (in the above mentioned hypotheses) is of parabolic 
type and it is called the Stokes system. 

The Stokes system is a first (classical) linearized form of the viscous 
fluid equations. In fact, to the equations of this system one associates 


corresponding adherence (no-slip) conditions v|ap = 0 and initial con- 


ditions under the form V1 ito = h and | soto 


Applying the divergence (div) operator to both sides of the previous 
system we get Ap = 0 in D, that is, within the Stokes model, the 
pressure is a harmonic function. If the flow is steady we will have that 


= g as well. 


'In fact, except the incompressible case, all the unsteady flow equations for both viscous and 
inviscid fluid are of evolution type. Even in the incompressible case, one could restore this 
evolution character by introducing an “artificial compressibility” which later tends to zero. 
For instance, the equation of continuity becomes eae + divv = 0, with £ a small parameter 
which ultimately is obliged to tend to zero. 
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the fluid velocity is a biharmonic function ( Vtv = 0 ) while the vorticity 
w = rot v is also a harmonic function ( V7w = 0 ). 

In this book we will come back to the Stokes system within the context 
of certain applications to practical problems. 

We cannot finalize this section without pointing out what is known as 
Stokes paradox. Basically this paradox shows up that, in the conditions 
of a plane steady uniform (at far field) flow around a circular cylinder, 
the Stokes model fails”. 

The failure of the approximation at far distances through the Stokes 
model (in fact there is not a valid uniform approximation of the exact 
equations), leads to the consideration of some nonlinear effects within 
the Stokes equations. Some details on this new approach which leads to 
the so-called Oseen model, can be found in the sequel and, for instance, 
in [98]. 


4. Equivalent Formulations for the Navier—Stokes 
Equations in Primitive Variables 


There are two main distinct ways to proceed in the construction of 
some equivalent formulations for the Navier-Stokes equations, both being 
of great use in the numerical approach to these equations. 

The first is the pressure-velocity or (only) pressure formulation, known 
also as the formulation in “primitive” (“genuine”) variables. The sec- 
ond is the vorticity-potential or stream function formulation (with its 
variants) known as the formulation in “non-primitive” variables. In the 
sequel we will give a brief survey on the most important features of 
both formulations, focussing on some recent results about the integral 
conditions for vorticity which interfere within the formulation in “non- 
primitive” variables. 


4.1 Pressure Formulation 


In what follows we will envisage an equivalent formulation of the 
Navier—Stokes system which allows evaluation of the pressure as a func- 
tion of velocity field. For this we first consider the Navier-Stokes equa- 
tions under the form 


ð 
S + div (v 8 v) = —lgradp + vV-v +f, 
p 


to which one apples the divergence operator. Using then the formulae 
(see Appendix A) 


*The first rigourous proof of the Stokes paradox can be found in the first edition of the Kocin, 
Kibel, Rose book [74]. 
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div (v @v) = (grad v) v + v (div v) 
and 
div ([A]v) = (div[A]") -v + [A]! . (gradv), 
we also have 


div [div (v ® v)] = div (grad v“) -v + (grad v)” - grad v 
+ (div v)? + v - grad (div v) = grad (div v) - v + (gradv)’ - (grad v) 


+ (div v}? + grad (div v) - v 


and consequently 


-5 V?p = = + a* +2(grada)-v + (gradv)* - gradv —vV7a— divf, 
where a = div v . 

Using now the decomposition of the gradient tensor, that is grad v = 
[D] + [Q], where [D] is the symmetric rate-of-strain tensor (Di; = 
(vij + v;4) ) and [Q] is the skew-symmetric rotation tensor ( Qi; 
(vij — vji)), we may check by direct calculations, that 


1 

2 

1 

2 
[D] - [D] = [D]-gradv 

and 4w? = [Q] - grad v so that (grad v)" - (grad v) = [D] - [D] — 4”. 


By introducing now Truesdell’s number for vorticity Mr, defined 


through Mr = |w| /(2{D]- [D])? (and which is seen as a measure for 
the fluid vorticity), the above equation could be also rewritten 


-5v?p = y + 2 (grada) -v + (1 — M7) [D] [D] - vV’a +a? — divf. 


As & = Q together with the incompressibility assumption, we get the 
following equation for the pressure determining 
l 9 . 
-3y p = (1 — Mi) [D] - [D] — divf, 


an equation to which one should join the appropriate boundary condi- 
tions. We remark that Mr = 0 for the irrotational flow while Mr = oo 
for the rigid bodies ([D] = 0), so that 0 < Mr < œ. 


142 BASICS OF FLUID MECHANICS AND INTRODUCTION TO CFD 


4.2 Pressure-Velocity Formulation 


The Navier-Stokes equations, in the absence of external (body) forces, 
written in the form 





ð 
= + div(v @v) = ~=gradp + vV°Vv, 


div v = 0, 


will be completed in what follows by the equation of internal energy 


De 2 
p>; = = + WT 
where © = [T]. [D] = 24[D]. [D] is the so-called dissipation (func- 
tion) which measures the rate of work done by the “viscous part” of 
the stresses during the deformation process of a unit volume of fluid 
in order to increase the internal energy and hence the temperature 
of the „Puid. Since should be negative, from its explicit structure 
® = pt ($4 + 5 +2 5 | , it turns out that 3A + 2u > 0 and u > 0 which 
is obviously satisfied. 

On the other side, p being constant for the incompressible fluid, the 
thermodynamics equations lead to = C with C the specific heat. 
Hence the internal energy equation becomes 





DT & 
Dt pC 
where k = “5 is the thermal diffusion. 
From the pressure equation (see pressure formulation) where a = 
div v = 0, we now have 


+kV°T, 


V’p = —p(gradv)’ - (gradv), 


an equation which should be (numerically) solved simultaneously with 
the flow and continuity equations of the Navier-Stokes system. The use 
of the no-slip condition on a solid fixed surface v|,, = 0 in the flow 
equation, yields” 


grad plan = BAV|an = —Hrotwlap 


or, by taking the dot product with n, the unit outward normal drawn 
to OD we get 


We have used the vector identity V?v = grad (div v} — rotw with w = rot v. 
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dp 
— = —pn- (rotw - 
dn ap un: ( lap 

Thus we have to solve a Neumann problem for the Poisson equation 
of the pressure, a problem which creates much inconvenience due to the 
nonlinear character (in velocity derivatives) of the boundary condition. 
To overcome most of these shortcomings it is recommended, for instance, 
the use of œ = 0 everywhere except for the evolution term pe, that is 
to replace the above pressure equation by 





ð 
V?p = —p (grad v)" - (grad v) — a 
or, equivalently, by 


V*p = —p(1— Mz) [D] - [D] - sr 
where Mr is Truesdell’s number. 

These equations should be solved (at time steps) simultaneously with 
the flow equation, the pressure for œ = 0 being taken as the “right” 
pressure. 

Chorin has suggested another method which avoids completely the 
pressure equation. Replacing the equation of continuity a = divv = 0 


by the equation 


po + divy = 0, 


where 8 is an artificial compressibility and p = 4 is the corresponding 
artificial equation of state, Chorin solves only this equation together with 
the flow equation, the incompressibility being achieved by a dynamic 
relaxation in time so that oe — 0 and the steady state is attained. 


5. Equivalent Formulations for the Navier—Stokes 
Equations in ‘‘Non-Primitive”’ Variables 


In what follows we intend to present some alternative formulations for 
the Navier-Stokes equations which, besides a certain theoretical interest, 
will lead to remarkable advantages in the numerical and computational 
approach. We will focus on the unsteady cases when we try to “split” 
the equations vis-a-vis the involved unknowns while the incompressibility 
condition implies the Laplace operator. This approach allows us to avoid 
the compatibility condition between the boundary and initial data (a 
condition which does not occur in the steady state case) but it requires 
the formulation of some integral type conditions for vorticity which will 
replace certain adherence conditions on the boundary. 
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Let us recall the Navier-Stokes equations in the domain D, of solid 
boundary ðD (with the unit outward normal n), that is 


Y + (v-V)v= -Vp +vV?v, 


V-v=0 


with the initial conditions v|,_) = Vo and the boundary conditions v|4p = 
b, b being the displacement velocity of the wall (boundary) which sat- 
isfies also (for every t > 0) the global condition f b- nds = 0. 


Obviously the initial velocity vg should fulfil the condition V vo = 0 
(solenoidal vector) while b and vg should also satisfy the compatibility 
condition n - b|,-. = 1- Volan- 

This compatibility condition, due only to the incompressibility, was 
used by Kato in 1967 [73] to establish the existence and uniqueness of 
the classical solution for the inviscid fluids (Euler equation) in the bidi- 
mensional case. At the same time, this compatibility condition together 
with the solenoidal character of the initial velocity, allows us to identify 
the appropiate linear space of the initial velocities which is finally H! 
[140]. 

In the following, by limiting ourselves to the plane case, we will try 
to give a new formulation for the Navier-Stokes equations using other 
variables than the “genuine” (“primitive”) ones. At the beginning we 
will write the Navier—Stokes system in orthogonal generalized (curvilin- 
ear) coordinates, followed by the stream function formulation. Then we 
will establish the equivalent equations in vorticity and stream function 
(the “¢ — Y” formulation) which reduces obviously the number of un- 
knowns and eliminates the incompressibility condition whose numerical 
fulfilment could be extremely difficult. This formulation, the most used 
to approach the viscous incompressible fluids, has a weak point by the 
lack of the boundary condition for vorticity. We will show how it is 
possible to bypass this inconvenience by introducing a so-called integral 
type condition for vorticity. 





5.1 Navier-Stokes Equations in Orthogonal 
Generalized Coordinates. Stream Function 
Formulation 

The complexity of different practical problems, the diminution of the 
computational effort as well, lead to the choice of appropiate systems of 
reference (coordinates) which would simplify both the formulation and 
the solving of the problems. 
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In what follows we will write the Navier-Stokes equations in orthog- 
onal curvilinear (generalized) coordinates. (For supplementary details, 
the consideration of non-orthogonal coordinates included, see, for in- 
stance, [153]). As a direct application, in the same orthogonal coordi- 
nates, we will give the transcription of the envisaged equations under 
the stream function form (formulation). 

Let us now consider the generalized coordinates £1, ,&3; and, at a 
given point r = mri, ,€9,€3), let there be a triplet of unit vectors e; = 


— — ql or 5 . 
EA Be e = ae df) ©3 = Hyde, » Which are respectively tangent to 
r 


the coordinate curves &),&2,& 3, and where H; = Fa are the so-called 


Lamé coefficients. The fact that €1,&2,&3 are generalized orthogonal 
coordinates implies automatically that e;-e, = djpz. 

We know that the gradient, divergence, rotor (curl) and Laplacian 
operators have respectively (in these coordinates) the expressions [153] 


1 
hıhzh3 Ea 
where A(Aj;, A2, A3), 


o 
(hihz A2) 


div A = 
Oy 


(hah3 Ay) + +2 (hahaa) 


0€3 


oP €i oP £2 oğ €3 
rad® = —-— + — 
OE, hy | Ofy he t 8€s hz’ 


rot À = Z- (hada) 


te | (hada) ~ 5p 


©€9 ð ð 
+r Ea (hy Ai) — al (has) 
i s-i ð 
O£y 





(h2 A2) — 9 (hss) , 


dts 


4 a (Hats 00.) p 2 (haha 28) , 2 (Paha 28) 
hihghg [01 \ hı oé déz \ ho Éz 0&3 \ h3 éz 


where ® is any scalar function while A is an arbitrary vector A = 
Aiei + Ages + Ages. 
But then we can rewrite the Navier-Stokes equations as 





8 + he Es (phzh3u1) + ge; (Phihsu2) + ge, (phi hous)} = 0, 
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_ %3 dhe 1 wua hy U3 dhs 
hihz 0&) hih3 0&3 hyhg 0&1 


= ahi [a (hhzhstae) + g (hihta) + & (hthareg)| 


jh 


_ 1 dh, — _1 dhe — _1_ odh3 
h2 O€, E161 — hiha Ol, "S282 — hiha O€, 7E383> 


— 1 ð 
= Ehh Es (hohsTe, ¢) + Be (hy hohgte.e,) + ies (hy h3Tenga)| 





_1 ða, _ l ôhn, __ 1 ðh 
hyhe Beg TEE hZ d€s TE2b2 — hha Of 16363) 


— ð Â ð 
— hih, | he ES (hoh3re,¢,) + + 35 (hy h3Tesga) + a3 (hy hahsTeses) | 
1 Oh 1 Oh 1 Oh 
hy hs Bey THE — Aghg Ies TE2k2 7 hE Obs TEs€s- 


As regards the entities 7¢,¢, they become 


1 Ou, U2 Oh, U1 Oh, 


2 
TG = TP H AH (yia ð& hıh 0&2  hıhz OE3 








Se) +A (divv), 
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1 Jus Ut Oho U3 Oho . 
= —p + 2u | — 2 A 2 
"e262 py ae (z Ok, + hiha 0&  hzhg r) + A (div v), 








= -p +2? tôu, “1 hs | uz dhs 
Té3€3 =~ TP + AH hı ðt hyh3 0€;  hahz Oo 





) +A (divy), 





e Se tae uz hz th Z) 
e hy OE, | hy Oly sha Osha OE) 


1 Ou; 1 Ou, u3 Oh; ui Oh 
Teiega = H ; 


—< e ë e e A E E 


hi Of; | hz 0&3  hyhg OF;  hıhz OE3 





rats = (208 4 Ou 1 Btn t o 
€2€3 — ho OE» h3 0&3 hohg3 OE» hah3 0E3 


and where div v is expressed as above (the writing of the divergence 
operator in generalized coordinates). ‘These equations are used when 
their conservative form is not wanted. 

In the following we will focus on the stream function formulation for 
the Navier-Stokes equations, a form used by certain numerical meth- 
ods due to the advantage of the automatic fulfilment of the equation of 
continuity. At the beginning we deal with the plane and axially sym- 
metric flows and then, by using the scalar and vectorial potentials, we 
will extend our search to the three-dimensional case. 

Let us consider again the fluid velocity v = uje] + ugeg + uzez. If 
these velocity components are independent on a certain coordinate (as 
the other flow parameters), the fluid flow is either plane (bidimensional) 
or axially-symmetric (revolution). 

For sake of simplicity, suppose that all the parameters associated to 
the flow are, for example, independent of £3. In the plane case the flow 
will be the same as on the surface £3 = constant, the component u3 = 0 
and hg = 1. On the other hand, in the axially-symmetric case, £3 is the 
azimuthal angle and the £3 derivatives are zero although the component 
u3 is or is not zero while hg 1. 

In the axially-symmetric case with the azimuthal angle €3 constant, 
the above written (in generalized coordinates) continuity equation will 
be identically satisfied by 


Ow 1 Ow 
——-, hz = -——. 
ho O£92 hy Ok 1 
Denoting hzu3 = w, we find (from the above expression for rot v) that 
the vorticity components are 


h3uy = 
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1 Ow 1 Ow 1 
Wy = — — wy = — —— — w = —— D? 
l həh3 0&4 ; hyhe O£: 3 h3 Y 


where the differential operator D? is 


pine [2 (m2), 2 (6 2) 
hiho LOE; \hih3 £l Of, \heh3 O€2 jJ} 


If now we consider the Navier-Stokes equation which corresponds to 
£3 together with the equation of rotation, we have 











Ow 1 o (%, w) 2 
2L A = vD*u, 
ðt  hıihzhz ð (E1, £2) ae 





2w O(w,h3) 1 _ 8 (, D4) 
hyhoh3 O (€1,2) hiheh3 ð (£1, £2) 





ð 
z; (D Y) + 


2D°p 9 (xp, hs) 


plod OW hs) _ pA 
hy hgh 0 (£1, €2) vo y 


where 


a (a,b)  ðaðß da dp 


a (én) Eð On OE 


In two dimensions, w = 0, h3 = 1, D? = V? and the previous equa- 
tions become 





8 ozn 1 3V) O a 
a V V) -am oea Y 


and 


V’y = —w. 


In the tridimensional case, we start with the following representation 
for the velocity v, namely v = grad + rot A, where V*® = 0 and the 
vector A is solenoidal, that is div A = 0. The last requirement could 
be satisfied by looking for A under the form S grad N, which means to 
fulfil 


div A= SAN + (gradS)- (grad N) = 0, 


or, in other terms, N should be a harmonic function while the surfaces 
S = constant and N = constant have to be orthogonal. 


Viscous Incompressible Fluid Dynamics 149 





Obviously, the above representation satisfies implicitly the continuity 
equation. Applying the rotor (curl) operator to this representation we 
also get 


div (grad A) = —w. 


In other words, in the three-dimensional case, the writing of the in- 
volved equations (using the scalar and vectorial potentials) comes to 
the consideration of the last equation together with V?@ = 0 and the 
equation of vorticity w. 

At the same time, by substituting the expression v = V7) x k into the 
definition of vorticity, we obtain 


—V*p = 6. 

Concerning the boundary conditions for these two scalar equations, 
they could be deduced from those already known by a separate consider- 
ation of the normal and tangential velocity components at the boundary 
points. If n is the unit outward normal vector drawn to the boundary 
OD, T is the unit tangent vector counterclockwise oriented, s is the 
natural parameter (the arc length) on the boundary, then the condition 
Vigp = b implies 





d 
n: (Vb x k)lap = (k x n) : Vwlop = 7° Vila = FE]. =n-b, 
D 
respectively 
k = (k = __% =T-b 
T: (V4 x Wlop = (kxr): Vlop = =n: wlan =- Ge] = 7b. 
D 





The first of these conditions, after integrating along the boundary, 
leads to a Dirichlet condition for y%. By accepting that D is a simply 
connected domain, from the global condition f b-nds = 0 we get the 


aD 
warranty that the respective integral along the boundary defines a uni- 
form function a(s,t), to within an additive function of time A(t), such 
that 


a(s,t) = | a(s) -b (s',t) ds’ + A(t), 


where sı is the natural coordinate of a fixed point of ðD. 
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To simplify the form of the boundary condition for p we will not take 
into consideration the term A(t) and, denoting by 6(s,t) = —r(s) - 
b(s,t), the two conditions could be written 


dy 
Wlap = a, dn =b. 
"lap 
Regarding the imtial condition, this implies a vorticity condition at 
the instant t = 0, precisely 


Cli=0 = (V x vo) -k. 


With respect to the compatibility condition attached to the Navier— 
Stokes system, that is n- b|; = n: volgp , it could be rewritten in the 
form 


ða (s,9) 
Os =n: Volap» 


where also V - vo = Q. 

If these last two conditions on the data are satisfied, Guermond J. L. 
and Quartapelle L. have rigorously established in 1993 [126], the equiv- 
alence between the genuine formulation of the Navier-Stokes equations 
and the “¢ — p formulation’, which means with the system 





ð 
SVC J (G4) = 0, 
—V*wb =Ç, 

d 
vlan =a Z aD ; 


Cli=0 = (V x Vo) -k. 


Obviously this formulation is nonlinear due to the presence of the 
Jacobian which is “coupling” the equations in ¢ and w#; further, there are 
two boundary conditions for 7 and none for Ç. If the difficulties caused 
by this nonlinearity can be overtaken by combining some explicit or 
implicit step-time algorithms within suitable iterative procedures, those 
connected with the boundary conditions will be avoided by one of the 
following methods (formulations) which are presented in the sequel. 
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5.1.1 The Biharmonic Formulation 


The simplest way to avoid the lack of a boundary condition for vor- 
ticity 1s to eliminate, from the previous system, the vorticity itself. By 
substituting the expression for vorticity Ç = —V% into the transport 
equation for it (the vorticity equation) we reach the problem 


2072 
a T vViw + J (V7, p) = 0, 


dip 
plap = a, dn ap = b, plio = Wo, 


where po is the solution of the Dirichlet problem 


— Vb = (V x vo) . k, olap =a (s,t) , 


the data vg and a satisfying both the compatibility and solenoidal condi- 
ton. In the above formulation the boundary conditions don’t lead to an 
overdetermined problem (as they seemed to in the “¢ — y” formulation) 
because the equation in Ņ% is of fourth order. There are many numerical 
procedures either in finite differences or in boundary elements (for the 
linearized variants). This problem could also be written in the following 
variational form (which is essential for a finite element type method): 


“To find a function wy € H? (D) such that \yp = a and ae ap b 
and 





(ve, vy) +v (V9, Vy) + (J (9,2), VY) = 0, Ve € HG (D), 


where (-, -) denotes the inner (dot) product in L? while H?(D) and 
H? (D) are the standard notations for the corresponding Soboley spaces”. 


5.2 A “Coupled” Formulation in Vorticity and 
Stream Function 


This new formulation envisages a new way to avoid the difficulties 
joined to a double condition for y% on ðD and to a total absence of 
conditions for ¢. 

We remark that, even in the absence of the non-linear term from the 
vorticity equation, the involved equations should be considered as being 
coupled through the boundary conditions. In other terms, one of the 
conditions for y must be “associated” with the vorticity equation but 
this equation is not sufficient to determine alone the unique ¢. Therefore, 
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in this approach, a boundary condition for ¢ 1s not needed but the two 
equations should be solved necessarily as coupled. 

More precisely, the Dirichlet condition |, 5 = a will be attached to 
the rotation (vorticity) equation 





2, , _ 
UVC + a tI) =0 


while the Neumann condition A = b is associated with the equation 
aD 


~V*7 = ¢. But this last equation will not be a real Poisson equation 
since ¢ is an unknown and so the compatibility condition for such a 


Neumann problem 
| cao = | bas (3.1) 
D 


aD 


is not required anymore. Obviously we also have the initial condition 
for vorticity, i.e., ¢|,-9 = (V x vo) -k. 

To such a formulation one could join either ADI techniques with fi- 
nite differences (Napolitano) [94] or Chebyshev spectral approximations 
(Heinrichs)[63]. 

At the same time, in view of the construction of some finite element 
type methods, one could state the following variational (mixed) formu- 
lation for the above equations: 

“To determine ¢ € H! (D) and yw € H! (D) such that |p = a and 


a 
v (Ve, VE) + G or + (p, J (¢,»)) = 0,Ve € H} (D), 


(VE, Vp) — (0) = / bds, V£ € H’ (D) 
OD 


where again (-, -) denotes the inner (dot) product in L? while H*(D) 
and Hj (D) are the standard notations for the Sobolev spaces”. 

We finally remark that in this formulation one of the two conditions 
on ~ is imposed implicitly as a natural condition. 


5.3 The Separated (Uncoupled) Formulation in 
Vorticity and Stream Function 


In what follows we will try to separate the equations from the “¢ — y 
formulation”. To do that we need some supplementary conditions for 
vorticity which should replace the boundary conditions for it. These 
supplementary conditions will be stated in a different form versus the 
classical boundary conditions, since they have an integral character. 
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Due to L. Quartapelle and Valz—Cris we have the following result 
[127]: 


THEOREM A function ¢ defined on D, is such that À = —V?q with 
blap = p =b if and only if 


ð 
[ sn = je (a — bn) ds 


for any harmonic function ņ on D, that is V?n =0 in D. 

This integral condition, whose existence has been anticipated by other 
scientists, has to be considered as a condition of a unique type vis-a-vis 
the usual classical boundary conditions. This is not a boundary integral 
formulation due to the presence of the volume integral. 

If we introduce the fundamental solution G(r,r’) for the Laplace 
operator (the Green function) through the equation —V’’G(r,r’) = 
4n6 (r — r') where 6 (r — r’) is the Dirac distribution in two dimensions, 
by using the Poisson (Green) formula for a pair of regular functions a@ 
and 6 (on D), that is 


d d 
J (aV*8 — 8V’°a) dv = J (oF — =) ds 
D aD 


where now a = G(r,r’) while wp satisfies —V?p = C, vlan = a and 


dy 
dn aD 














= 6, we obtain the following new form of the integral condition 


—4nwy (r) y H+ [fo (r, r') ¢ (r) du’ 


OD 
with y(r) = 1,0, 5 as ris inside, outside or on the boundary point of D. 


The introduction of the above integral condition allows us to break 
the “¢ — y formulation” into the two problems 


(-»v" + x) C= -J (C), | oe- = J (a5 — bn) ds 


and 
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-Vp =6, blan =a 
where n is an arbitrary harmonic function. 

Obviously, in the absence of the nonlinear term, a complete separa- 
tion of the two equations may be achieved so that they could be solved 
successively (one by one) in the indicated order. 

At the same time, if the second equation is accompanied by the Neu- 
mann condition 

vy o 


— 


dn aD 


the result 1s completely equivalent. The same thing happens if we con- 
sider also the arbitrary function of time A(t), the integral condition being 
invariant with respect to this choice. 

Among the applications of the vorticity integral condition we should 
mention the works of Dennis and his collaborators where one has studied 
the fluid flows past flat plates of finite size and which are “aligned” 
with the stream, the fluid flows around circular cylinders or spheres and 
even the Oseen model [25], [26], [27], [28]. More precisely, in all these 
researches, one deals with series expansions for Ç and yw, with respect to 
different suitable orthogonal function systems and then one keeps only 
a finite number of series terms. The final results agree well with the 
classical ones [42]. 

Now we will make some considerations on the equivalent formulations 
in the three-dimensional case. For these flows some additional difficulties 
occur due to the fact that the components of the velocity vector (which 
is solenoidal) are, in general, different from zero and two of them (the 
tangential components) should be determined on the solid boundaries. 

We would limit ourselves to the “y — ¢ — A” formulation, backed by 
the (always possible) vector decomposition 





v=Vet+VxA where (Vx A)-nl5p, =0. 


Concerning the transport equation for vorticity (the rotation equa- 

tion), it is known that now it has the form (we denoted ¢ = w) 
ð 

Se $V x (C xv) = VVC 
with an initial condition (corresponding to the initial condition for v) of 
the type Clo = V X vo. 

By applying then the divergence operator to the vorticity equation we 
gel 





Ə (V-C) _ 
a UV ¢) 
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with the supplementary initial condition V - ¢|,9 = V-(V x vo) = 0. 

If this equation is also completed by the supplementary homogeneous 
condition V -Ç|əp = 0, for t > 0, the unique solution of the above 
equation will be identical to zero, which means ¢ should be a solenoidal 
vector for t > 0 (V -¢ = 0). This last condition, introduced by Lighthill, 
together with the initial condition for ¢, are the necessary and suffi- 
cient requirements for ¢ to be solenoidal, a condition demanded by the 
definition itselfof ¢ (¢ = V x v). 

In the sequel we will limit ourselves to considering the “y — ¢ — A” 
formulation based on the unique (always possible) “splitting” of the 
velocity vector by v = Vy + V x A where the vector A is determined 
up to the gradient of a scalar function » and it fulfils the condition 
(V x A)- nlp = 0. 

Obviously the above representation and the incompressibility condi- 
tion lead also to 











—V*y = 0, 


which means y will be harmonic in D. 

The boundary conditions which are imposed on y and A will be de- 
rived from those imposed on v by separation ofthe normal and tangential 
components from vap = b. 

We accept, together with Hirasaki and Hellums, that regarding the 
boundary condition on the normal direction, it will be satisfied by 


and 


the last condition being, in fact, synonymous with the orthogonality 
condition 


[vex Adwv=o. 
D 


The determination of y leads to solving a Neumann problem which, 
taking into consideration the global condition 


f b-nds =o, 
OD 
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can be uniquely solved to within an arbitrary function of time ® (t). 
Once yis determined, the tangential part of the boundary condition for 


v, that is n x v|ap = n x b,becomes also 
nx Vx Alap =n x (— V¥lan + b) 


By applying now the rotor (curl) operator to both sides of the decom- 
position v = Vo + V x A, we get for A the equation Y xV xA =}¢ 


and the attached boundary conditions 


But the above system is equivalent with 


-V?A=¢, nx Alyy =O, 


n x(V x A)lap =n x (— Volan +b), V- Alan = 0. 


Finally the following results hold: 
THEOREM 3.1. The Navier-Stokes system written in the genuine 
variables v and p together with a Cauchy—Dirichlet (initial-boundary) 


condition is equivalent with the following system in variables ~,¢ and 
A, 
-V° =0,n- Vylap = n: b, 


ð 
So VVC +V x [(¢ +Y x A)]=0, Clio = V x vo, V- Clap =0, 


-V° A = Ç, n x Alon = 0, 


nx Vx Alan =n x (— Vo¥lan +b), V -Alap = 9; 


provided that the data n-b and vo satisfy the restrictions 


b- nds = 0,V-vp = 0, n - bjo = n: volap. 
OD 


As regards the vorticity integral condition this could be written now 
in the form [126] 
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J ¢-ndv = J in x (— Volan + b)] nds 
D ðD 


where ņ is an arbitrary solenoidal vector. 
Correspondingly, the “uncoupled” (separated) form in the “g—¢ — A” 
formulation would be [126] 


—V*y = 0,n-Vylap =n- b, 
OG 


—VV'C + 2 + V x [Cx (Ve x V x A)] = 0, Chon = V x vo, 
[endo = [tmx (- Vlan +b)] nds, Y Clan = 0 
D OD 


[-V*n =0,V- nap = 9, 
-V*A=¢,nx Alyy =0,V- Alon = 0. 


It 1s important to remark that, in three dimensions, the equation of 
rotation (vorticity) has been completed by both boundary and integral 
conditions, the last of them implying all the three components of vortic- 
ity. 

5.4 An Integro-Differential Formulation 
The establishing of a unique integro-differential equation which is 


equivalent with the Navier—Stokes system is due to Wu [157], [158]. 
Basically, the procedure uses both the rotation equation 


Ow 
aT rot (wxv) =vAw, 


and the Poisson equation 


Av = —rotw, 


the last one being the consequence of the consideration of the condition 
diy v = O into the identity 


Av = —grad (div v) — rotw. 


Let now € and x be a variable and a fixed point respectively, both 
belonging to the flow domain, while r =| —x]. It is known that the 
solution of the above Poisson equation is given (in three and then in two 
dimensions) by 
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v (x) = | Əri pa ~via = (=) ds (£), 


oD 





respectively 


v (x) = = fm (*) rot w (£) dv (£) 


+ Ly [i (*) a) -v&n (*)| ds (£). 
aD 


But we also know that 


dv (£) 
dn 
and both the identity 





= (n- grad) v (£) = (gradev) -n 


(gradv) -n = wxn + (n x grad) x v + n (div v) 


and the (Gauss) theorem 


|rtPaw=- f] (Px nds 


D 


are valid. 
Making then successively P = Ž and P = wln (+) , we get 


rotew x — x) x 
[Ew [ass | Sw, 
r r T 
D aD D 
respectively 


fr (=) rotgwdu = - | exnin (*) dst [Say 
r r r 
D ðD D 


which leads to 


vez S Ewe 
D 
n =f [2 x grads) xv mw Eo] ds (£), 
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respectively 


v (x) 


o 1l (€-—x) xw 
=z | wo 


D 


+ zl (nm x grade) x vin (2) + HE ()) asco) 


Using the adherence (no-slip) condition v|,, = 0 and the consequence 
(n x grad) x V{yp = 0, for interior flow we would have 


1 f (€-x) xw 
D 
while for the exterior flow with the free-stream velocity vg, 
1 —~x)xXw 
v (£) = V0 tg | ESE = dv, 
D 


with A = 4r or 27 and d = 3 or 2 (according to the tri or bidimensional 
case). 

The substitution of these representations in the vorticity equation 
gives rise to the integro-differential equation. 





6. Similarity of the Viscous Incompressible Fluid 
Flows 


The (dynamic) similarity method is a very useful tool not only in 
aerohydrodynamics but even in the approach to many other physical or 
technical problems. This method allows us to specify all the conditions 
which should be imposed on some laboratory models such that the in- 
formation obtained from laboratory experiments could be extended to 
the real situations. At the same time this method provides a special 
technique for getting a whole class of solutions (depending on certain 
parameters), starting with a solution of the system of equations which 
governs the respective problem (process). 

This method will also support the possibility of the construction of 
some nondimensional solutions, a fundamental feature in the numerical 
approach to the equations associated to the process (problem). 

Generally speaking, two physical phenomena are said to be (dynam- 
ically) similar if the parameters characterizing one of these phenomena 
could be directly obtained from the same parameters for the second phe- 
nomenon (and which are, obviously, evaluated at the “similar” spatial 
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points and at the same moments) by a simple multiplication with some 
unchanged factors called the similarity coefficients. 

Let us now establish the similarity conditions for two viscous incom- 
pressible fluid flow without any heat interchange with the surroundings 
(isothermal). Considering then a system of characteristic (reference) 
values for time, length (coordinates), velocity, pressure and mass (body) 
forces, denoted respectively by te, Le, Ve, Pe, fe and operating the vari- 
able and function change 





t = tet, zi = Lei, uj = Vei, p = peP, f = fef, 
where the quantities with “bar” are obviously nondimensionalized, the 
Navier-Stokes system becomes” 





2 
Uc . Ve fm e\ = Pow  PVUe 
—t7+——(0-VIaG@= — V + At; 
o r,t * ( ) 2 fefi pLe P T,2 ( 
and 
Ve _ 
Tus = 0 


. oe ge 2 . . 
Dividing by 7 and supposing that the conservative terms are not 
neglected, we get 
and 


where the following nondimensionalized entities (also called the similar- 
ity numbers) interfere: 





Sh = be (Strouhal number); Eu = Pe (Euler number); 





Vete E pre 
Uclic ve 
R = — (Reynolds number); Fr = (Froude number). 
V fel 


The above equations are the nondimensionalized Navier-Stokes equa- 
tions. To them we should add the nondimensionalized initial and bound- 
ary conditions, according to the given problem. 

If two viscous incompressible isothermal fluid flows are similar, the pa- 
rameters (field values) of one of them could be obtained from the same 


“The components of the velocity v are now denoted by u; while those of the nondimensional 
velocity Ÿ are denoted by @,. 
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parameters of the second flow, by multiplying with the same factor, 
1.€., both the equations and the initial and boundary conditions (which 
ensure at least the solution uniqueness) should be identical and, conse- 
quently, the similarity numbers Sh, Hu, Fr and R are also the same. 
Obviously the respective solutions will depend on the parameters te, Le, 
Ve, Pe, fe and even on v and p (supposed constant but, generally, differ- 
ent in the two flows), all the parameters being linked by the condition 
that Sh, fu, Fr and R take the same values in the two similar flows. 
Therefore we are led to a class of solutions depending on a reduced (with 
four) number of free parameters, an important theoretical result. 

In the case when we put away both the isothermal and homogeneous 
character of the flow, but supposing that the variation of the tempera- 
ture and of the concentration do not influence the viscosity, the thermal 
conductivity as well as other thermodynamical properties of the fluid 
then, if the radiation heat is ignored, the equations of the viscous in- 
compressible fluid could be written as 


1 
a +(v-V)v= ~ grad + Bg AT + 07V?*v 





and 


divv —0 


where T is the temperature whose variation is AT, 8 is the thermal 
coefficient of the fluid expansion connected with the Archimedean force 
due to the density difference, that is F = GgAT, and g is the gravity 
acceleration. 

Concerning the equation of heat conduction, it takes the form 


OT 
aE +v-gradT = aV’T, 


where a is a constant which is called the thermal diffusion coefficient. 
By using again the above equations, the technique of the similarity 
method, we obtain the nondimensionalized system 
Ov 


_ - 1 l= 
h— U: V) o= D+ —g + Vo 
S EY + (v V)o EuVp + pI + RY U, 


OT 
Ot 
where, besides the Strouhal, Euler, Reynolds and Froude numbers (the 
last being now defined by Fr = TE aha), there arises also the Peclet 
number Pe which is defined by Pe = vebo, Sometimes the Froude and 


She ag VP-P 
Pe 
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Peclet numbers are replaced by the Prandtl number Pr and the Grashof 
number Gr, defined as Pr = re and Gr = R 

Considering now the adjacent phenomenon of the propagation (diffu- 
sion) of the involved substance if C is the concentration of the “mixture” 
and D the diffusion coefficient of it, it is shown [87] that the differen- 
tial equation of the mixture diffusion has exactly the same form as the 
equation of heat conduction, namely 


~% 


= +v-gradC = DV°C, 


which, by nondimensionalizing, becomes 
OC aa 1 a25 
Sha +V: VC = Pe,” C 
where Pe, is the diffusion Peclet number which is different from the 


ordinary Peclet number, defined above (and in which a is replaced by 
D), namely 





and to which there corresponds a diffusion Prandtl number Prg (also- 
called the Schmidt Sc number) by the relation 


P Fed _ y 
Sc= Prg = = R =D . 

In the sequel we will consider only the steady flows of the viscous 
incompressible (homogeneous and isothermal) fluids, in the absence of 
the external (mass, body) forces. These flows which basically depend 
only on a unique similarity number (the Reynolds number), are of great 
practical interest within the context of dividing these fluid flows in two 
great categories: the fluid flows with small (low) Reynolds number and 
the fluid flows with high (large) Reynolds number. 


6.1 The Steady Flows Case 


Let us consider again the Navier-Stokes system in the particular con- 
ditions of steadiness and of the absence of external mass (body) forces. 
Let L, ve, pe be respectively, a reference length, velocity and pressure 
which are characteristic for the envisaged problem. 

Let us now make a variable and function change 





Ti = Li, U; = Veli, p = PeP, 
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which transforms the equation of continuity into u,;; = 0, that is aj; = 
Q, while the flow equations become 
- Pe . V 
Ujuig + poet” ; 
The variables and the functions with “bar” will be called reduced and 
the corresponding resultant system of equations is called the reduced 
system. Within this system two nondimensional coefficients arise: 
— the first, AT» is not connected to any interesting feature of the 


| 


(solution) system and that is why we avoid it by choosing pe = pv? (it 
is possible to make such a choice because the pressure interferes only by 
its derivatives, which does not happen in the compressible case); 

— the second will be the inverse of the Reynolds number R = vek = 





e%eP and it characterizes the weight of the viscosity effects (v) versus 
those caused by the inertia ( veb ). 
In this way the reduced system can be written 


jus 5 + Pa pvi - 


Let there now be a solution of this system (considered for R fixed), 
namely 


a; = ŭi (ži, R), p = (Zi, R). 


To this solution there corresponds, by the formulas of variable and 
function change, a family of solutions for the Navier-Stokes equations 
and the equation of continuity, a family which depends on four parame- 
ters L, ve, p, H, linked by the condition that R should be fixed (therefore 
only three parameters are independent). 

Hence there is the following family of solutions (associated to a solu- 
tion of the reduced system) 





~ {T1 T2 T3 
Ui (£1, £2, £3; L, ve, P, u) = Veu; (F, T?’ F’ R) 


and 
L } L ? L 7? ° 

The fluid flows which correspond to such a family of solutions, for the 
same fixed R, are called similar flows. 


Pp (£1, T2, T3; L, Uc, pP, H) = pvep ( 
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Obviously, if ū; are zero on a surface of equation F (z1, 2,3) = 0, 
any similar flow satisfies also the adherence condition along the surface 
F (#1, 2, 28) = 0 which represents the equation of the boundary of an 
obstacle immersed in the fluid. 

Besides its exceptional theoretical importance (connected with the 
construction of a class of solutions of the Navier-Stokes system which 
depend on three free parameters), the nondimensionalized reduced sys- 
tem is the system we deal with in view of the use of the numerical 
algorithms and implicitly to simulate the fluid flows on the computer. 

We cannot also forget that the similarity principle for the fluid flows 
backs the laboratory experience on prototypes (as those made in an 
aerodynamical tunnel) and when, by starting with the measurements 
performed in some particular conditions, it is possible to anticipate the 
results in much more general conditions provided that the Reynolds 
number is constant. 





7. Flows With Low Reynolds Number. Stokes 
Theory 
Let ù; = u;(%;,R) and p = p(%;,R) be a solution of the reduced 
system for a certain fixed R. 
Suppose now that we make R — 0 while %; are fixed. Denoting by 
T and p) the main parts of ū; and respectively, it is shown that the 
following asymptotic behaviours hold, namely 


ü; = uf” (z;) +o (f), 


p= Rp") (zj) +o (R°), 


a being a real number (not determined yet) while the notation o(f) 
designates infinitely small quantities with respect to f. 

Using these developments in the reduced system and neglecting those 
terms which are of higher order (in the small parameter R) than the 
kept terms, we get 





aO =0, ReO = gl, 
? 2,9 


It is obvious that only the choice œ = 1 allows us to watch the problem 
in what follows (1.e., to keep the maximum number of the unknown 
functions), such that we are led to the system (we will now omit the 
writing of superscripts) 
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This linear system is the Stokes system for steady flows. By applying 
the divergence operator to the second equation, we also have Ap = 0, 
which means the pressure is a harmonic function within this model. 

We now remark that if the flow is plane or axially symmetric, there 
will be a stream function % which allows us to express both components 
of velocity (that is u and v) with the help of this unique function so we 
have (see also Chapter 1) 


1 Oy 1 Ow 
y™ Oy y™ Ox 
(m = 0 in the plane case and m = 1 in the revolution case). 
Nondimensionalizing the steady Navier-Stokes system, starting now 


from the rotation (vorticity) equation 


1/0 
rot(wxv)=vAw (w=wk and w=35 (5-5) 


by 
x= Li,y = Ly,u = Uù, v = Vv 


and corresponding 


p = U-L™ gh, w = UL, 


we are led (keeping only the main parts in 7) to the system 


3? (ay™) | P(@y™)  ma(wy™) _ 
az Oy? y OY 

The last equation could be also found in the study of the stream 
function of an inviscid incompressible irrotational fluid flow (Chapter 1). 
If @y™ is determined, from the second equation, then the first equation 
allows us to define the function 4}. 

Obviously, in the plane case (m = 0), the stream function will be a 
biharmonic function , that is A (Aq) = 0. 

Unfortunately the Stokes model which is elliptic in the steady case 
while it is parabolic in the unsteady one, fails at large distances from the 
immersed obstacle [33]. This result, known also as Stokes paradox, could 
be proved, in an elegant manner, in the case of the flow past a circular 
cylinder by pointing out the impossibility of such a steady flow with a 
nonzero constant velocity at far field [153]. Basically this paradox means 
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that, irrespective how small is the flow velocity at infinity (at far field), 
the nonlinear term of the Navier-Stokes system (which is neglected in 
the Stokes model) cannot be considered small enough vis-a-vis the other 
terms (uniformly, in the whole cylinder outside). Or, in other words, the 
Navier—Stokes equations should be considered, basically, nonlinear. 

In fact, even if we study the three-dimensional flow past a sphere 
using the Stokes model, a serious deviation versus the experiment arises 
at a sufficiently large distance from the sphere. An explanation of this 
weakness consists in the fact that the simplification considered within 
the Stokes model is rigorous only if terms @; 53 and u;u,; 5 are of the same 
magnitude order. But at far field such a situation does not always occur 
(for instance in the case of the sphere, the terms ŭ; 3; are always of the 
order o (<3) while the terms ū;jū;; are of order o (-y)). To overtake this 
inconvenience when we study the fluid flow at large distances, a good 
suggestion is to choose a reference length L sufficiently great (of the 
order of the distance between the obstacle and the far points) such that, 
even in the case of slow flows with high viscosity, the Reynolds number 
does not become small. Considering then a new variable and function 
change defined by Z; = Rz;, ù; = Uj, p = p where £; are kept constant 
while z; — oo, the initial system 








tig = 0, ūjū;; +P 


will be rewritten in the form 


Wig = 0, Uj + Pa = ujj 


a system which, by keeping its non-linearity, does not differ essentially 
from the Navier—Stokes system. 

If we accept that the far field (stream) velocity is parallel with the 
Oz, axis (this means its nondimensionalized components are given by 
6;1), the solution of the above system will be sought under the form 


ii; = ôi + Ri, + and p= R +--- 


where ii, and p are the main parts of the perturbation terms associated 
to the presence of the obstacle. Finally, by using these expansions in the 
above equations and eliminating the terms of higher order in the small 
parameter R, we arrive at the linear system 





~t ~t 
u;;=O0,u = ü, z7 
2,2 Uu Tt Pi 1,99 ? 


known as the Oseen system. 
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This system is different from the previous Stokes system only by the 
presence of the term u; j; But just the presence of this term allows us to 
avoid the Stokes paradox, 1.e., it becomes possible to study flow at large 
distances. 

Before stating some appreciation about the Oseen model (system) 
within a known problem, we remark once again that, the pressure p is 
a harmonic function (which we get directly by applying the divergence 
operator to the second equation). 

Let then ® be a harmonic function in #; such that p = oe. If we 
introduce, instead of the function ii, the function v;i = ii, + z , then 
this new function v; will satisfy 





while 


Pi = ® iz ® 55 -~ 0, 
a system whose unknowns are “separated”. 


7.1 The Oseen Model in the Case of the Flows 
Past a Thin Profile 


Let us consider the plane flow of a viscous incompressible fluid with a 
uniform (parallel to Oz) velocity və at far field in the presence of a thin 
obstacle (profile) whose sketch in the flow plane Oxy is the smooth arc 
C of continuously differentiable equations z = z(s), y = y(s), s € [0,1]. 

Following [33] we accept, if the perturbations induced by the presence 
of the profile are respectively v’ and p’, that the looked for velocity and 
pressure fields have the representations 














V = Vo0 (i+ v’), p= po t+ pvp 
where vg, 18 the velocity magnitude at far field, p is the constant density 
and pg is the pressure in the unperturbed flow. 
Nondimensionalizing, by the introduction of the new variables and 
functions as follows, 


ce’ = Ltg, y'= Loty and p = Lp, 


in the hypothesis of the steadiness and by neglecting the perturbations 
of higher order, we get a new system for perturbed velocity and pressure, 
namely 


ðv 1 Lva 


Ox 
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(where we have omitted using the “prime” superscript symbol for the 
perturbed entities, a convention which is kept in the sequel). 

But this equation corresponds to the Oseen approximation and it will 
be completed with the equation of continuity 


Orr , Ov _ 
Ox Oy 


together with the (nondimensionalized) no-slip condition on C, 


Mlo=—-l, vlo=0 


and the behaviour condition at far field (infinity) 
lim (v,p) = 0. 
r—0o 


As pis a harmonic function, if q(x, y)designates a harmonic conjugate 
function of it, then p(x, y) + ig(z,y) will be an analytic function whose 
development in the neighborhood of infinity is of the form 


œi a2 
plz, y) + iq(z, y) = Stato 


Let there now be a holomorphic function P(z,y) + iQ(z,y) whose 
derivative is equal to R(p + iq). According to the derivative definition 
for such a function we have that P and Q should satisfy the system 
10P 13Q _10Q  #210P 


— e 


P 


 Rôər Rody’? * Rô Rody 

On the other side the stream function y(zx,y) whose existence is as- 
sured by the continuity equation (v = E and v = — oe) is a constant 
which, vanishing at infinity, 1s necessarily zero everywhere. 

So we are led to the equation 


Oy AQ 

ðr + OZ 

which, completed with AQ = 0, would provide a system we deal with in 
the flow domain. 


Considering now the auxiliary functions ap and Q, defined by 


Ay =R 


a 1 ~ ~ 
= 2 a) = — 
the above system can be decomposed into the independent equations 
AQ = 0, Aj - RE =0 


T 
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to which one adds the vanishing conditions at far field of the type 


. ð ð <o> 
a, (2 2) (2,9) = 0. 

Let P; (x(t), y(t)) and P, (z (s), y(s)) be two points of the contour 
C. Since the arc C, swept as s increases from an origin O, is smooth 
either the distances p between these points or the argument a of the 
joining chord (which means the angle made with the positive sense of 
Ox) are continuous functions. 

Let 


E + in = a(s) — x(t) + i [y(s) — y(t)] = prose 


and analogously 


Z= +i = 2 —2(t) + ily —y(t)] = Fe” 
where z = z + iy is the affix of a point M (z, y) from the flow plane. 
Obviously, the continuity of 6 (x, y, t) requires us to avoid its “growth” 
which could arise by a complete rotation around P}, which means we 
should consider a suitable cut in the flow plane, as for instance the half- 
straight line M,.P,P; (Mo being the infinity point of the flow plane). 
Further, if M — P, € C, and we also have that 


j= Q ,ifs>t 
= Latr, ifs<t’ 


the sign + corresponding to the “right”, respectively “left”, boundary 
value. 

Let there now be a holomorphic function Log z = Inr + iĝ where 7 
and @ satisfy the Cauchy — Riemann system 


ð 0,100 ð 
— = — lanz, 5 = In 
Or Oy fF’ Oy Ox 
Our intention is to search the solution Q (x,y) of the modified Oseen 
system in the form 


| 
| 
Sl — 


] 
QO (x,y) = J [a+ Bı (t) In = dt 

0 
which is obviously a harmonic function while the arbitrary functions A, 
and Bı are to be determined through the fulfilment of the boundary 
conditions. 
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Concerning the second equation of the Oseen system, by the change 
of function » = Fe? 27 jt becomes, in the new unknown function F, a 
Helmholtz equation AF — R? Ẹ = 0. But it is well known that this 


Helmholtz equation admits the solution Ko (42 3 L) where Ko is the Bessel 
function ofimaginary argument, of the second kind and zero order. If we 
now introduce the function O (#2 ,0), connected with Kg by the system 


Go o Rr R Rr 
ar Oy (7) Tg“ (7) 


JO ð Rr R Rr 
—— = —-—— Ko | — —K 
ðy ðr” ( 2 )+ 2° (F 2 ) 
this function will also verify the above Helmholtz equation, that is 


2 
ao- $o =0. 


Consequently, the solution of the Oseen equation Aih — Roe = 0 could 
be represented in the form 


1 
(x,y) = J As (t)O (F5 o) + By (t) Ko (F+) ett dt, 
0 


the functions A2(t) and B2(t) being distinguished via the boundary con- 
ditions. 

By introducing also the Bessel function of imaginary argument, of the 
second kind and the first order, that is K,(z), which is linked to the 
previous function Ko(z) by the relation K,(z) = —K,(z) and denoting 
by Ci = A; + iBı and Cy = Ag + i Ba, it is shown that [33] 


v1 — tv -2 oe +4 ô 2 yp 
1—12 R \ ay | aa R \ðy ðr 
-2 fae 
© R 
0 


`The explicit expression of this function O, the Kọ’s conjugate, can be found in the literature 
[154]. 
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By imposing now the adherence condition, either we approach the 
arc (C) from its left or from its right, that is vı — ive = —1; using the 
Plemelj “jump” theorems for the potential of double layer, we obtain 
the singular integral equation (but which can be reduced to a Fredholm 
equation with a continuous kernel) of the problem 


1. dt 
f COET 


R f} R - p R Re R 


where C = A+2B with A = A, = A and B = —B, = Bə (equali- 
ties previously proved) while £ denotes the integral considered in the 
Cauchy (principal) sense. 

When (C) is a flat plate without any incidence (that is, placed on the 
Ox axis), the equations of this profile are z = s , y = 0 (s € [0,1)), 
é=s—t,n=0, p= |s -t| and Žž = z — t + iy = fe”. 

Remarking that the factors which multiply the unknown C, in the 
integral equation of the problem, are zero, by separating the real and 
imaginary part of this equation we obtain either an equation which has 
only the trivial solution B(t) = 0 or the integral equation of first kind 





f ADHG-0d=k 
0 





1 R R R R 
— — e?z -t) |K, | lg — — Z |s — 
H r a? | 0( Fis tl) + san (s NK (Fs a). 

Supposing that the Reynolds numbers are low, the singular kernel 


Rjg— 
H(s —t) could be approximated by g In zist + i (y — 1), y being the 


Euler constant. Consequently the above integral equation becomes 


1 
| A@tinais-e]+a-1ae=1 
0 


where a = y + ln R and whose solution, given by T. Carlemann, is 


1 


r (a — 1) vt- t) 


A(t) = 
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More details on this Oseen system approach can be found in [33]. 


8. Flows With High (Large) Reynolds Number 


If we look again at the reduced system 
tig = 0, Uju; + Pa = 


where now the Reynolds number R = Uch is supposed large (which could 
be done also for v small) a legitimate question will be whether or not 
the solution of this system is “close” to that of the corresponding Euler 
system, for the same flow domain, that is to 


Uiz = 0, Uj Us 3 + pi = 0, ü- nap = Q. 


In other words, the fact that Aü — 0 would imply the convergence 
of the Navier-Stokes system solution to the corresponding solution of 
the ideal incompressible fluid (Euler) equations? 

We will see that the presence of this viscosity term tAā, irrespective 
of how small it is, besides retaining of the second order character for the 
Navier-Stokes system, together with the adherence condition (obviously 
more complete than the slip condition for inviscid fluids) will determine: 

1. The “Procrustian” differentiation of the fluid flow governed by 
the Navier-Stokes equations (vis-a-vis the flow associated to the Euler 
equations) in the proximity (vicinity) of the boundary ðD in a region 
whose “thickness” is in inverse variation with R. 

2. The mentioned region where this differentiation occurs and which 
persists irrespective of how small R is, could be even separated from the 
boundary, this separation acting as a source of vorticity. 

So that completely new circumstances will arise and they will be fun- 
damental to understanding the limits of the inviscid fluid model, which 
means the extent to which one could use with good results the hypothe- 
ses (schemes) already introduced for this inviscid fluid. 

For a better understanding of these ideas we start our study with a 
simple mathematical model where one analyses the relationship between 
the solution of the second order differential equation with Dirichlet (bilo- 
cal) condition and the solution of a Cauchy problem for that first order 
differential equation which is the “limit” of the first equation when the 
small parameter € — 0. The conclusions obtained from this abstract 
mathematical model will be extended to the parallelism between the 
Navier—Stokes and Euler equations. 
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3.1 Mathematical Model 


Let us consider the second order differential equation 


ef” (z) + f'(z) =a, xe [0,1] 
where a € (0,1) and € is a small positive parameter, to which we join 
the boundary conditions 


f(0) = 0, fl) = 


It is known that the unique solution of this bilocal problem is 





f (0,2) =(1—a) H 


_t 
l-e: 


Suppose now that, in this solution, we make € — 0 and so we have 


lim f(z,£) = fo(n) = 1 + a(z ~ 1) 


for x € (0, 1]. 

A questionable aspect would be the rapport between this limit and 
the “limit” of the differential equation resulting from the given equation 
when £ — 0, which means the differential equation f’ = a. In fact f(z) 
will be a solution of the differential equation f’ = a, more precisely that 
solution which satisfies the prescribed condition fọ(1) = 1 but it does 
not at the point O where f)(0) = 1—a #0. 

In other terms the convergence of f(z,¢€) to folz) when € — 0, is 
nonuniform in the interval [0, 1] and in the neighborhood of zero fo(s) 
cannot be considered a correct approximation for the exact solution 
f(z,¢) of the initially given bilocal problem for the second order dif- 
ferential equation. 

To get a correct approximation of f(z,¢) in the neighborhood of x = 
0 we will use a special technique (the “ordinates dilatation”). More 
precisely, we perform a change of variable z = eé and then we make 
€ — 0 but keeping € = Ẹ to be a constant. So that we obtain 


i — f = — — pÉ 
lim f (z,e) = f (€) = (1a) (1 - e£) . 
(E fixed) 
This new limitfunction fo (£) will be the solution of that differential 
equation got from the initial one by the change of variable and function 
xr = EẸ, f (x,€) = f (E, E) and then keeping only the main (of the highest 


order in €) terms of it, i.e., of the differential equation f" +f! =0. We 
can also see that f(0) = 0 and Jim, fo(€) = 1—a = fo(0), that is a 
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“matching condition” of the two approximations holds. Obviously the 
just found function fo (2) represents a good approximation of f(z,€) 
(for c enough small) in the neighborhood V(O) of the origin (where a 
boundary condition is lost) while fo(z) will be a correct approximation 
for the same function in the complement of the previous region, that 1s 
for z ¢ V(0). 

This simple model could be a guide in introducing the so-called “bound- 
ary layer” which corresponds to the region where the approximation of 
the solution of the Navier-Stokes system through the corresponding Eu- 
ler solution is not possible. In fact the Navier-Stokes system, with a high 
Reynolds number, plays the role of the above second order differential 
equation with € = hy the immediate proximity of the wall (obstacle) cor- 
responds to V(Q) and the Euler equation takes the place of the “limit” 
equation f’ = a (when e = 4 — 0). 

To get a correct approximation of the Navier-Stokes equations in the 
vicinity of the obstacle (wall), where the solution of the Euler equation 
fails (replacing also the adherence condition by the much less rigorous 
slip condition), one performs again a change of variables and functions 
(the “ordinate dilatation”) making then e — 0 such that the new just 
introduced variables keep their constancy. Finally, considering only the 
main terms in € = $ (and neglecting the rest) we reach the so-called 
boundary layer equations. 

As regards the solutions of the Euler system, they match with those 
of the boundary layer equations at a sufficiently large distance from the 
obstacle, 1.e., on the “border” of this boundary layer whose thickness 
varies directly with € = +, as we will see later. 

The parallelism between the envisaged mathematical model and the 
approximation of the Navier-Stokes system by the Euler and boundary 
layer equations is illustrated also in Figure 3.1. 


8.2 The Boundary Layer Equations 


Our purpose is now to determine explicitly the boundary layer equa- 
tions in the conditions of the existence of an obstacle which could be 
identified with the positive real semiaxis (the half-infinite flat plate) and 
which is placed in a viscous incompressible fluid stream with a veloc- 
ity Voo(Ug.,0) at far field. Obviously the same problem for an ideal 
fluid (a uniform flow) leads, in nondimensional variables, to the solution 
ü = 1,0 = 0,6 = 1, but this solution does not approximate the viscous 
fluid flow in the boundary layer formed in the proximity of the wall. 

To determine the boundary layer equations, we should set up a change 
of variable and function that implies the “coordinates dilatation” (in this 
case an “ordinates dilatation”) and then we keep only the main terms in 
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Euler solution 
0.8 fo(x} 







Navier-Stokes solution 


: Boundary layer solution 


0 0.5 xi 


Figure 3.1. The approximation of the Navier-Stokes solutions by the Euler and 
boundary layer solution 


7 More precisely, in the nondimensionalized equations of the viscous 
incompressible fluid, that is in 


7 : E 1 _ os _ 7 a ee k 
tig = 0, Uju; j + Pa = Ruin bi = 1,2;7,7 = 1,2 and ù = U; U2 = 1, 
performing a change of variable and function which allows a clearer ap- 
pearance of the velocity component normal to the plate (“the ordinates 

dilatation”), that is 


z= J= RN, u =ù, 0 = R|, p=p with a>QO, 


we obtain that (necessarily) a = t, §= R? being just the boundary 
layer “thickness” (for any other value of a, either the continuity equation 
would lose a term, becoming trivial, or the terms due to viscosity or 
those due to the acceleration quantity — from the other two equations 
-— would disappear, in both situations the whole system becoming more 
“poor’). Ifnow we make R — oo, imposing € and 7 to be constant and 
then keeping only the main terms in +, one obtains the following system 
of equations of boundary layer (Prandtl)° 


OF OU 2.7 
ð On” 


©The boundary layer equations in the case of curved surfaces are much more complicated 
(see, for instance, S.L. Goldstein [56]). 
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PEO + 3i + Op — Ort 
OE = On ðE OE?” 

Op _ 

On 


with the boundary conditions which express the adherence to the plate 


0, 


ù (€,0) = 0 (€,0) =0,€ > 0 


together with the matching conditions with the inviscid fluid flow 
dim ü (6,1) = lim ü (x, y) = 1, 


jim, f (€n) = lim p(z,y) = 1. 
Obviously, the approximation through the boundary layer solution 
is backed by the existence of some positive constants C and q@ such 
that, in a certain norm within the velocity space, the solution of the 


Navier-Stokes system and the corresponding solution of the boundary 
layer equations satisfy an estimation of the form’ 


C 
lā- ull < Fa, for0<y<dand R > ow. 


Before giving a brief mathematical study of the Prandtl equations we 
should make some remarks. First, if we evaluate the circulation along a 
simple contour (for instance, a rectangular one) which is tangent to the 
obstacle, being all the time inside the boundary layer, this circulation 
will vanish. Really, if our rectangular contour ABCD has the side DC 
tangent to the obstacle at D and the other side AB is obviously parallel 
with it, from uw = 0 on the boundary, we have also there ad = 0 while the 


continuity equation leads to a = 0. Thus, since & = 0 on the boundary 
we could suppose that v is small in the proximity of the boundary or 
more specifically, 6 is small compared with the value of ù along AB while 
u is near zero along DC. So we have 


J vedr= | an+ f üde- | san- f adem | aag >o: 


ABCD DA AB CB DC AB 


7There are very few, and only in particular cases, mathematical results on such estimations. 
Concerning the existence and uniqueness theorems we should mention O.A. Olejnik [96] and 
P. C. Fife [44] who have shown, under some assumptions, the existence of such an estimation 


— 1 
fora = 5. 
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Implicitly, there will be a source of vorticity, the existence of the 
boundary layer being associated with a mechanism for producing vor- 
ticity in the boundary vicinity. 

Experimentally, we can see that, when a boundary layer arises in the 
neighborhood of an obstacle and an “unfavourable” pressure gradient? 
occurs, there is a point C where this boundary layer is separating from 
the obstacle, between the upper delimitation border of the boundary 
layer and the obstacle surface some inverse flows being possibly formed. 
This separation will be a vorticity source which propagates in the bound- 
ary layer which could support the almost potential fluid flows model (see 
the previous chapter), the separating vorticity lines being considered as 
emanating from the separation points of the boundary layer. It would be 
plausible to identify the separation points with those points where the 
vorticity vanishes although there are no mathematical results to support 
this assertion. 

The second matching condition, together with the last equation, shows 
that p (£,7) = 1, which means the pressure is constant inside the bound- 
ary layer and its value equals that of the pressure of the ideal fluid in 
the adjacent flow. 

As a consequence of this remark, oe = () and the Prandtl system 
will contain only the velocity components uw and õ. But the continuity 
equation (the compressibility condition) allows then the construction of 

a stream function y% such that dy) = = tidy ~ üd and so the boundary layer 
system could be rewritten, in the unique unknown wp, as 


reer l a 


an? On OEIn OE 


an equation to which one should attach the conditions 





Op Oh Pp Ph _ 


= 0, lim oy 


n—> o0 an 


 (€,0) = 


To construct the solution of this third order nonlinear partial differ- 
ential equation, we remark that if y (£,7) is a solution of this equation, 


On (E, 0) 
ð 


8The “unfavourable” pressure gradients are corelated with a pressure increasing in the flow 
direction which leads to a slower fluid flow in the boundary layer together with an accentuated 
slenderness of this one, all of them determining the formation of a rest region where a slow 
inverse flow could arise. As the main fluid stream should avoid this quite significant zone and 
thus determine the boundary layer separation, in this case we can’t make an exact assesment 
of the adjacent inviscid flow. In the conditions of the “favourable” pressure gradients, the 
decrease of the pressure in the sense of the flow together with the continuous slenderness of 
the boundary layer, make that the outer inviscid fluid model will be not affected anymore 
and this inviscid model could be “added” without any difficulties. 
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the same thing happens with the functions Sy) $, ł) for any constants 


a and b. In the particular case when these constants are linked through 
a relation of the form b = a” (n rational), together with the solution 


p (€,) we also have the class of solutions a!™™} (£, wn). An imme- 


diate question will be if the application w (€,7) 3 at”) (£, z) has 
any fixed points, i.e., if this correspondence, by a suitable choice of the 
constants a and b, can lead to such functions which satisfy the equality 


5 (E n) = alra} (& -L 
Y (En) =a yp (£, z) 
It is shown that the necessary form of the functions y (€,7) to fulfil 
the above requirement is 4% (£ n=l (&) for any rational n [52]. 
On the other hand the fulfilment of the condition 
. Orb _ l 1—2n pi n — 
lim zp = lim § fi{—]=1, 


n>% ON En 
1 


implies a compulsory choice for n, namely n = 5. 
Therefore we intend to look for those solutions (of the boundary layer 


system) which are of the form 4} = £2 f (@) with € > 0 and 0 = nS In the 


language of the function f, the Prandtl equation becomes a nonlinear 
ordinary differential equation 





2f" (9) + f (8) f” (8) = 0 (3.2) 


with the boundary conditions 


f (0) = f (0) = 90, f' (co) = 1 


H. Weyl formulated a successive approximations procedure which pro- 
ves the existence and the uniqueness of the solution of the above equa- 
tion. This solution has been exactly calculated but it presents some 
inconvenience. ‘Thus for € small, ð becomes infinite which could be 
avoided by choosing a suitable system of coordinates. At the same time, 
in V(Q) the Reynolds number Ry = * (there is no reference length 
associated to the problem) becomes small, irrespective of how small is 
v, which contradicts the basic hypothesis that the Reynolds number is 
always very large. In spite of all these shortcomings, which cannot be 
avoided in the boundary layer theory, the obtained solutions agree very 
well with experience at all the points outside of V (0). 
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Figure 3.2 points out the shape of the longitudinal velocity profile 
ŭ = f'(@) which comes from the Weyl solution. Experience confirms 
these results, showing that this velocity profile tends to stabilize. 


USL 





Figure 3.2. The profile of the longitudinal velocities 


Before ending this section we try to give a definition of the bound- 
ary layer “thickness”, even if this concept ts not very precisely stated. 
One accepts an understanding that the thickness corresponding to the 
abscissa x is that y for which u = 0,99U,,. Therefore, it corresponds 
to the value 6 which satisfies 1 — f'(@) = 0.01, which means this value 
should be approximately 0 = 5. Consequently we have 


Vr Y 
S Voa 


that is the thickness grows together with ,/z and hence the shape of the 
boundary layer “border” has a parabolic shape. 

The aim of this book is not to overview the analytical or “practical” 
methods for solving the boundary layer equations. There is a large vari- 
ety of such methods but most of them are valid only in particular cases or 
they are not sufficiently rigorous concerning the approximations made. 
In fact this last remark involves many of the papers on the boundary 
layer theory, the practical applications imposing a “rush” for effective 
solutions which are not always correct from the mathematical point of 
view. 

In what follows we will focus on a probabilistic algorithm which allows 
modification of the fluid flow governed by the Euler equations, in the 
vicinity of the boundary, in order to simulate the boundary layer effects 
and implicitly to get new approximations, in the same vicinity, for the 
solutions of the Navier-Stokes system. 
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8.3 Probabilistic Algorithm for the Prandtl 
Equations 


In what follows we will describe a random procedure (due to A. I. 
Chorin) based on a distribution of vortex sheets that allows construction 
of a practical numerical algorithm for approaching the boundary layer 
equations. 

Let us consider, first, the heat equation for an infinite rod, namely 


Ut = VUgz, —0O < T < œ,t > 0, 
where v = v(x, t) represents the temperature in the rod and v its con- 
ductivity. 
Accepting that, at the initial moment, v(z,0) = 6(z), (x) being the 
Dirac distribution, then the (distributional) solution of this equation is 
the fundamental (Green) solution given by 





G (x,t) = 1 e (==) 
| V4rvt P Vat)’ 

This solution could be probabilistically interpreted in two ways: 

1) Fix the time t and place N particles, of mass +, at the origin 
x = 0. Suppose that these particles “jump” so that the associated 
random variables follow the Gaussian distribution with mean zero and 
variance 2vt. Thus, the probability that such a particle will “land” 
between zand z+dz is the Gauss probability density function multiplied 


by dz (the length of the landing interval), precisely aa exp (- =) dz. 


If we repeat this with a very large number of particles (provided that 
their total mass is unity), then, according to the central limit theo- 
rem, the probability density function of the arithmetic average of the 
associated independent Gaussian random variables when their number 
increases indefinitely, converges to the probability density function of 
the individual Gaussian distribution considered above; 

2) Let us split up the time interval [0,¢] into | subintervals, each of 
them with length At = 7 and consider the following procedure in a step 
by step manner. 

Again let us place the N particles of mass +, at the origin, but now 
at £ = 0 too. Suppose that these particles will undergo a random walk, 
more precisely, the position of the i" particle at the moment mA¢t (i = 1, 
...,N;m=1,..., 1) is 





+1 0 
at = 2? +i”, (2; = 0) 
where 7)" are independent Gaussian random variables, each of them with 


mean 0 and variance 2vAt. The final displacement of the ¿tè particle 


Viscous Incompressible Fluid Dynamics 181 


is the sum of its displacements and it has, obviously, a Gaussian dis- 
tribution with mean zero and variance | x 2vAt = 2vt. Automatically 
the probability density function associated to one particle (its random 
variable) at time t, has the same structure as above and methods 1) and 
2) are equivalent. 

Let us recall now the same heat equation but with the initial condition 
v(z,0) = f(x). We know that the solution of this problem is 


(ast) = | G(2,0',t) F (2!) de’ 
where 


G (z,2',t) = 





exp -erl 


4vt 


1 
V4rvt 


But this solution has also a probabilistic interpretation. More pre- 
cisely, let us consider the N particles, starting at a random initial posi- 


—__ 0 
tion 29, i =1,N , and let us assign to each of them the mass Fez) If 


we let the particles perform a random walk (as in the method 2), keep- 
ing their mass constant, then, after / steps, the expected distribution of 
mass for the N particles, at a real position, is given by the above v(z, t) 
solution. 

If the heat equation is considered only on the half-line z < 0, with 
boundary condition v(0,¢) = 0, then the Green function for this problem 
is 





G* (a, 2',t) =G (z,2’,t) — G (2, -2’,t) 





with 
! _ _ — «')* 
o (et) = Jalen | Tot | 
As 
G* (0,2’,t) =0, G* (z,2',0) = 5 (2 —-2') 
and 


HG" (x, 2',t) = vd2G" (2,2, t), 


the solution of the heat problem 
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Vt = VVgrg, T <0,¢> 0, 


v (x, 0) = f (x), v (0,2) = 0, 


v(t) = | G* (0,2',t) f (2°) de! 
— OO 

The probabilistic interpretation of the last result is obtained as above, 
by starting with N particles of mass iz) at x’ and N of mass — fe) at 
—z', and letting them all (random) walk (by, for instance, the method 
2). 

Random walk methods will now be applied to vortex sheets. For the 
sake of simplicity, let us consider the plane fluid flow in the upper half 
plane y > 0 and suppose that the boundary y = O (the infinite flat 
plate) is rigid and at rest while the free-stream velocity of magnitude U 
is parallel to the real axis. Let us seek that solution of the Navier-Stokes 
system which is parallel to the flat plate and independent on g, that is 
u = u(y,t), v = 0, the pressure constancy being also ensured such that 
gradp = 0. 

Obviously the appropiate Euler system solution is (U, 0). 

Since the Navier-Stokes equations require the boundary conditions 





u(0,t) = 0, u(co,t) = U 


and thus 
o o 
ao — =0 
“on Oy 
the Navier-Stokes system reduces to 
au _ 1 du 
dt Ray? 
or by introducing the nondimensional variables y' = $ and t' = A to 
du D Bu 
Ot! RT dy’? 


2 . . , , oo 

If i = 1, then the nondimensionalized form of this equation is the 
same as that of the above equation and it will be the same with the 
boundary conditions. Accepting that the nondimensionalized equation 
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with appropiate boundary conditions has a unique solution, this solution 


must satisfy u (4,4) = u(y,t) if L? = T. Picking T = t, L = Vt, that is 


u (4, 1) = u (y, t), we can state that u depends on y and ¢ only through 
the combination v7 Set 7 = Te v = $ and u(y,t) = Uf (n). Then 


the initial equation becomes the following ordinary differential equation 
(in thefunction f), with appropiate boundary conditions, more precisely 





F” (n) + 2nf' (n) = 0, f (co) = 1, f (0) =0. 


But the unique solution of this bilocal problem is 


7) 
2U 2 
-2 Jed 
u “je S 
0 
Jr 


Oo 
where we have used the well-known result f e7% ds = YF. 


0 
This solution shows that there is a significant deviation from the Euler 
equation solution in a region near the wall (the boundary layer) whose 


“thickness” is proportional to xi and thus, for fixed time, the boundary 





layer decreases as +. 
Correspondingly, the vorticity of the flow is 


U y? 
S5 aa ( wt) | 
satisfying the equation £ = E Eyy- 

Unfortunately the boundary conditions for vorticity are not explicit 
and they should be determined from the adherence conditions on the 
boundary. 

To reconstruct this solution using random walks method, we first de- 
fine a vortex sheet of strength £ as a fluid flow parallel to the real axis 
Oz where the component u “jumps” by the amount é when y crosses a 
parallel line with Ox, say y = yo, i.€., u (yg) — u (yz) = —Ė. 

As t — 0+, the solution tends to the constant value U, for y > 0, 
while it vanishes ( u = 0 ) for y = 0. In other words, when t — O+ the 
solution approaches a vortex sheet on Ox with strength —U. 

Let us replace this vortex sheet by N “small” vortex sheets, each of 
strength — Accept that each of these smaller vortex sheets undergoes 
a random walk in the y direction defined by 


YTI = yP + nf", (yp =0) 
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where ni” are Gaussian random variables with mean zero and variance 
2vAt whith At = i m = 1,2,...,1. 

We state that for large N the distribution of vorticity is constructed 
this way and from it the function 


u(t) =U | ene 
y 


satisfies the heat equation ( u = uyy and £ = uyy ). This is clear 
from the random walk method developed above for the heat equation. 
What requires additional explanation is why u satisfies the no-slip con- 
dition on the boundary. If we remark that on the average, half of the 
vortex sheets are above Oz and half below, we can write 


u(0,t) = U+ | Eltai 
0 


or, in a discrete version, 


But the strength of the 7 vortex sheet is £; = -2U and therefore 
u (0, t) = 0. 

The random walk method based on vortex sheets will now be extended 
to the solution of the Prandtl equation (in an unsteady regime) for the 
half-infinite flat plate (the positive real semiaxis). 

The associated fluid flow (boundary layer) will be approximated at 
t = 0 by a set of N vortex sheets of finite width h, corresponding to 
the coordinates x € Es — R ti + 2] and y = y;, Of strength &;. To 
displace these vortex sheets we split up the time interval [0, t] in / parts 
of duration At = ; and we advance in time (from ¢ to t+ At)following 
the algorithm: 

(i) the vortices move according to a discrete approximation of the 
ideal (Euler) flow; 

(ii) vorticity is added by placing new vortex sheets on the boundary so 
that the resultant flow satisfies the adherence condition on the boundary; 

(iii) the vortex sheets undergo a random walk as that described in the 
previous flat plate example to approximate the solution of the heat equa- 
tion €& = Véyy, and to preserve the boundary conditions on boundary 
u=v=0; 
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(iv) time is advanced by the step At and the procedure restarts until 
time ¢ is reached. 

Obviously, the number of vortex sheets will increase in time, which 
corresponds to the fact that vorticity is created in the boundary layer. 

Let explain now step (i). It is known that the velocity component u 
satisfies 


Yy 
u(2,y) =u (œ) = f 


or, in a discrete version, the component u of the velocity of the 7” vortex 
due to the vortex sheets, is given by 


u (xj, Yi) = u (00) — N gj. 


This sum is extended over all the vortex sheets such that y; > y; and 
Izi — x;| < 4%, that is for all the vortex sheets whose “shadow” on the Or 
axis contains the point (z;, yi). On the other hand the incompressibility 
and the boundary condition v (z,0) = 0 lead to 


y y 
ð 
v (2,y,t) =v (2,0,4) ~ | us (2,3,t)ds=-5 | u (2,8, t) ds, 
0 0 


This last relation determines v in terms of «4? and a corresponding 
(discrete) approximate evaluation could be 


y y 
1 h h 
v (z, y, t) = y [ «(e+ pst) ds- [u(x Fst) ds 
0 0 


But a more useful approximation is obtained by rewriting the above 
relation in terms of the vortex strengths £;, precisely 


(5-5) 


om] — 


Ui (Ti, Yi, t) = 


where 


?Obviously, due to this relation, if u (oo) is prescribed we will not be allowed to prescribe 
v (00) too. 
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I’. (Ti, Yi) — ` Yj Ej» Yj = min (yj, yi) ? 
4. 


and 


(Ti yi) = Duis ' 


Here $` means the sum over all 7 4 i for which |e; — (zi + 2N] < Z 
4- 


and $` means the sum over all 7 which satisfy EZ — (x; — hy | < R, 


We could summarize all this by saying that in step (1) of the above 
algorithm, the it? vortex sheet is moved by 


m+1 
gett = rP + uAt, 


ytl = yP 4 At 


where u;and v;are given by the respective above expressions. 

The new velocity field is now determined by the same vortex sheet but 
considered at their new positions. This new velocity field satisfies v = 0 
on the real axis (by construction) and also u(oo) = U. Concerning the 
condition u = 0 on the real axis at the beginning of the procedure, it 
needs not remain so. 

The aim of the second step (11) is just to correct the boundary condi- 
tions. This may be done as follows: divide the real axis into segments of 
length h and, supposing that at the center A of one of these segments 
u = uj #0, we place at A one or more vortex sheets with the same sum 
of strengths 2u;, which will guarantee that, on average, u = 0 on the Ox 
axis in the new flow. 

In step (iii) we add a random y component to positions (2;, y;) of 
the existing vortex sheets, precisely a Gaussian random variable 7 (with 
mean 0 and variance 2vAt), such that the new positions are given by 





1 
grt = r7” + u,; At, 


yt! = yl + uj At + nf”. 


Intuitively, the vortex sheets move about in ideal flow together with a 
random y-component, simulating viscous diffusion. Vortex sheets newly 
created (to observe the boundary conditions) diffuse out from the bound- 
ary by means of the same random component y and then get “swept” 
downstream by the main flow. 
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If there is a leading edge (such as the origin in the case of the half- 
infinite plate situated on the positive real semiaxis), the model will be 
forced to create more vortex sheets at this edge in order to satisfy the 
adherence condition (since they are immediately swept downstream by 
the flow with no replacement). 

Regarding the length of the vortex sheet displacement, if in the Ox 
direction its average is proportional to At, in the Oy direction the “av- 
erage” jump (displacement) will be proportional to VAt. 

Details about the use of this model on vortex sheets can be found in 
the papers [20] while some theoretical aspects are treated in [21]. 


8.4 Example 


Let us consider, as a simple problem, a semiinfinite flat plate aligned 
with a uniform flow of constant velocity U and of constant physical 
properties, including density p [22]. The boundary layer equations are 
in this case simplified to 


(3.3) 


where v = p/p is the kinematic viscosity of the fluid. From these equa- 
tions we could calculate the velocity components u,v. The model is valid 
for the thin laminar boundary layer within an incompressible fluid but 
also for a compressible fluid with a velocity much slower than the speed 
of sound. 

At any point z on the plate we have three boundary conditions — 
two for the first equation and one for the second — namely the non-slip 
conditions at the surface and the uniform flow at far distances, that is 


Uly—0 = 9, viyo = 90, Ulyooo =U. (3.4) 


The differential equation and the boundary conditions for f (3.2) are 


therefore ne Leen 
f(0) = f' (0) = 0, (3-5) 
f'(œ) = 1, 
(the Blasius problem) and the velocity components become 
u=Uf', 


1/2 
v= 9 (=) (nf! f). 


T 
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This problem could be numerically solved. First, it is transformed 
into a system of three first order equations 


f'=p, f(0) = 0, 
p= D p(0) = 0, 
qg=-—3fa, (0) = qo, 


with qo not known for the moment. It will be calculated by successive 
numerical integrations with a Runge—Kutta method such that p(oo) = 1 
is satisfied. 

If we have f and its derivatives p and q, we could calculate the velocity 
components within the boundary layer from formulas (3.6). 

Let us consider a numerical example with U = 30m/s and the kine- 
matic viscosity of the air (at sea level) v = 1.49x107°m?/s. The problem 
(3.5) is solved by the MATLAB program 

for i=1:10 q(i)=i/10; 

[t ,x] =ode45(@edstrlim, [0,10], [0 0 q(i)]); 

r(i)=x(length(x) ,2); 

end; 

plot(q,r) ;grid;xlabel(’q’);ylabel(’r’); 

which uses the function subprogram edstrlim.m 

function yprim=edstrlim(x,y) ; 

yprim=zeros (3,1); 

yprim(1)=y(2); 

yprim(2)=y (3) ; 

yprim(3)=-y (i) *y(3)/2; 

The program chooses different values for gg and solves the correspond- 
ing Cauchy problem. The values of r representing f’ for large values 
(7 = 10) are taken and the value gg = 0.3320572 for which f’(10) = 1 is 
found (see for example Figure 3.3). 

The corresponding solution f'(ņ) is represented in Figure 3.4. 

The structure of the boundary layer could be now obtained by rep- 
resenting the components of the velocities u respectively v from the 
formulas (3.6). We remark that the thickness of the boundary layer (de- 
fined as the height for which u = 0.994U which occurs for 7 = 5.2) is of 
the form 








therefore it is represented by a parabola, see Figure 3.5. 

We also remark that the boundary layer thickness is about 0.37cm 
and the Reynolds number corresponding to this distance is R = Uz/v = 
2.01 x 10°; the Reynolds number must be large in order to ensure the 
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Figure 3.3. Choosing the initial condition go 
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Figure 3.4. The solution of the Blasius problem. The graph of f’ 


validity of the boundary layer theory. Moreover, the shear stress is 


du Ue 
rang T (ia) T 


VIr 


thus f” describes the dimensionless shear stress in the boundary layer. 
Consequently, the particular value f”(0) = go which is the value calcu- 
lated in the program, is the dimensionless shear stress on the flat plate. 

We could avoid the calculation of gg (which needs the successive solv- 
ing of Cauchy problems on large intervals [0,7]) by using the following 
change of coordinates. 

Let 7 = kz where kis a constant that will be determined, and let g 
be a function associated to f through f(n) = g(z)/k. Then 

d'f 1 dg 


nd 


dn” ~ Anti dz” 
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Figure 3.5. The boundary layer for a flat plate 


so that the Blasius problem (3.5) becomes 


g" ab: 599" nee 0, 
g(0) = g'(0) = 9, 
g' (oo) = k?. 





But k appears only tn the condition at infinity, therefore we may 
choose g"(0) = 1. By solving this single Cauchy problem, we obtain 
its solution g(z), together with the derivatives g'(z) and g"(z), on a 
reasonably large interval for z. Taking the square root of g' we find the 
value of k at the end of that interval. Then, f(n) = g(z)/k and n = kz. 

Other procedure could be the use of the relation f"(0) = k7? after 
the calculation of k, and the solving of the Cauchy problem for f with 
these initial data. 

The above problem may be complicated by injection or suction of fluid 
through the body surface resulting in a modification of the structure of 
the boundary layer and also of the heat transfer. If the injection of 
fluid is suitably distributed, the fluid flow remains self-similar, that is 
the equations describing the phenomenon and the boundary conditions 
may be transformed into a form with a single parameter as independent 
variable. 

Such a case is when the velocity of the injected (or sucked) fluid is of 


the form is 
w=0(2) 
T 


where C is a constant. In this case the equation and the initial conditions 
of the problem (3.5) remain the same, excepting of f (0) = —2C where C 
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positive or negative means injection, respectively suction of fluid. The 
results are shown in Figure 3.6. 





Q 05 1 1.5 


Figure 3.6. Boundary layer with injection of fluid 


Now in the velocity profile within the boundary layer there exists an 
inflection point. At that point uyy = 0 and this means an instability of 
the flow and a turbulence may develop in the boundary layer. 

We remark that in the case of an injection or suction of fluid, we 
cannot apply the method of changing of variables to solve the Blasius 
problem. The constant k appears now at a boundary condition, not only 
at infinity and now g”(0) cannot be arbitrarily chosen. 


8.5 Dynamic Boundary Layer with Sliding on a 
Plane Plaque 


We will now determine the characteristic values of the viscous bound- 
ary layer, disregarding the classical hypothesis of adherence to the wall 
114]. 
Ct us consider a semifinite plane plaque situated on the Oz axis, 
having the edge at O, attacked under a null angle by a viscous incom- 
pressible fluid stream. The flow is plane and we let Oxy be the plane of 
the flow. The fluid flow equations are 


% 


pii Mue 


+ uu, pv: Vo =~ + pav, 


ðu Ov | 


br Oy 
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where v = v(u, v), i.e., 


Ou Ou o?u 
p (u +U i) = P Dy? ; (3.7) 
du do 
Or Oy 


according to the approximations of the boundary layer theory. Unlike 
the theory of the classical boundary layer, ın which to these equations 
one associates the boundary conditions 


u(x, 0) = 0, v(z,0) = 0, u(x, co) = Ugo, 


in our case, the boundary conditions will be 


Ou 
0) = Li => 
u(x, ) Yay 
the first signifying the fact that the fluid, in contact with the plaque, 
slides on its surface. 
‘Taking vfrom the second equation (3.7) and replacing it into the first 
equation, we get 


(x, 0), v(x, 0) = 0, u(x, co) = Uso, (3.8) 


and, by integration with respect to y from y = 0 to y = d(x), we obtain 


ô 


å y å 
Ou Ou Ou 
p | ug dy- p u | S dy +o | usedy = -ru 
0 0 0 


0 


ð 
where Ty = u (5) , thus leading to the integral relationship 


w 


ô 
d u 
puso — — | — — = —T,,. . 
puž & [< (i. L) dy T, (3.9) 
0 


We shall use this integral relationship by considering a velocity profile 
within the boundary layer of the shape 


Uo 2 3 4 
— = U = ao + a17 + Got? + azn + aan, 
Uoo 
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where 
0<y<d(x), —-=U=1 fory > 4c) z 
YS T), Uco Yo T}, 1 = s(a) 
The a; coefficients can be determined by using the appropriate conditions 
_ ua 
ae ae ar? = 0 for 7 = 0, 
» Ou Ou 
u= l1, oem ap O=; 
L 
where L = a): 


Following the calculations, there appears the nondimensional profile 
of the horizontal component of the velocity, in the shape 


7 = 


1 
——~— (2L + 2n — 2? +7*). 3.10 
peop Coren ey +n) (3.10) 
In Figures 3.7, respectively 3.8, we present the profile of the nondimen- 
sional velocity together with the influence of the L parameter on the 


velocity’s profile. 


u=u(eta,L} 





Figure 3.7. The profile of the nonmensional velocity 


Now, one can also determine other characteristic values of the bound- 
ary layer. For instance, the local tension between two neighbor layers 


T=p (=) has the expression 


2 
T sil (1 — 3n? + 27°) 


~ 6(1 + 2L 
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u=u(eta,L) 





Figure 3.8. The influence of the L parameter 


tau=tau{eta,L} 





Figure 3.9. The local tension between two neighbor layers 


and it is represented, within the section « = const. in Figure 3.9. 
The local stress on the plaque has the expression 


2U 
ae Ah 3.11 
Tw = §(1 + 2L) ee 


Replacing the velocity expression (3.10) and the local stress on the 
plaque (3.11) in the integral relationship (3.9), we get 


Me dr [0+2 (5  315)| 6(1 +21)’ 
respectively > 
d (6 31 
Cl a ee l 
dx 37+ 189L pu% 





Viscous Incompressible Fluid Dynamics 195 


from where, by integrating, 1t turns out that 


315 b 
37 + 189L pus ’ 









5(x) = 24/ (1 + 2L) 


due to 6(0) = 0. From the relation (3.11) we get the expression of the 
local stress on the plaque 


1 


37 + 189L ppus, 
@+22)P\ 315 zo 


315 T 





Tult) = 





which is represented in Figure 3.10. 


tauw=tauw(x,L} 





Figure 3.10. The local stress on the plaque 


The influence of the abscissa x and of the L parameter on the thickness 
of the boundary layer is presented in Figure 3.11. 


delta--delta(x,L) 





Figure 3.11. ‘The thickness of the boundary layer 
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Chapter 4 


INTRODUCTION TO NUMERICAL 
SOLUTIONS FOR ORDINARY AND 
PARTIAL DIFFERENTIAL EQUATIONS 


1. Introduction 


The equations describing the flow of fluids are ordinary or partial dif- 
ferential equations which combine the flow variables (the velocity com- 
ponents, the pressure, etc.) and their derivatives. But for most of these 
equations there are no analytical methods to find their solutions. Con- 
sequently, different numerical methods should be used, methods which 
allow us to produce approximative solutions by using computers. For 
more details on such methods which are also presented in this book, we 
refer to [4], [13], [18], [22], [43], [79], [100], [120], [121], [125], [128], [131], 
[145], [155]. 

The main quantitative feature that we deal with is the accuracy of a 
numerical method, 1.e., its ability to approximate “as well as possible” 
the analytical solution of the given problem when the approximation 
tools become “fine enough”. ‘The main qualitative feature taken into 
account is the stability of the method, 1.e., its ability to not propagate 
and not accumulate errors from the previous calculations to the following 
ones. 

The first step to numerically solve a given problem 1s its numerical 
discretization. This means that each component of the differential or 
partial differential equation 1s transformed into a “numerical analogue” 
which can be represented in the computer and then processed by a com- 
puter program, built on some algorithm. 

The continuous form of these models could be represented as 


Au = f. 


Excepting some very simple cases, we can not determine the exact so- 
lutions of these equations and therefore we should find at least some 
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approximative solutions that describe well enough the physical phe- 
nomenon. These approximative solutions must be the elements up from 
a finite dimensional space, calculable by an acceptable effort from a finite 
system of equations of the type 





Anup = fh. 


Here his a parameter supposed to tend towards zero, when the di- 
mension of the system tends to infinity. The essential problem is the 
link between up and u. For its study, we need also a link between the fi- 
nite dimensional space and the continuous space which allows finally the 
evaluation of the distance (deviation) between up and u, distance (devi- 
ation) that must become small for a small h (the convergence problem). 
For this, we need first a study which ensures that Ap becomes closer 
to A when h —> 0 (the consistency problem). Moreover, we need also a 
study which ensures that up belongs to a bounded set when h - 0 (the 
stability problem). 

For example, the finite differences method based upon the Taylor 
series, describes the derivatives of a function as the difference between 
its values at various points. In other words, the method replaces the 
derivative operators from A with combinations of some “translation” 
operators into Ap. If we know the values of the function u and its 
derivatives at the point x, we could approximate the values of u at the 
neighboring points xz + h or x — h by 


du he? d’u—s hh du 
dz 2dx2 6 dr 
du h?du sh Bu 
de’ 2d 6de 
where his small and the derivatives of ware calculated at v. 

But if we know the values of u at xz — h, z, x + h, by adding and 


subtracting the above formulas we can approximate the first and the 
second order derivatives of u at z, namely 





uļz +h) =u(xz) +h +... 


u(x — h) = u(x) — h 


du 1 
i [u(x +h) — u(x)] + O(h) 
or 
du 1 
TE [u(z + h) — u(x — h)] + O(h?) 
and Pp i > 
72 y [u(a — h) — 2u(z) + u(x + h)j + O(h*) 


where O(h) or O(h?) represents the error order. 
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Combining these formulas into the given equation Au — f = 0, we get 


Anun — fr = ` au(x + kh) — X bef (2 +kh)=0 
k k 


The above formulas and others deduced by various techniques, as we 
will see in the next sections, allow the replacing of every term from 
the given equation, and thus obtaining its numerical analogue. ‘This 
can be performed by choosing a grid in the computational domain and 
replacing the derivatives at the grid points with finite differences, as 
above. Finally, we obtain a system from which we calculate the values of 
the unknown functions at the grid points, 1.e., we calculate the numerical 
solution. 

By this procedure, a differential or partial differential equation de- 
fined on the entire domain, that is at an infinite number of points, is 
transformed into a system with a finite number of equations which de- 
scribes the relations between the values of the unknown solution at a 
finite number of points (belonging to the domain). 

If u is the exact solution and up the numerical one, then Apu — fh 
is called the residue. If Apu — fp = O(h?) when h —> 0, p is called 
the truncation order. ‘The discretization procedure is consistent if the 
truncation error tends towards zero when h - 0. But consistency is not 
sufficient to prove the convergence of up towards u. We have 


u — un = (An) (Anu — fr) 


and thus a uniform boundedness of (A,)~* into the considered functional 
Space is also necessary, a property which is called the stability of the 
approximation scheme. It comes usually from the relation 


Cee 


by applying the Banach—Steinhaus theorem [121]. 

There are other aspects that must be taken into account when we 
analyze a numerical method. Let us take an illustrative example, specif- 
ically 

Uz — UUgz = 1, 


u(0) = 0,u(1) = 0, 
where the exact solution 1s 








x 
1—ev 

u = gz — r- 
l — ev 


Let us discretize this equation with centered finite differences 


sz, lule +h) — ule — h)] — $ lule — h) — 2u(2) + ule + A)] = 1 
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If uj denotes the approximation of u(jh), for 7 = 0,1,...,N where 


h = 1/N, we can calculate the exact discrete solution from the above 
equations 


where P = h/v is the Peclet number. For P > 2 we remark some 
important oscillations of the numerical solution in the vicinity of z = 1, 
see Figure 4.1. For P < 2 we have no oscillations. 


1.5 


0.5 





0 0.2 0.4 0.6 0.8 1 


Figure 4.1. ‘The spatial instability 


This particular behaviour 1s called spatial instability of the numerical 
method and it is due to the dominant advective character of the equation 
in the case of a small coefficient v. 

If we use another numerical scheme, for instance 


1 V 
h (uj — uj—1) = RZ (uj+1 = 2u,; + uj—1) =, 


the numerical solution is given through the same formula but with q = 
1 +1/P and therefore the spatial instability does not interfere. 

In the case of a time evolution, by discretization of the time deriva- 
tive one can obtain explicit or implicit links between the values of the 
unknown function at different time instants. It is necessary to study the 
time stability of the envisaged numerical method. 

The passing from a time level to another is numerically performed by 
multiplication by a complex factor — the so-called amplification factor. 
The errors appear, in magnitude — the dissipative errors — ifthe ampli- 
fication factor is, in magnitude, less than 1, or in phase, if the numerical 
solution is advected along a different speed than the exact solution. If 
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the amplification factor is in magnitude larger than 1 the scheme is un- 
stable. The phase errors are joined to the odd order derivatives which 
are present in the equation, while the dissipative ones are joined to the 
even order derivatives. 


The discretization is often performed in two stages, using the lines 
method. First, a spatial discretization 1s performed, obtaining a system 
of time differential equations. To this system the specific methods are 
then applied. The distribution of the eigenvalues of the spatial operator 
from the discretized equation and the behaviour of the amplification 
factor have an important role for the study of the algorithm. 


The schemes which are not of this form are the space-time schemes. 
Typical examples are the Lax—Wendroff (1960) and MacCormack (1969) 
methods, but from the 1980s they gradually were replaced by the lines 
methods. A reason for this 1s that the numerically steady solutions for 
the space-time schemes could depend on the considered time step-size. 


In physical problems, the admissible values of some variables are lim- 
ited to some intervals. On the other hand, some numerical methods 
allow the generation of spurious oscillations in the numerical solutions, 
violating the above requirement. 


Numerical schemes with a higher accuracy and generating lower oscil- 
lations must be used. One of the properties characterizing such schemes 
is the reduction of the total variation of the numerical solution (TVD 
- Total Variation Diminishing) when marching in time, TV(u"t!) < 


TV(u") where TV (u”) = >/, ur — už. 


A much used scheme is MUSCL (Monotonic Upstream Scheme for 
Conservation Laws), elaborated by Van Leer in 1983. For the construc- 
tion of a nonoscillatory scheme it is important to reconstruct a local 
interpolant of the unknown function from a discrete set of values. 


Harten and Osher (1987) found a criterion which allows the construc- 
tion of schemes not-TVD but yet nonoscillatory. A reconstruction of 
degree k, R(u, k) of the function wis essentially nonoscillatory (ENO) if 
TV (R(u, k)) < TV(u) + O(h")for r < k. Of course, in the neighborhood 
of some singularities of the solution, the accuracy of these schemes is not 
so good and must be improved by the grid refinement. But this action 
could lead to stability problems which could be avoided by choosing of 
some spatial discretizations with better stability qualities. 


In the sequel we will illustrate, by some simple examples, the main 
numerical methods for the basic types of problems of fluid dynamics. We 
remark that, taking into account the significance and the frequency of 
the appearance of these equations in practical problems, a lot of software 
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was elaborated, more or less comprehensive, more or less accessible, in 
order to solve numerically such problems. 


Nowadays, the calculation of the values of some elementary or special 
functions is no more a problem; many optimized algorithms are imple- 
mented on all computing packages and the solving of linear systems of 
equations Az = b is very easy. The exact solving methods for such sys- 
tems are now accessible in MATLAB by the command z = A\b, which 
analyses the matrix A and chooses the optimal solving procedure. The 
frequently encountered case of a sparse matrix A is also considered; so we 
may solve large systems of thousands of equations within an acceptable 
computing time. 


For very large systems, some iterative methods are also available 
(gmres - Generalized Minimum Residual, peg - Preconditioned Con- 
jugate Gradients, for instance). These iterative methods need, usually, 
the description of the matrix A or only the algorithm to calculate the 
matrix-vector product Au and they are particularly efficient. Of course, 
complex problems may lead to very large systems of algebraic equa- 
tions whose solving 1s very difficult or even impossible with the already 
implemented methods. In these cases it 1s necessary to find and to pro- 
gramme specific algorithms taking into account the specific structure of 
the system. 


Analogously, the numerically solving of the main problems for partial 
differential equations is facilitated by using the (PDE)-Partial Diffe- 
rential Equations toolbox of MATLAB which allows a complete treat- 
ment, from a description of the computational domain, to imposing of 
the initial and the boundary conditions, choice of the (constant or vari- 
able) coefficients of the equations, discretization of the domain by a 
suitable triangular mesh, implementation of the finite element method 
(including visualization of the solution), mesh refinement, etc. 


Unfortunately, the increasing specificity of the problems reduces the 
flexibility of these packages. They are designed to solve standard prob- 
lems, more and more complex, with few variations, for specific domains 
and taking into account only certain equations and phenomena. We re- 
mark, for instance, the industrial packages FLUENT or COSMOS, used to 
solve problems from fluid dynamics and heat transfer in 3D, which is in 
a continuous development. Other software, based on the finite element 
method, finite differences, finite volumes or spectral methods are FEAT- 
FLOW, SIMPLE, QUICK, PHOENICS, FLOTRAN, NSFLEX, FIDAP, FIRE, 
LISS, FASTEST, FEMLAB and many others, for educational or scientific 
purposes, accessible on INTERNET. 
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2. Discretization of a Simple Equation 


In order to illustrate and compare some discretization methods, we 
apply them to a simple equation (the one-dimensional diffusion equation) 


2.1 Using the Finite Difference Method 


We start by establishing the domain where the equation 1s studied. If, 
for example, we model the diffusion of a gas into a tube of length J, the 
spatial domain is the interval of the Oz axis associated to this length, 
i.e., (0,2). The time domain begins at ¢ = 0 and indefinitely extends to 
the positive direction of the time axis Ot, 1.e., (0, +00). Concluding, the 
equation domain is Q = (0,1) x (0,+00) c R2. 

Now we can choose the grid. We will construct a grid formed by the 
straight lines x = zj, 3 = 0,1,...,n where zo = 0 and z, = l, with the 
constant step size Ag = 234; — x; for all 7 in the Oz direction and the 
straight lines £ = tk, k = 0,1,... where tọ = O with the constant step 
size At = tk+1 — tẹ for all k in the Ot direction. The nodes will be the 
intersection points of these straight lines, i.e., (xj, tk), j = 0,1,...,n , 
k = 0,1,.... 

We are able now to discretize the equation by replacing the derivatives 
by finite differences. For example, 1f we denote by us = u(zj,t,), we 
obtain for the node (2;, tx), 











k41 k k k 
uj — j-1 Z Uy FUG 
At Ax? 
which could be reset in the form 
At At At 
k+1 _. k k k 
gh gatat (1na) + athe 


Applying these formulas for any 7 = 1,...,n — 1, we see that from the 
known values for k = 0 (the initial conditions) we can calculate those 
for k = 1, then from these values we calculate those for k = 2 and so on. 
At each step, we must know the values u% and uf (from the boundary 
conditions) 1n order to complete the time level values. Such a procedure 
is called explicit. There are many such formulas, as we will see in a next 
chapter. 


2.2 Using the Finite Element Method 


We will choose the same grid as that for the finite difference method 
but for instance we will discretize the equation only with respect to the 
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where uë = u(x, tp). 


Let us construct the variational (or weak) form of this equation, by 
multiplication with the known function v and by integration upon (0,1!) 


l k+l _ ,,k l ð? 
u u u 
v—— d = v—— dr 
J Ati” J Ox 


which becomes, after an integration by parts, 


[ yur — uf dz ðu 
—_———_____ = y — 
0 At Ox 


S © Ov Ou | 
0 9 Ox Ox 





Let us transform now this equation into its numerical analogue. We 
divide the spatial domain (0,1) into elements, for example (2;,22) U 
(29,23), on each element we seek the unknown function under the form 
u = j=l Nju; where N; are the shape functions and uj are those 
corresponding to that element’s nodal values. Choosing the multipliers 
v to be the shape functions on each element and considering the right- 
hand side of the variational equation at the same time instant tẹ (the 


explicit procedure), we find 
T2 [ ONn 3 ONJU 
— ——— dr 
0 Ox Ox 
Ti q=1 


v2 j ju, Ou 
"E, } _ 
J MIY er = E 


n = 1,2, for the first element and a similar equation for the second. 
But the shape functions are simple, the above integrals can be ex- 
actly calculated, the integrated parts reciprocally reduce at the interior 
nodes and finally we obtain two equations for each element, having as 
unknowns the nodal values. In matrix form, these equations are, for 


each element 
(2 Ou y= (4B). 
a21 422 uktt f2 
Assembling these elements, the local numbering 1 — 2 becomes a global 
numbering | — 2 — 3 and the above systems become 











k+1 
aii, aig O Uy fi 
azı a2 0 ut | = | fe 
0 0 0 ust! 0 
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for the first element and 


0 0 0 ust 0 
0 bu b? u5 J= {gn 
0 bzn b22 uxt! 92 


for the second. 
Combining these local systems into a global system , we get 


k+1 
a11 a12 0 w fi 
a2; a22+ 61; die ust =| f2+9ı 
0 b21 b22 ust 92 


Here we introduce the boundary conditions and then, by solving the 
system, we get the nodal values of the solution at the instant ¢,,, from 
the values at the instant tą (which appear on the right-hand side). We 
also remark, although for two elements it is not yet apparent, that the 
matrix of the system 1s a sparse matrix and thus the system could be 
solved by corresponding techniques. 


2.3 Using the Finite Volume Method 


At the first step we discretize in time the equation, 

utl yk gu 
At Ox? 

Then, at the time instant tg, we divide the spatial domain (0,1) into 
finite volumes (in our case they are intervals too) but having the reference 
point P at the center. Considering three such neighboring finite volumes, 
with centers at the points W and E (to West respectively to East of 
P), these volumes have their interior boundaries placed at the points w 


between W and P, respectively e between P and E. The discretization 
of the spatial derivative 1s now performed by the formula 














Ou Ou 
> mn 7 
duj _ OL|, OL ly 
Ox? |p Le — Ly 
and then 
Ou UR — Up Qu; — up—uw 
rje @e-Ltp’ r|, zrp—zrw 








Replacing into the above equation for every reference point E, P, W 
we obtain another system from which we can calculate ug, up, uw at the 
next time instant ¢,4,. This step 1s performed as for the finite differences 
method, using the initial and boundary conditions. What 1s different in 
these two methods 1s the discretization procedure. 
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2.4 Comparison of the Discretization Techniques 





The above presented methods have a common feature: they generate 
equations for the values of the unknown functions at a finite number of 
points in the computational domain. 


But there are also several differences. The finite difference and the 
finite volume methods generate numerical equations at the reference 
point based on the values at neighboring points. The finite element 
method produces equations for each element independently of all other 
elements. Only when the equations are collected together and assembled 
into a global matrix are the interactions between elements taken into 
account. 








The finite element method takes care of boundary conditions of Neu- 
mann type while the other two methods can easily apply to the Dirichlet 
conditions. 





The finite difference method could be easily extended to multidimen- 
sional spatial domains if the chosen grid is regular (the cells must look 
cuboid, in a topological sense). The grid indexing is simple but some 
difficulties appear for the domain with a complex geometry. 





For the finite element method there are no restrictions on the con- 
nection of the elements when the sides (or faces) of the elements are 
correctly aligned and have the same nodes for the neighboring elements. 
This flexibility allows us to model a very complex geometry. 


The finite volume method could also use irregular grids like the grids 
for the finite element methods, but keeps the simplicity of writing the 
equations like that for the finite difference method. Of course, the pres- 
ence of a complex geometry slows down the computational programs. 








Another advantage of the finite element method 1s that of the specific 
mode to deduce the equations for each element which are then assembled. 
Therefore, the addition of new elements by refinement of the existing 
ones 1s not a major problem. For the other methods, the mesh refinement 
is a major task and could mvolve the rewriting of the program. 





But for all the methods used for the discrete analogue of the initial 
equation, the obtained system of simultaneous equations must be solved. 
The time marching from one time level to another could lead to a blow- 
up of the numerical accumulated errors (the numerical instability of 
the computations). This instability must be counteracted by using 
suitable discretization procedures. On the other hand, when the spatial 
dimensions of the cells tend towards zero, the numerical solutions must 
tend towards the analytical solution of the problem (the convergence of 
the algorithm). The following chapters will detail these features. 
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3. The Cauchy Problem for Ordinary Differential 
Equations 


The simplest problems for ordinary differential equations (ODE) are 
that for the first order equations 


dy _ 
dt = f(t, y) (4.1) 


where y(x) is the unknown function. The geometric interpretation of 
such an equation is based on the idea that for a given function y = y(t), 


its derivative at) represents the slope of the tangent to its graph at the 
point t. If at any point (t,y) from IR* (or from the definition domain 
of the equation) we draw a vector of slope f(é,y), we obtain a vector 
field and therefore the differential equation defines a family of curves 
(trajectories) which are tangent at every point (t, y) to the corresponding 
vector of the field. 

For example, for the differential equation aw = t*y we obtain Figure 
4.2 where the (trajectories) curves family mentioned 1s obvious. From 








Figure 4.2. The flow field generated by the equation ou =t’y 


here arises also the notion of flow field generated by the differential 
equation, because the image is similar to the motion of the particles of 
some fluid flow. 

It is “obvious” from the picture that we can choose a unique solution 
by choosing a point (¢, y) on the respective curve, i.e., by imposing a 
condition of the form 

y(to) = yo (4.2) 
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called also a Cauchy condition. The two relations (4.1, 4.2) form a 
Cauchy problem. 

There exists a natural trend to “a priori” suppose the existence and 
the uniqueness of the solution of a Cauchy problem since the differential 
equation models a real, physical, observable phenomenon. However, the 
real process and its mathematical model are two distinct entities. The 
model reflects only partially the phenomenon, therefore it 1s possible 
that some models have either no solutions or many solutions, some of 
which without physical relevance. 

The aim of the existence and uniqueness theorems is to describe fam- 
ilies of equations as large as possible for which the existence and the 
uniqueness of the Cauchy problem is ensured. For some difficult prob- 
lems, often there are no explicit formulas for the solutions and implicitly 
numerical calculations must be used. In these cases it 1s important to 
know that a solution exists before investing time and computing effort 
to look for something that eventually could not be found. 

Definition. A solution of the Cauchy problem (4.1, 4.2) is a differen- 
table function y of f, on an interval J which contains tg, which verifies 


Eyt) = flt) € I 


and 
y(to) = yo- 
We remark that this definition could be weakened, by accepting the 
nondifferentiability of y on a “small enough” set of points ¢ € T. 
In order to ensure the existence and the uniqueness we must impose 
some restraints on the function f, 1.e., on the slopes of the trajectories 
generated by the differential equation. For example, the problem 





dy 
dt — 2V9, y(0) =0 


has two solutions on I = (0, +00), z(t) = 0 and w(t) = t*. This may 
occur due to the rapid change of the slopes of the solutions near ¢ = 0, 
generated by the function „y. 

The usual requirements that ensure the existence and the uniqueness 
are the continuity of the function f with respect to ¢ and the satisfaction 
of the Lipschitz condition 


JK >0:|f(t,z)—f(t,w)| < Klz—w|,Vt,z,w 


with respect to the second argument of f. The proof of the existence 
theorem is based on the transformation of the given differential equation 
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into an integral equation 


t 
u(t) = u(to) +  F(s,u(s))as 


and on the fact that this Volterra type equation has a solution which 


could be found by a convergent process of successive iterations (Picard), 
namely 


yo(t) = 90; 
y1(t) = Yo + fo f(s, yo(s))ds, 


yo(t) = yo + fe, f(s, i(s))ds, 
yn(t) = yo + ff, F(s, Yn-1(8))ds, 


THEOREM 4.1. Suppose that in D = [tp — a, to +a] x [yo — b, yo +b} the 


function f(t,y) is continuous with respect to t and verifies a Lipschitz 
condition 


IK > 0: |f(t,z) — f(t,w)| < K |z ~ vu], V(t,2), (t,w) € D. 


Then there exists a unique solution of the Cauchy problem (4.1, 4.2), 
which can be extended until the boundary of D. 
Let us recall the example of Figure (4.2) 


dy 19 
— =f’ 0)= 1 


where the associated integral equation is 


t 
y(z)=1 +j s*y(s)ds. 
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The successive iterations are 


yo (x) = 1, 


#3 
y(t) =1+ fi s2ds =14 z, 


3 
(t)=1+ fos? (1 Nass hy 
wl) =1+ fos? (1+ ) ads 3” 18 
3 gê 3 6 9 
t 9 5 = t t t 
t) = 1+ > ds = 1 2 4 —_ 
y3(t) L+fie(1+5+5)ds= +3 +g + ig 





and we recognize the partial sums of the power series expansion of the 
exact solution y = et/3 

In many cases we can find such explicit solutions. But, also many 
important problems have no such representations of the solutions and 
we should use numerical approximation methods. 

There are many such numerical methods. In simple cases, a simple 
method could be satisfactory but more “serious” problems could require 
the more elaborate methods. 

A first problem to solve is to establish what the numerical method 
calculates. As an algorithm which runs a finite time interval gives only 
a finite number of outputs, we should determine what those values rep- 
resent. They could be approximations of the coefficients of some series 
expansion (as for the previous example) or they could be approximations 
of the values of the solution at a finite number of points, previously or 
even chosen while running . Moreover, the numerical method should 
allow also some estimations of the approximation errors. 

A second problem is to calculate the next values from the previous 
ones, for example to calculate y(t + h) once given y(t). This suggests 
the Taylor’s series finite expansion (Taylor’s formula) 


dy(t) y(t) ARH ant ly(g) 


y(E+h) = ylt) +h + oa (int! det 





where the last term is an error term and € € (t,t + h). 
The simplest numerical method (Euler) derives from the above ex- 
pansion by truncation after the linear term 


dy(t) 


y(t +h) = y(t) + h= 
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which leads to the basic formula 


Yn = Yn—-1 + hf (tn-1, Yn—1) (4.3) 


where yn © y(nh), tn = nh and h is a chosen step size. 

Assuming that the second derivative of the solution is bounded by M 
in magnitude, one can show that the step error is of order O (h?) and the 
total error on the interval (a,b) where a = tp < ti <---< tn = nh =b 
is bounded by M o-2h, i.e., it is of order O (h). 

We could obtain better methods, with errors of order O (hP) ‚for p > 1, 
using the above integral representation 


t+h 


t+h 
sth =u f seveda =y a(i S i F(s,y(s))ds ) 


Here the last term in the parentheses represents an average slope of the 
solution on the interval (t,t + k). A good numerical method should 
calculate, as accurately as possible, this average slope. 

For example, the Euler method takes as average slope the solution 
value at t. Of course, a better value seems to be the slope considered at 
the midpoint of the interval t + 2, i.e., 


y(t +h) = y(t) + hf (++ sult + >) 


The problem here is the calculation of the solution y(t + R) which is, 
in fact, the same problem as that to be solved. But this value at the 
midpoint of the interval could be also approximated by an “Euler step”, 
precisely 


ytt + 5) = y(t) + EFEC), 


and thus we obtain an algorithm of the form 


(4.4) 





y(t + h) = y(t) + Ako. 


By developing these expressions we obtain a coincidence with the 
Taylor development of the solution until the term in h? so that the step 
error of the above algorithm (Runge) is of order O (hë) while the total 
error on (a,b) is of order O(h?). The price paid for this is the twice 
evaluation of the function f at each step. 
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The general methods of such type, called Runge-Kutta methods consist 
of a sequence of stages, at each stage evaluating an approximative value 
of the slope of the exact solution. The final step advances the solution 
from t to t+ h by using a weighted sum of the above calculated slopes. 
This means 


Kı a ij (t, y(t)) ) 


Ko = f (t+ coh, y(t) + hag Kı), 


K; = f (t + ezh, y(t} + hag. Ky + hageKo), 


K, = f (t + csh, y(t) + hes Ay + has aKa +... + has s1Ks-1), 


ylt +h) = y(t) +h(b1 Kı + boKo + -bs K) 





(4.5) 
where s is the number of stages. A particular method is characterized 
by the coefficients a; ;j,b; and c; which could be given in a Butcher table 
— see Table 4.1. 


Table 4.1. Runge-Kutta method 





For example, the above Runge method (4.4) has Table 4.2 


Table 4.2. Runge method 


0 
1/2 | 1/2 
o 4 


These methods use a fixed step size h. By diminishing h the accuracy, 
but also the computing time, increases. It is possible to diminish the step 
size only where the approximative solution changes rapidly its values and 
we could use a larger step size in the regions with a slow variation of 
the solution. Consequently, the step size h should be modified while 
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calculating and in agreement with the solution’s behaviour. This task 
could be performed, for instance, by running (in parallel) two different 
methods, one for the solution propagation and the other to estimate and 
to control the errors. 

For example, the popular method RK4 with 4 stages of Kutta, Table 
4.3, gives the approximation 


Table 4.8. Kutta method 


1/2 | 1/2 
1/2 | 0 1/2 
1/0 oO 1 
1/6 2/6 2/6 1/6 





y(t +h) = RK4(t,h) + Mh + O(h) 


where y(t + h) is the exact solution and RK 4(t,h) is a step obtained 
by this method. The coincidence with the Taylor series, of the exact 
solution is until the order 4. This method could be coupled by a RK3 
method, of order 3, Table 4.4, which gives a similar formula 


Table 4.4. RK3 method 





y(t +h) = RK3(t,h) + Kh* + O(h’). 
By subtraction of the above two representations for y(t + h) we get 
0 = RK3(t,h) — RK4(t,h) + Kh* + O(h°) 


from where 
Kh‘ = RK4(t,h) — RK3(t,h) + O(h°). 


Consequently, calculating RK4 we can give a good approximation of 
the error of RK3. But this parallel calculation requires new evaluations 
of the function f. Fehlberg has discovered that there exist some pairs of 
Runge-Kutta methods with different truncation orders while the main 
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lines of the respective tables are the same. So that, the step size h could 
be fitted using only one supplementary evaluation for the function f. 
Such a pair is formed by the methods described in Tables 4.5, 4.6 
with the truncation order 5, respectively 6, so that the accuracy of the 
method is of order 4, respectively 5. There are many other such pairs, 


Table 4.5. RK5 method 








0 
2/9 | 2/9 
1/3 | 1/12 1/4 
3/4 | 69/128 -243/128 135/64 
ge. j -27/5 16/5 
1/9 Q 9/20 16/45 1/12 


Table 4.6. RK6 method 























0 
2/9 | 2/9 
1/3 | 1/12 1/4 
3/4 | 69/128 -243/128 135/64 
1 | -17/12 97/4 -27e 65 
65/432 -5/16 13/16 4/27 5/144 
47/450 0 12/25 32/225 1/30 6/25 


implemented in the usual computing packages. 
The above presented methods are also applicable (in the vector form) 
for the first order systems of differential equations, namely 





d 
— = filt, Yi: aa) yı (0) = Yoi, 


d 
= fn(t, Yi, Yn) Yn (0) = Yon- 


Therefore, the higher order differential equations 


dy dy d™—-ly 
t veg —— ] = 0, 
di” Last oat? a) 


y(0) = yo, y'(0) = yh, -yD (0) = oy”, 


which, by the change of variable and function 


t= yo, yY = Y1, Y jer e = yp, 
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is reduced to a system of the form 


yy = 1, 
Yi = Y2, 
Y? = y3, 
we 
Yn-1 — Yn, 


Yn = f (yo, Y1,Y2, 1) Yn) 


can also use the above methods. 
For example, the problem 


d*y dy 
qe TSt ty = 9 


reduces to the system 


yo = 1, 

Yi = Y2, 

Yz = —Y1 — Y2 COS Yo, 

yo(0) = 0, yı (0) = 0, y2(0) = 1 


which is of the form 


The numerical integration of this problem by MATLAB requires a 
subprogram which describes the system 

function yp=funct(t,y) 

yp=zeros(2,1); 

yp(1)=y(2); 

yp (2)=-y (1)-y (2) *cos (t) ; 
saved as funct.m, while the main program 

[t ,y] =ode45 (@funct, [0,50] ,[0,1]); 

plot(t,y(:,1)) ;pause;plot(y(:,1),y(:,2)); 
performs the integration of the system on the interval [0,50] with the 
given initial conditions and plots the solution y(t) and the phase portrait 
(i.e., the curve y' as function of y, parametrized by t). 

For the approximating Runge—Kutta methods, an essential fact 1s that 
they are one-step methods. This means that the approximative solution 
at a next time level +h is calculated from the solution at the given time 
level £ only. But after performing several such steps, we could also use 
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the multi-step methods which use the information from more previous 
time levels. 

The most used multi-step procedures are the Adams—Bashforth (AB2 
and AB3) methods, 


yrtl — yn +h Gr _ se) 


23 16 5 
yrrl — yn a An Z 2 pnl `> _ pn~? 
Y +n (GP Tl +f 
and Adams—Moulton (Crank—Nicolson and AM3) methods 


yr — y” 4 > (Fp 4 F”) , 


yr =¥"4 2 (5F™ + 8F" — FP) 


where Y” = Y(nh) and F” = F(Y”). 


3.1 Examples 


In order to present some very simple examples of the motion of a body, 
we will follow Chow [22], taking into account also the forces exerted by 
the surrounding fluid that leads to systems of differential equations. 





3.1.1 Falling of a Spherical Body 


Let us consider a spherical body, of mass m and diameter d, located 
at t = 0 at the origin of the Oz axis, which is chosen ın the direction of 
the gravitational acceleration. The initial velocity of the body is vp and 
it moves under the action of the gravitational force mg along the Oz 
axis. At the moment ¢ the body is at the distance z(t) from the origin 
and it has the velocity v(t), all these functions satisfying the differential 
system 


dz 
dt = v(t), 
(4.6) 
dv I 
HA [B — Cv |v| ca(v)], 


where A=1+ £ B = (1 — p)g, C = 3p and p= A, pz being the mass 
density of the surrounding fluid while p is the density of the body. 

Here cg is the (dimensionless) drag coefficient which expresses the 
influence of the viscosity of the fluid. It depends on the shape of the 
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body and the Reynolds number R and, generally, it is difficult to find 
it analytically so that some appropiate experiments are used for this 
purpose. If the fluid has the kinematic viscosity v, the experimental 
expression for cg as a function of the Reynolds number R = ve (in the 
case of a smooth sphere) could be approximated by 


2 R<1 
R’ — ? 
24 
aaa 1 < R < 400, 
cal R) = 
a(R) 0.5, 400 < R <3 x 10°, 


0.000366 R%+?75, 3 x105 < R<2 x 108, 


0.18, R>2x10ê. 


The particular values for a steel sphere dropping in air (under atmo- 
spheric conditions at sea level), are p = 8000kg/m?, pf = 1.22kg/m?, 
v = 1.49 x 10-°m?/s, g = 9,8m/s?. Obviously, in vacuum, without any 
surrounding fluid, pf = p = 0 and the differential system becomes 


dz dv 
—_ — t — = 


with the solution v(t) = vo + gt, z(t) = zo + vot + Zt, where zo and vo 
are respectively the initial position and velocity. 

Now we have a mathematical model of the phenomenon, represented 
by the system (4.6) together with the initial conditions, so that we are 
able to perform various numerical experiments. The numerical results 
are confirmed by physical experiments 1f we are placed in the domain of 
the model’s validity. The MATLAB programs are: 

a) program of function type, computing the coefficient cg, saved as 
drag.m 

function cd=drag (Re) 

if Re==0 cd=0; 

elseif Re>=0 & Re<=1 cd = 24/Re; 

elseif Re>1i & Re<=400 cd=24/Re*0.646; 

elseif Re>400 &Re<=3.e5 cd=0.5; 

elseif Re>3.e5 &Re<=2.e6 cd=3.66e-4*Re 0.4275; 

else cd=0.18; 

end; 

b) program of function type describing the system (4.6), saved as 
ecdifll.m 
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function yprim=ecdifii(x,y) 

global RO D ROF NU; 

yprim=zeros(2,1); 

=9.81;robar=ROF/RO; 

a=i+robar/2;b=(1-robar) *g; c=3*robar/4/D; 

r=abs(y(2))*D/NU; cd=drag(r); 

yprim(1)=y (2); 

yprim(2)=(b-c*y (2) *abs (y (2) )*cd) /a; 

c) the main program, saved as freefall.m 

function (t,x]=freefall(ro,d,rof ,nu,Tf,z0,v0) 

global RO D ROF NU; 

RO=ro; D=d;ROF=rof ;NU=nu; 

[t ,x]=ode45(Qecdifii, (0,T£] , [z0 v0]); 

plot(t,x(:,2);’.’,/MarkerSize’,12); 

xlabel('t(s)’) ;ylabel (‘v(m/s)’) ; 
and called up with particular values of the parameters. 

The results of numerical simulations with different values of the di- 
ameters of the spheres are represented in Figure 4.3 where the time 
variation of the velocities for some particular diameters are shown. 








Figure 4.3. Velocities of steel spheres falling in air (for particular diameters) 


We remark that after some time the bodies reach a final constant 
velocity which increases with the diameter of the sphere. For a large 
sphere, the effect of the viscosity becomes negligible in comparison with 
body inertia, so that the sphere would behave as tf it were moving in 
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a vacuum. In this case, the velocity increases indefinitely with time 
without a terminal constant velocity. 

The terminal velocity for a particular fluid and diameter d could be 
calculated by taking to zero the right-hand side of the velocity equation 
from (4.6), i.e., v |u| cg(v) = B, If we plot the values of the expression 
v |u| ca({v) and if we remark that for d = 0.01 (for instance), under the 
above conditions, we have B/C = 857.5741, then the calculated terminal 
velocity will be vs = 41.41m/s. 

Moreover, we remark from the same equation of the velocity (4.6) 
that ifv > v, then the right-hand side of the equation is negative, so 
the velocity v diminishes and, conversely, ifv < vs the right-hand side is 
positive so that the velocity v increases. This means that vst 1s a steady 
stable solution of the system (4.6). 

We must remark that the above model for the numerical experiments 
1s suitable only for subsonic velocities (for supersonic velocities the effect 
of the shock waves must be taken into account). Also, ifthe displacement 
of the body is large, the variation of the air density 1s significant and it 
must be used in the model. 

The reader could perform many numerical experiments, for example 
with a ping-pong ball (with a density supposed to be equal to that of 
the air) and of diameter d = 0.036m, in water, where pz = 1000kg /m3 
and v = 1 x 10-®°m?/s while p = 1.22kg/m? or with a glass sphere with 
p = 2500kg /m?, etc. 


3.1.2 Ballistic Problem 


Let us study now the translation motion of a body through a fluid in 
the Oxy plane, where the Oy axis 1s in the opposite direction to that 
of the gravitational force. The body has a velocity of components (u, v) 
and the fluid has a velocity of components (uy,v¢) which depend on the 
position and time. Assuming a spherical body of diameter d and mass 
m, the governing equations (which take also into account the specific 
fluid dynamic forces) are 


d* x _ 8pcalus — u)u, 
di? 4d 1445 


7 (4.7) 
dy  —(1—p)g + {calvus — v) wy 
dt? 1+ 5p 
where w, = y (up — u)? + (uf — v)?. We will consider as an example a 


steel sphere of diameter d = 0.3m moving in the air, starting from the 
initial position (0,0) with an initial velocity 800m/s which makes an 
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angle (elevation) ĝo with the horizontal Ox direction. The motion in a 
vacuum is obtained for p = 0. Moreover, for large initial velocities, the 
variable density of the air at a higher altitude, must be considered by 
using, for instance, the function pf = 1.22¢7 0.0001 184 kg jm, 

The MATLAB subprogram describing the differential system 1s: 

function yprim=ecdif14(x,y) 

global theta0 cod; 

yprim=zeros(4,1); ro=8000; 

if cod==1 rof=1.22; else 

rof=1.22*exp(-0.000118*y (2) ) ; end; 

g=9.8;robar=rof/ro;nu=0.0000149; d=0.3; 
a=1i+robar/2;b=(1-robar) *g;c=3*robar/4/d; 

uf=-10; vf=0; wr=sqrt ((uf-y(3))°2+(vf-y(4))°2) ; 

cd=0.4; 

yprim(1)=y(3) ; 

yprim(2)=y (4) ; 

yprim(3)=c*cd*(uf-y(3))*wr/a; 

yprim(4)=(-b+c*cd*(vf-y(4)) *wr) /a; 

if y(2)<O yprim(1)=0; yprim(2)=0;end; 
where an opposite horizontal wind was considered, i.e., u = —10m/s and 
for simplicity, the drag coefficient was taken as cg = 0.4 (corresponding 
to the postcalculated Reynolds number, which now depends also on the 
Mach number). The computation 1s stopped if the projectile reaches its 
initial height y = 0. The main program, saved as p14.m, 1s the following 

global theta0 cod; 

w0O=800; theta0=theta0+pi/180; 

cod=1; [t,x]=ode45(GQecdifi4,[0 100],... 

[0 0 wOxcos(theta0) wO*sin(theta0)]’) ; 

plot (x(:,1),x(:,2));xlabel(’x’) ;ylabel(‘y’) ; 

axis([0 4000 0 3500]); grid;hold on; 

cod=2; [t,x]=ode45(Q@ecdifi4, [0 100],... 

[0 0 wOxcos(theta0) wO*sin(theta0)]’) ; 

plot (x(:,1),x(:,2),’.!);xlabel (‘x’) ;ylabel Cy’) ; 

axis([O0 4000 0 3500]); grid; 

title(‘rhof variable: ... rhof constant: --~’); 

hold off; 
and it 1s called by the command 

global theta cod;theta0=60;p14; 

The results are shown in Figure 4.4. We remark the changes in the 
range depending on the density of the air. Any elevations and wind 
velocities may be tested and compared with the motion in the vacuum. 
The program ıs also useful for other problems, for instance to determine 
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rhof variable: ... rhof constant: --~ 
3500 
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Figure 4.4. The motion of a projectile 


the elevation such that the maximum range is reached, for certain given 
conditions. In this case the suitable drag coefficient must be taken into 
account, by using the subprogram drag.m. 


3.1.3 Shock Waves in Viscous Fluids 


In a real fluid flow, the velocity and the pressure vary smoothly 
through a thin shock region instead of jumping, as described in the 
inviscid theory. Let us study now numerically the structure of a shock 
in the presence of the viscosity, for a simplified problem. 

Suppose the shock propagates at a constant supersonic velocity u1 
along the negative direction of the Og axis. Let the coordinate system 
move at the shock wave velocity, so that it becomes steady with respect 
to this frame. Let us use the subscripts ı and > for the far upstream, 
respectively for the far downstream, given quantities. 
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For a steady one-dimensional flow the continuity, motion and energy 
equation become respectively 


d rot o ad tu a 
Oda (P 2) da" dz dx j’ 
where u’ = 2u + A, while u and à are the viscosity coefficients of the 
fluid, cp is the constant-pressure specific heat and k is the thermal con- 


ductivity. Integrating with respect to x on an interval containing the 
shock, we get 


pu = piu, = mM, 
„du 
H- — mu — p= -mu — pi, 
du dT u? u? 
up + k> ~m (cor + >) = -m (on + 3) ; 


where m is the mass flux through the shock. The left sides of the above 
equations become, far downstream (where the velocity and the temper- 
ature are uniform), 





p2U2 = piu, 
m(u, — u2) = p2 — pı, 
u z 

2 
which represent the laws of conservation of mass, momentum and energy 
across the shock. 

The effective integration of the above equations may be generally per- 
formed only by numerical methods, after some simplifications. Let us 
replace the pressure in the state equation (the Clapeyron relation) 


u 
Cpi? + = Cpl} + D 





T 
p = pRT = mhi 


where R is the gas constant. Let us replace p’ gu from the obtained 
equation into the energy equation. Using the dimensionless variables 
_ m i m? R 


a 
— — 


muy + py’ (mu, +p) T 
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from the relation $ = 77, we get the new formulations of the momen- 


tum and energy equations, that is 


dU m T’ 
Trp (tT) 


' 1 Q 

—— = — — —— T" _. Lyy2 _ _— 

r (- NE 5U +U >) , 

where Pr = ucp/k is the Prandtl number and a is the dimensionless 
parameter 


2 
2m? (oT + "i | 
(muy + pi)’ 
2 


Consider now a simpler case, of a monoatomic gas, so that A = —gy 
and p! = $1, 7 = 2. Finally, we get the equations 


t 
ena (UtG-1) 


dr 4p U 

dT’ m 

— = — Pr (3T — U? — a). 

dz 5p r (3 +2U a) 

The boundary conditions at the end of the shock are 

dU dT’ 
G =V, 7 = 0, 
dx r=t00 dx L==LoO 








and the use of these conditions for the above equations yields to an 
algebraic system for U and T’ with the solutions 


Ste pi _ 15e" F 2e 

8” 64 
where € = 25 — 16a characterizes the shock strength. The upper and 
lower signs give the upstream, respectively the downstream, conditions. 


Now we rewrite the above system by introducing the new variables w 
and ¢ through the relations 


U = 





o+ Ew mi _ 1 —€* + Pet 
8 o? 64 
and thus we obtain the “shock equations” 
dw  3m2(t+ w) — e(1 — w°) 
dr 4p 5+ ew 


U = 





? 


(4.8) 
dt  mPr 


dz 10x 





[6(t + w) +e(1-— w°)]. 
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The steady solutions of this system, obtained for z — +co, could be 
deduced by solving the system 
3m 2(t + w) — e(1 — w°?) 


= 0, 
Au O+ ew 


m Pr 
lOp 





[6(t + w) +e(1 — w*)] = 0, 
which leads to 
Pp:w=1,t=-1, Py:w=-l,t=1 


where P, represents the upstream and FP) the downstream conditions. 
Computing the Jacobian of the left side functions at the two points P,, 
for the particular data Pr = z and £ = 1.77, we find that at P, there are 
two real positive eigenvalues, so it is an unstable node, while at P there 
are one positive A, = 0.6837 and one negative Ag = —0.6412 eigenvalue, 
so it 1s a saddle point. In this case, the heteroclinic trajectory joining 
the two steady points must be numerically calculated from Py towards 
P,, i.e., downstream towards upstream, in the decreasing of x direction. 
This trajectory 1s a stable manifold for FP, and it 1s tangent at P» to 
the linear stable subspace generated by the eigenvector of the Jacobian 
corresponding to the negative eigenvalue v = (—0.8534,0.5213). 

The calculation could be even more simplified by dividing the equa- 
tions (4.8), thus obtaining 


dt 2 6(t + w) +e(1 — w?) 
— = =p lh SoA andl Si Sa A 
dw 15 (5 + ew) ST o) — e(l — w?) 


i.e., a unique differential equation which will be integrated from w = 
—1 towards w = 1 with the Cauchy condition el u=-1 = — Foe = 
—0.6109 for our particular case. Of course, we do not start exactly from 
the critical point but from a neighboring (towards the stable manifold 
direction) point w = —1 + 0.001, t = 1 — 0.6109 x 0.001. 

The numerical results could be compared with the experimental (wind 


tunnel) ones. We will introduce the dimensionaless distance 








(4.9) 





2Pr ME 
= e T 

1+2Pr p* 
where the reference viscosity coefficient p* is to be evaluated at the 
temperature T* = 37/4, To being the constant upstream temperature 

of the fluid. Finally, we have 

dX | Że Pr 
dw 1+2Pr 





0.647 5+ EW 


[0.076(15 — e? + 2et)| bbw) oe ow) 
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This equation will be joined with the equation (4.9), together with 
the Cauchy condition X = 3.30 for w = —0.999, deduced from the 
experiments and which determines the X coordinates. The results are 
shown in Figure 4.5. 


t{---- jw: -—.-. |; experimental: “*** 





Figure 4.5. Shock waves in viscous fluids 


The MATLAB program is: 

[t ,x}]=ode45 (@edsoc ,-1+0.001,1, [1-0.001*0.6109,3.30]); 

plot(x(:,2),x(:,1),/-',x(:,2),t,'~.’); 

axis({-3 3 -1 1]);grid;hold on; 

plot ([-2.2 -1.85 -1.45 -1.25 -1.05 -0.85 -0.65... 

-0.45 -0.25 -0.05 0.15 0.35 0.55 0.75 0.95 1.1... 

1.5 1.95 2.30] ,[-0.99 -0.96 -0.94 -0.90 -0.85... 

-0.80 -0.70 -0.60 -0.45 -0.30 -0.10 0.12 0.30... 

0.50 0.62 0.75 0.92 0.98 0.99] ,?*?);hold off; 
xlabel(’X’);ylabel('t,w); 

title(‘t: ---- ;w: -.-. 3; experimental: ***x’); 

which uses the function subprogram edsoc.m 

function yprim=edsoc(t,y) 

yprim=zeros(2,1) ;e=1.77;pr=2/3; 

yprim(1)=2/15*pr* (5+e*t) *(6*(y(1)+t)+e*(1-t72))... 

/(2*(y(1)+t)-e*(1-t72)); 

yprim(2)=8/15*ex*xpr/ (1+2*pr) *((0.076*(15-e7 2+... 

2xexy (1)))°0.647% (Stext))/(2*(y(1)+t)-e*(1-t72)); 

We remark an excellent agreement between the numerical simulation 
and physical experiment results concerning the structure of the shock 
wave. The reference length z/X in this particular case is 0.0013m so 
that the shock interval is of length 0.68cm. See [22] for more details. 
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4. Partial Differential Equations 
4.1 Classification of Partial Differential Equations 


Different phenomena are governed by partial differential equations of 
different structures and types. For example, the inviscid compressible 
fluid flow (in a subsonic regime) around a body could be described, by 
linearization, with the equation 


(1 — M*)6,, + yy = 0, 


where ® is the velocities potential and M < 1 is the Mach number 
(the ratio of the fluid velocity and the sound speed). In this case, the 
perturbation generated by the presence of the body propagates in all 
directions. 

In the supersonic case, for M > 1, the above equation changes its type, 
the two coefficients being now of different sign. Physically, the fluid in 
its motion goes beyond the perturbations produced in front of the body 
and thus a perturbation region appears only behind the body, bounded 
by two straight lines — the characteristics of the partial differential 
equation. On the characteristics, the first derivatives of the components 
of the velocity are different from one side to another, due to the fact 
that the perturbations exist only at one side so that the second order 
derivatives of the velocity potential ® are not defined on these lines. 

The type of a second order partial differential equation 1s induced by 
the existence (reality) of these characteristics. Suppose that the equation 
of ® is 





A®,, + 2BO,, + COy, = D (4.10) 


where A, B, C, D could be functions of z, y, ®, ®,, ®, (Monge equation). 
The variations of the velocity components ®,,®, passing from (2, y) to 
(x +dz,y + dy) are given by 


dz®z, + dyry = d®z, 
dry + dy®y, = d®y. 


Let us now consider the above three relations as a system having as 
unknowns the second order derivatives of @,taking into account the fact 
that along the characteristics these derivatives are not defined. Therefore 
the determinant of the system must vanish 


A BC 
dx dy 0 |=0, 
0 dx dy 
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Le., we have the differential relation 


dy \* dy 7 
4 (24) -20f 0-0 


Consequently, on the characteristics we can write 


dy B+vVB?- AC 
dr A l 

There are three different cases. 

a) If B? — AC > 0, then through every point (x,y) from the compu- 
tational domain, two characteristics pass (like the case of the supersonic 
flow) and the equation (4.10) is called of hyperbolic type. For example, 
the equations describing oscillations, particularly the wave equation, are 
of this type; 

b) If B? — AC < 0, then there are no real characteristics. These 
equations are of elliptic type , like the equation for the subsonic flow 
case or the Laplace or the Poisson equations; 

c) If B? — AC = 0, there exists through every point of the computa- 
tional domain only one real characteristic and the equation 1s of parabolic 
type. The equations describing diffusion or dissipation phenomena are 
of this type. 

We remark that these types of equations describe not only different 
types of phenomena but also their solutions are of different types and 
can be numerically found by using different techniques. 

In the case of systems of partial differential equations we have a similar 
situation. Let 

QyUy, + bj Uy + C1 Vz + divy = fi, 


4.11 
a2Uy + boty + C2Vy + daVy = fo ( ) 


be such a system, where a1, .-..,do and fı, fo are functions of z, y, u,v. 
Being placed at a point in the Oxy plane, let us seek the directions 
along which the derivatives of u and v are not determined — the so- 
called characteristic lines. If we add to the above system (4.11) the 
equations 
U,dz + uydy = du, 


Vdr + vydy = dv, (4.12) 


we see that uz, Uy, Vz, Vy could be undetermined only if the determinant 


ay bi C1 dy 

_ ay bə C92 d» 
A= dx dy 0 0 
0 0 dz dy 
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is zero. Therefore 
ady? + bdxdy + cdx* = 0 
where 
a = a,C2 — a2Cc1, 
b= — (adə — azdı + bice — boc1), 
c = bid — bed, 


or, in other form, 


dy  —b+ vb? — 4ac 


— 


dx 2a 

The aboye equations give the directions of the characteristic lines 
through the current point (x,y). As in the case of a single equation, we 
have three situations: 

a) b*—4ac > 0, the system is hyperbolic and we have two characteristic 
curves through (2, y), 

b) b? — 4ac = 0, the system is parabolic and we have a single charac- 
teristic curve through the given point 

and 

c) b*—4ac < 0,the system is elliptic and we have no real characteristic 
lines through that point. 

We remark that in the hyperbolic case, if we try to solve the above 
system with respect to the derivatives of u and v (by Cramer’s rule, for 
instance) we are led to an undetermination only when the respective 
numerators are also zero. So that we obtain the equations 


fi ùa a d 

fo b cg d| 

du dy 0 0 |70 ete 
dv 0 dz dy 


which are, in fact, differential equations for the variables u and v. These 
equations are valid only on the characteristic lines and the integration 
of the system reduces, in fact, to the integration of these differential 
equations. 


4.2 The Behaviour of Different Types of PDE 


a) Hyperbolic equations. In this case the information from the point 
P of the computational domain influences only the region between the 
characteristics through P, see Figure 4.6. 

The value of the solution at P is influenced only by the values of the 
data on the interval (a,b) between the characteristics through P. The 
inviscid steady supersonic fluids and the inviscid compressible subsonic 
unsteady fluids are described by such type of equations. For the unsteady 
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Influence 
domain 
of P 






Figure 4.6. The influence domain for the hyperbolic case 


case the role of the Oy axis is taken by the time axis and its direction is 
also a flow field direction. 

b) Parabolic equations. ‘The value of the solution at the point P from 
the plane Oxy influences the whole region of the plane to one side of the 
characteristic through P, see Figure 4.7. 


Influence 
domain 
of P 





x 
Fiow fietd direction 


Figure 4.7. ‘The influence domain for the parabolic case 


If the axes Ox, Oy are the boundaries of the computational domain, 
the solution of the equation at P depends on the values of the data 
on the semiaxis Oy and on the semiaxis Ox from O to b. This solution 
could be calculated starting from the data and marching in the flow field 
direction (here the Ox direction). Some reduced forms of the Navier— 
Stokes equations (for example the Stokes system) and the boundary layer 
problems are of such a type. 
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c) Elliptic equations. The information from P influences the entire 
computational domain. The value of the solution at P depends on the 
data on the entire boundary Obcd, see Figure 4.8. 


Influence domain 
E 





Figure 4.8. The influence domain for the elliptic case 


What is specific for this case is the fact that the solution at P must 
be calculated simultaneously with the solutions at all the points from 
the computational domain. This is a different procedure than that for 
the parabolic and hyperbolic cases where the information marches from 
the data of the problem in the flow field direction to the solution at 
other points. Based on this fact, the elliptic problems are also-called 
equilibrium problems. 

The subsonic steady inviscid and the incompressible fluid flows are 
governed by equations of this type. On the boundary we could have 
Dirichlet type conditions, when the values of u,v are given or Neumann 
conditions, when the values ofthe derivatives Gu ... are given. Of course, 
mixed conditions are also used. 

d) The same problem may lead to equations which are of different 
types in different regions. For example, the supersonic motion of a blunt 
body through the atmosphere (or, the same thing, the supersonic air flow 
past that body) shows a region with supersonic velocity, with M > | 
and, in front of the body, a region with a local subsonic velocity, with 
M < 1 so we are in a transonic case. In the first case the fluid flow is 
described by a hyperbolic equation and in the second case by an elliptic 
equation, see Figure 4.9. 

The method of a simultaneous treatment of the two regions requires 
that, starting with the given initial conditions, one marches in time 
considering the unsteady equations which determine the fluid flow. After 
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M>1 


~ 
Shock wave Senic line 







M>1 M<1 


Sonic ling 
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M->1 


Figure 4.9. The transonic case 


a long time, the solution approaches the steady state which describes the 
fluid flow into both regions, the super and subsonic regions. 

We also remark that if we try to solve a problem with wrong or in- 
complete initial and boundary conditions, the numerical solutions could 
be obtained but these are spurious solutions, without physical relevance. 
A problem is well-posed in the Hadamard sense if its solution exists, it is 
unique and it depends continuously on data. It 1s important to know this 
fact before taking the numerical approach on the respective problem. 


4.3 Burgers’ Equation 


We shall now consider, following [42], the nonlinear equation 


Ou 8 fu? 

Ot Ox\2 
written in the conservative form which could be rewritten into the non- 
conservative form 


Ou Ou 

Jr F un = 0. (4.13) 
These two forms are equivalent in the continuous approach but of differ- 
ent behavior in the discrete (by finite differences) approach. We remark 
the analogy between the nonconservative form and the linear advection 
equation, but now the advection velocity is no longer constant, depend- 
ing on the solution u. The initial shape 


ulz, 0) = up(xz) (4.14) 


distorts at the next time levels. More precisely, the points where u is 
greater are moving faster in a direction given by the sign of u. 
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4.3.1 Classical and Weak Solutions 


If we choose a point on a curve z = z(t) of the plane (x,t) and we 
calculate the total derivative of u on it, we find 


du Ou n Ou 
dt ôt Pox 
where p = a 


We remark that the derivative du vanishes in the direction of slope 
u ifand only ifu is a solution of Burgers’ equation. If we consider the 


family of straight lines indexed by a parameter €, 


a = a(€)t + b(€), 


and impose the condition u = a(&), then u(x,t) is constant on each 
straight line. These straight lines are, in fact, the characteristic curves 
of the equation. 

The solution of the Cauchy problem (4.13)+(4.14) can be given as 
follows: Through the point (€,0) of the Ox axis passes a single straight 
line of slope uo(€), of equation 


x= up(E)t + E. (4.15) 


On this characteristic line the solution u is of a constant value, the value 
at the point € of the Oz axis, 


u = uo(€). (4.16) 


The equations (4.15)+(4.16) constitute a parametric representation 
of the solution u(x,t) of the Cauchy problem. Theoretically, from the 
equation (4.15) we obtain £ as a function of x and ¢ and replacing it into 
the equation (4.16) we obtain the analytical form of the solution u(x, t). 

We remark that for the linear advection equation 


ðu Ou | 
at “On 
the characteristic curves were the parallel straight lines z — ct = const. 
For Burgers’ equation the characteristic curves are straight lines too 
but, generally, they are nonparallel; the slopes depend on the value of 
the solution at the considered point. This is an effect of the nonlinearity 
of the equation. 
Let us consider three examples of different initial conditions in order 
to point out this phenomenon. 
Example l. 


0 


wom{e fsi 


? 
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As above, the parametric form of the solution is 


x= €, u=0, €<0,t>0 
r= &+&, u=&, E>0,t>0 


from where, by eliminating £, we obtain 


0, z<0,t> 0 
u(x,t) = = 20450. 
t+ 1 


This 1s a continuous, piecewise derivable solution and its regularity 1s 
similar to the regularity of the initial profile. The derivative discontinuity 
moves on the characteristic curve x = 0. 

Example 2. 


0 
we = { i Eo 


Here up has a discontinuity at the origin and let us consider for ug at 
this point, all the values œ between 0 and 1. As above, the parametric 
form of the solution 1s 


x= é, u=0, €<0,t>0 
xr=t+é&, u=1, €>0,t>0 
r = at, u=a, £=0,t>0,a€ [0,1] 


Eliminating the parameters € and @ from the above equations, we 
obtain 
0, z<0,t>0 
u(x,t) = l, z>t>0 
7’ LE (0, t], t >0 
In this case, the initial shape is discontinuous at the origin. From this 
point we have, in the plane (x,t), a set z = at of characteristic curves 
and the Cauchy problem solution is still continuous in the halfplane 
t> 0. 
Example 3. 
fo €<0 
uo(€) = { E? £ > 0 


If in the previous cases ug was a monotonically increasing function, now 
ug is a monotonically decreasing function. The characteristic slopes 
decrease, because 





dx 5 

— =u = — > 0. 

Consequently, the characteristics intersect in the halfplane t > 0. But, 
on each characteristic, u is of the constant value coming from the Oz 
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axis and therefore at the intersection point of the characteristics u must 
take different values. This is possible only 1f we accept discontinuous 
solutions of the equation. These solutions appear although the initial 
profile was a continuous differentiable function. 

Such discontinuities appear in the physical phenomenon described by 
the Burgers equation. In gas dynamics, for example, they are called 
shocks or shock waves. For their mathematical characterization we need 
the notion of weak solution, which allows the discontinuities, see section 
1.3.5. The shock condition becomes 


dz 
dt 


> 2 





that 1s the slope of the shock 1s the average of the values on its sides. 
Example 4. Let us consider now the initial profile 


w= 0 So. 


The solution is (in parametric form) 


e=t+é, u=1, €<0,t>0 
x= €, u=0, €>0,t>0. 


But up decreases, so the characteristics intersect themselves and a shock 


appears, beginning, in this case, from the origin. Its slope 1s dz = 140 
so the shock’s equation 1s z = £, 


The solution of the Cauchy problem 1s therefore 


l, z< t>0 
uzt) = | 0, r>bt>0 


and we remark that there 1s a discontinuity at x = É, 

The extension of the notion of solution allows significant physical 
results even in the case of decreasing initial shapes. Conversely, the 
uniqueness of the solution 1s lost. 


If we resume Example 2, for which 


wi=4 E iSo 


we easily remark that together with the continuous solution 
0, xr<0,t>0 
u(x,t) = l, z>t>0 
, x 
P’ x € [0,t],t >0 
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we also have a discontinuous solution 
u(x,t) = 2 


which verifies the equation on subdomains, together with the initial con- 
dition and the shock condition. But this discontinuous solution does not 
verify the entropy condition (see again section 3.5, Chapter 1) and, of 
course, 1t has no physical significance and must be eliminated. 

The following theorem can be proved: 

THEOREM 4.2. If the initial profile is a bounded and measurable 
function, then the Cauchy problem for the Burgers equation has a unique 
entropy solution. 

We conclude: 

a) the elliptic or parabolic equations cannot allow shocks, 

b) the linear hyperbolic equations allow shocks only if these exist in 
the initial or boundary conditions, 

c) the nonlinear hyperbolic equations allow shocks, even without dis- 
continuities in the problem’s data. 


4.3.2 Burgers’ Equation with Dissipative Term 
Let us now consider the equation 


Ou ð fu? ĝu 


where v 1s a positive constant. This 1s a parabolic equation, and 1t may 
be considered as derived from the diffusion equation with a convective 


term 2 (+) or derived from the Burgers equation with a dissipative 


2 . . . . 
term ust. Generally, v is considered small, so we have in fact a singu- 
larly perturbed problem. This equation is often used for testing numer- 
ical methods because it 1s a model of Navier-Stokes equations. 


Looking for stationary solutions of this equation we consider the dif- 
ferential equation 
d [u° d?u 
— —— = er, 
dz \ 2 dx? 


and we obtain, by integration, 
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Choosing the + sign and C > 0 we get the differential equation 
dea” du du 
“= C\u-G u+C 


1+ Ke? 
1- Ke7 


In this last form of the solution we consider K < 0 in order to focus 
on the solutions defined on IR. For K = —1 these solutions are u(x) = 
—C tanh (52) ,1.€., they are decaying functions from C to —C, and their 
slope at the origin tends to —coas v N 0. At the limit we obtain a shock 
(a discontinuity verifying the entropy condition). We haye 

THEOREM 4.3. 

a) The problem(4.18)+(4.14)has a unique regular solution for t > 0; 

b) This solution tends, as v N 0, to the weak solution of the problem 
(4.13) + (4.14) verifying the entropy condition u(x —0,t) > u(x +0,t) 
for all xe R and t>0. 








which yields 
u(t) =C 


4.4 Stokes’ Problem 


A very important and much studied example, which introduces the 
difficulties of the Navier-Stokes system is the Stokes problem, which 
means 


Ov Op 1 

ony SPA N 
a ay ROO TPO 
ðu Ov , 

Əz + ay = U, in Q, 


(u,v)lag = (Ufr:Vfr) on OQ, 
(u,V)| so — (uo, vo), in 22, 


where (u,v) are the components of the velocity flow, p is the pressure and 
R the Reynolds number. We remark the lack of a boundary condition 
for the pressure and the presence of the equation ou + om = Q at every 
time instant, see also section 3, Chapter 3. 





4.4.1 Direct Solving 


We will present here, following [126], a very important direct method 
of Glowinski and Pironneau to solve the Stokes system. Let us consider 
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the problem 


(-V?+y)u+ Vp =g, (4.20) 
V-u=0, 
uls = b, 


which defines the Stokes problem on the tridimensional domain V and 
where S = OV, coming from the temporal discretization of the linearized 
incompressible equations. 

The particularity of the method 1s the introduction, besides the Pois- 
son equation —V“p = —V-g for the pressure, of another Poisson equation 
for a scalar unknown w, 


-V?4 = V - u, pjs = 0. (4.21) 


By applying to that equation the operator (—V? + y) we remark that % 
is a solution of the fourth order elliptic equation 


(Vf +7) V’Y = 0. 


It means that we may ensure V-u = 0 if the solution of the equation 
(4.21)is % = 0. But the solution y of the fourth order equation will be 


-O ifle = əvi _ 
wy = 0 if ols = 0 and L =Q. 


Consequently, the equation and the conditions of the Stokes problem 
(4.20) will be fulfilled by the solutions p and u of the system 


-V°p = -V `g, (4.22) 
(-V° +7)u = -Vp + g, uls = b, 
~V*4 = V -u,%ļ|s =0, 
OW 


if the auxiliary unknown wy verifies also the Neumann condition —| = 

0 "Is 
We remark that the last condition is a substitute for the non-existent 

boundary condition for the pressure. In order to determine the boundary 


condition for p which ensures the fulfillment of the incompressibility 
equation V-u = 0, we will consider the system 


—~V*py =-V- 6, pals = A, 
(-V? + 7) = —VP) + §, uyls = b, 
-Vh = V- uy, pals = 0, 
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Oy 


and we calculate à for which ——| = 0. Here Ais an unknown defined 


on the surface § and which is supposed to be of null average in order to 
fix the indetermination (up to an additive constant) of p. 


Op 


The condition —+| = Q is next rewritten in a variational (integral) 


S 





form 


dpa _ 
_ $ KA uds = 0 (4.23) 


for every function u defined and of null average on S. 

By using the Green formula for V? (which transforms the surface 
integral into a volume integral), the equations of the system (4.22) and 
the similar equations for a system for u, the integral from (4.23) may be 
written as 


- $ ZO uas = f (ayy +Y xm Y x uy +V: aY iy) dV 


which shows the symmetry of that integral. However, it 1s useless for 
calculations because of the necessity to record the values of u) for each 
function 4. It is more workable to use the decomposition of the solution 


(p, u,y) into 


p(z) p° (x) p'(z;0') 

u(x) | = | u®(z) +$ u'(z;o') | A(o’)dS(a') 

p(z) yw (2) ; 
where p’, u’, Y’ are solutions, for every a’ € S\a* (a* being an arbitrary 
fixed point on S$), of the three elliptic problems 


-V?p' = 0, p'|s = 6 (s — 0’) — 60) (s — o*), 
(-V*+7)u' = —Vp', u'ls = 0, 
—V*y =V-u',¢'|s =0, 
and p?, u?, 7° are solutions of the problems 
—V*p’ = -V - g, pls =0, 
(V? + 7)u? = -Vp +g, u'|s = b, 
—V7y = V u, Pls = 0. 


Here ô(?) is the Dirac function on S for a tridimensional domain V. 
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Instead of the functions p defined only on S, we will introduce the 
auxiliary scalar functions w(2;0’) defined on V by 


w(z;o') arbitrary on V, 


w(x; ojs = 8P (s — 0’) — 6) (s — o*). 


With these functions, the problem (4.23) will be transformed into the 
linear problem _ 

AX = B 
where 


~— 


A(a,a’) = -j (Vy +u’)- VwdV, 
b(a) = J (Vp? + ul) - Vw dV. 


Practically, the functions w(xz;a) may be taken nonvanishing only at 
a sharp region in the neighborhood of the boundary S, which leads to a 
more efficient evaluation of the integrals. We remark also that the linear 
operator 4 is a symmetrical one, so the algebraic system of equations 
may be iteratively solved by the efficient conjugate gradient method. 


4.5 The Navier-Stokes System 


Let us consider a bidimensional domain Q (the extension to tridimen- 
sional domains is immediate) and the Navier-Stokes system written in 
the form 


Ou 


ap t Vp =~ (eV) utvV7u, in Q, (4.24) 
V-u=0, in Q, 
Ulan = ü fr. 


Almost all the numerical procedures to solve a system of this form use 
the fractional step method. The velocity u is advanced in time by an ap- 
proximation of the first equation, obtaining an “intermediate” velocity. 
It is then used in an elliptic equation which imposes the incompressibility 
condition and determines the pressure at the end of the time step. 

We can remark that the usual methods are (time convergence) of 
second order for the velocity but only of first order for the pressure. In 
the sequel we will describe a particular numerical method and we will 
show how one can obtain a complete second order (in time) accuracy. 

As in Chapter 3, the basic theorem is that of Ladyzhenskaya, as a 
particular case of the orthogonal decomposition results of Hodge. 
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THEOREM 4.4. Every vectorial field v defined on the domain Q allows 
a unique orthogonal decomposition v = w+V®, where w is a solenoidal 
field with a zero normal component to the boundary OQ = S. 
If we return to the system (4.24), we remark that the first equation 
is such a decomposition and it may be rewritten as 
Gu _ P [-(w-V) u+vV7u) 
Ot 
where P is an operator which projects a vectorial field on the space of 
the solenoidal vector fields, with suitable boundary conditions. 
By half-discretization in time, the equations (4.24) become 


unti — u” 


ao Vp'tz = —[(w-V) u|"t2 +5V? (ut! 4 u”), (4.25) 
V. u”t! = 0, 


n+] — „n+l 
u" jaa = uF, . 


Here [(u-V) ul"t2 represents a second order approximation at the time 
level t?+1/2, which is usually explicitly calculated. 

The above half-discretized problem 1s solved by a fractional step pro- 
cedure. From the first equation we determine an “intermediate” velocity 
u*, which 1s then projected on the space of divergence free vectorial fields, 
obtaining u”*+t. A typical algorithm is of the form 

Step I. We solve for u*, 





u* — u” 


a + Va == (uV) u|"*2 tV (u* + u”), (4.26) 


B(u*) = 0, 
where qis an approximation of pnts and B(u*)is a boundary condition 


for u*, which can be specified depending on the particular method. 
Step II. We project u* on the solenoidal fields space 


u* = ut! + Arve) (4.27) 


V-ut! = 0, 


with boundary value conditions consistent with B(u*) = 0 and u™*!|99 = 
yt! 





f . 
Step HI. We update the pressure 


pita =q +L (7+1) 





where L represents the dependence of prta with respect to "+1, 
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In the sequel, we pass to the next time level. Such type of methods 
are called projection methods. Particular methods should be pointed out 

l. by the approximation of the pressure q, 

2. by choosing the boundary condition B(u*), 

3. by choosing the function L("+*). 

These three approaches must be correlated in order to obtain a second 
order accuracy of the method. For instance, the boundary condition for 
u* must be consistent with the first equation (4.27) but the function 
6"+1! is not yet calculated at this instant and should be approximated, 
depending on the choice of g. Similarly, replacing the first equation of 
(4.27) into the first equation of (4.26), by eliminating u* and comparing 
with the first equation from (4.25) we obtain an update for the pressure 


vAt 

2 
This update must be taken into account in order to obtain a second 
order accuracy for the pressure, on the boundary too, and in order to 
eliminate the spurious modes for the pressure. 

The choice of the boundary conditions may be better understood by 
referring to an alternative formulation of the Navier-Stokes equations. 
Let there be new variables m and y, connected with the flow velocity 
by the relationship 


pts — q+ Ort _ Vert, 





m= u+Vyx (4.28) 


and so that u and p obey the Navier-Stokes equations. For instance, we 
require that m verify on Q, 


= + (u-V) u= vV*m, (4.29) 
ujao = ufr, 
where 
u =P (m). (4.30) 


The equations (4.28,4.29,4.30) constitute an equivalent formulation 
of the Navier-Stokes equations, where the pressure was eliminated. It 
could be calculated, 1f ıt 1s necessary, from the relationship 





Ox 2 
=— — A. 
p= z vyV~°X (4.31) 
obtained by comparison of the first equation (4.29) with the first equa- 
tion (4.24). It is easy to remark that even the boundary conditions are 
given for u, the equation (4.28) shows that there is a coupling of the 
boundary conditions for m and Vy. 
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The time half-discretized form for the above equations 1s 


= — |(w V) u]"*2 +5V? (m+! 4 m”), (4.32) 


u”+! — m”+! _ GH, 


At 


If it 1s necessary, the pressure may be computed from the second order 
approximation of the equation (4.31) 


n+ł — X n a =V? (H 4 x") l 


The numerical calculation of the projection P is made usually by solv- 
ing a Poisson equation. Let w be a given vectorial field which must be 
decomposed into w = v+V®, where v is of free divergence and satisfies 
vlag = Ver, where fago VfrdS = 0. In order to find v we have 


v =P(w) = w-VO 
where 


V7b=V-w, 
n-V®laq = n (wlan — Ver) - 


We remark that, for the thus defined projection, v always automat- 
ically satisfies the boundary condition in the normal direction to the 
boundary n- vj|ən = n- vy, but in the tangential direction to the bound- 
ary we will have 7 - vlag = 7: vy, only if w is so that 


T: Wlag = T: (ver + VO8laq) - 


This fact must be taken into account at the choice of the boundary 
conditions for the equations (4.26) and (4.32) where the projection of 
the solution must verify both the normal and the tangential boundary 
conditions. 

With regard to the above facts, we will describe two projection meth- 
ods of second order accuracy and without spurious pressure modes. 

The first method, which 1s similar to that proposed by Liu in 1997, 
may be written as 


n 


a =~ ((a-Vn) ut? +V (m" + m”), 
n+l 


n+1 — 
n- m” aa =n- uR, 


rem™* 150 =T. up +T-Vp (2y" — x71) lən. 
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The velocity at the end of the time step 1s 
urt! = mt — Vax! 
where xt! is the solution of the problem 
Vex tt = VV, min NQ, 
1 
mVax”t lan = 0, 


If it 1s necessary, the pressure may be calculated from the relationship 
n+l] n 
n+4_ X -X Y q2 n+l n 


In the above relations, the index h means the centered differences 





discretization, of second order accuracy. The term [(u-V,) ujt? is cal- 
culated by centered differences in space and second order extrapolation 
in time. 
The second method, similar to those proposed by Kim and Moin in 

1985, is 

u* — u” n+ V2 x n 

r= —[{(u-V,) u] >? +5V (u* + u”), 

n- ulog =n- UR, 

T u*l|ag =T: (uri + AtV,9") lan. 
Then 

u”tl = u* — AtVpĒ” H 
where Ẹ”+t is the solution of the problem 
AtVi0"! = V, - u*, in Q, 
n: VrH 159 = 0. 

If it 1s necessary, the pressure may be calculated from the relationship 
Viprts = V,0e"t! — r AVRO 


In the numerical calculations, we remark that the time extrapolation, 
where it intercedes, does not perform at the first time step. Here one 
may use an iterative procedure. For instance, in the case of the first 
method, 


mb* — m? 


At 
lki 1 
n: m lan =n: uj, , 


= ~ [(u-Va) u]? +V} (m +m’), 


lki 1 L,k-1 
T- m lag =T: Uz, + T Vax lan, 
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followed by 


2. 1k _ 1,k 
Vix —_ Vh m’, 


n-Vix!* aa = 0, 





where the iterations start with xt? = y°. The advection term is reset 
at each iteration taking the average of the derivatives of u? and ul*, 

Another remark is that, in the same relations, we calculate finite 
differences at neighboring points to the boundary ones, for instance Vp- 
u*. The necessary unknown values at the boundary are calculated by 
quadratic extrapolation from the first three inside values. 

More comments on the considered methods may be found in [12]. 

We retain the idea that, generally, the numerical solution of the 
Navier-Stokes system is obtained by the following general scheme: 

First, we perform a half-discretization in time, by one of the known 
procedures from the differential equations —- backward or forward Eu- 
ler, Crank-Nicolson or @-scheme — and we obtain a sequence of steady 
(generalized) Navier-Stokes systems, with given boundary conditions, in 
the form: 

Being given u” and time step size k = ty11—tn, let us find u = u 
and p= p”! such that 





n+l 


u— u” 


k 





+0 [-vV°u +u-Vu] + Vp = g"*', 
V-u=0 


with the right-hand side 
g+! = f>! + (1 — 0)f” — (1 — 0) [—-vV7u"+u"-Vu"] . 
This problem may be stated in the compact form 


[I + OkN(u)] ut+kVp = [I ~ (kN (u”)] u” + Ookf"*! 4 O3kf", (4.33) 
V-u= 0, 


where we have used the notation N(v)u = —vV2u + v-Vu. 

Second, we perform the spatial discretization by the finite element 
method (FEATFLOW, FLUENT), finite difference (SIMPLE, QUICK), fi- 
nite volume, spectral methods. Some commercial or scientific packages 
are PHOENICS, FLOTRAN, NSFLEX, FIDAP, FIRE, LISS, FASTEST. By 
denoting again u, respectively p, the discrete values of the corresponding 
functions, the discrete version of the problem (4.33) 1s: 
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Being given u” and the time step size k, let us find u = u"+! and 
p= p"*! such that 
Su+kBp=g, 
BT u= 0, 
where 
Su=[(M + 0kN(u)] u, 
g=[M — 6,kN(u")] u” + Ookf"*! + O3k£". 
Here M is the mass matrix, B is the gradient matrix and —B? the 
transpose of the divergence matrix. The problem becomes a nonlinear 
algebraic system, which may be usually iteratively solved. 
Particular choices lead to particular algorithms, completed by proce- 


dures to describe the complex geometries domains, convergence tests, 
local refinement of the meshes, etc. 








4.5.1 Projection-Diffusion Method 

We will present now, following [7], [147], [148], a so-called “projection- 
diffusion algorithm”, elaborated by a French group led by G. Labrosse, 
to solve the Navier-Stokes unsteady system. This algorithm uses no 
auxiliary temporal schemes to decouple the velocity field and the pres- 
sure. 

Let us consider the system 


ôu w2u4 Vp = f in, 


ot 
V-u=0inQ, 
u = up on OD), 
where f contains, besides some sources, the advective contribution of 
(u-V)u. We assume here Q = (—1,1)x(—1,1). Theprojection-diffusion 


method is suggested by the physical process to instantaneous adaptation 
of the pressure field on the whole domain, keeping both the solenoidality 


u , , 
of u and of the acceleration u* = — — vV?°u. The method consists in 


solving, at each instant, of the problems. 
1. The pressure calculation from the system 


u* + Vp= f in Qz, Qy, 
V-u*=0inĝ, 


u* -n = [g V2] -n on a0 
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where Q, = (—1,1)x{-1,1], Q, = [-1,1]x(—1, 1) are the computational 
domains for the u components from the first equation u, respectively v. 


Here nis the normal unit to QQ. 
2. The calculation of the velocities field u at the next time instant, 


from the problem 


implicitly solved in the spectral space. So, at every step we directly solve 
a Poisson type problem for each dependent variable (the velocities and 


the pressure). 


Chapter 5 


FINITE-DIFFERENCE METHODS 


1. Boundary Value Problems for Ordinary 
Differential Equations 


Some types of problems from fluid dynamics lead to boundary value 
problems for differential equations of the form 
d? d 
-s + Alz) Z + B(z)y = C(x), £ € [Zmin, Tmax]; 
dT dx (5.1) 


y(Zmin) = Ym, y(Zmax) = YM. 
The first step to approximately solve these problems by finite differ- 
ences is to construct the grid 


Tmin ~ T0, TRE = qh, ey DNA] = Tmax, J = 0, a N +1 


with the step size Az = h = Wat: The values of y evaluated at these 


points zj will be denoted by yj. We will evaluate also the derivatives 

of y at the same points x; using the values of y at the neighboring grid 

points. From the Taylor expansion we have, for a small h, 
(mh)? (mh)? iy 


Yj+m = y(aj + mh) = yj + mhy; + =Y + ay; 





Therefore, 
2 3 
yj- =y hyi + Sy — Syl t, 


2 3 
Yii = Yj + hyj + Fy + EU E 
and, consequently, 


1 Yj41 — Yi hy 
ns Tr 
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This represents an approximating formula by forward finite differ- 
ences. Analogously, we obtain 


1 _ YT Yj-1 
y= t 


h 
94; -+ oe 
which represents the approximating formula by backward finite differ- 
ences and 
2 

1 Mat Mint my... 

< 2h 64 T 
that by centered finite differences. 

The approximation errors are of order O(h) for the first two formulas 
and O(h?) for the last formula. But using also other values for m dif- 
ferent from +1 and —1 (and considering more points in the grid) some 
formulas of higher accuracy order can be obtained. 

The second derivative 1s similarly approximated, 


2 
n Yj4+1 T 2Yj + Yj-1 R° oy 
a nn ee 


By replacing these formulas into the differential equation, we get 


44 — 2y; + Yy; a1 Yi] 
Yj+ Yi T Yj L} 42 Yj 


h? ah TOEG 


where by A;,.B;,C; we understand their values at zj. Arranging the 
terms, we have the system 


h h . 


which represents the requirement to verify the equation at the interior 
grid points. 
The boundary conditions become 


Yo = Ym: UN+1 = YM 


which are the known values that pass to the right-hand side. Finally, 
the following tridiagonal system for y1, ... yn 18 obtained 


yi Ĉi 
Y2 h?C2 


~~ 


YN Cyn 
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where 
h?B, —2 l+ R Ay 
— ŻA h?Bo-2 


1+ ŽAN- 
—fAy kBy-2 


~ h ~ h 
Cy =k?’ - (2 — 541) Ym Cn =h?Cyn — (1 + Aw] YM- 


By solving this system, using sparse matrices techniques, we get the 
approximative values of the solution y at the interior grid points. Simi- 
larly one could approach the systems of differential equations. 


1.1 Supersonic Flow Past a Circular Cylindrical 
Airfoil 
Let us consider the plane, steady, irrotational, inviscid, supersonic 


fluid flow past a symmetrical circular arcs airfoil, at zero angle of attack, 
see Figure 5.1. In a Cartesian reference frame Ozy, the equation of the 





Figure 5.1. 


upper side is 


with 


the geometry of the profile being also characterized by the ratio 4 = 8, 


c 
where h is the “arrow” of the profile and c is its “chord”. We suppose 
the free stream Mach number to be M = 2.5. For details, we refer to 
the monograph of M. Holt [64], page 69. 
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To numerically solve this problem we consider the B V L R (Babenko— 
Voskresenki—Liubimov—Rusanov) method. Let the equations of the given 
flow (the fluid 1s supposed to be compressible barotrop) 


— - =0 
"8 Oy poz 
ð ð 10 
ov , ov, 10 _ 9 
Oz Oy poy 
alpu) alo) _ 
Oz Oy 
where p = p(p). This system is equivalent to the matrix equation 
OX OX 
A’—— + B'— = 
Oz + Oy 0 
where 
u 0 > 0 v 0 0 u 
A=|0 wd 0] pa}7" 5°?ļ|,x=]|”? 
pc? 0 u 0 0 pè v 0 p 
p 00 u 0p 0v P 


(here the penultimate equation is a consequence of the last equation, of 
the Bernoulli integral and of the state equation). 
y — G(z) 


F(z) — G(z)’ 
where the function (x,y) was chosen so that € = 0 on the wall and € = 1 
along the shock wave, the above matrix equation could be rewritten 





By changing the variables z = z and € = €(z,y) = 


where 


A= A’, B= EA’ + &,B’, 


e= YO) £ _ _Gzt €(F, —G:) é —_}8 
~~ F(z) — ala F-G iY FG 


Obviously, to this equation considered for x > xg (given) and 0 < £ < 
1, one attaches both the slip condition on the wall 


uG —v=0 
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and the boundary conditions (the jump conditions) on the shock, written 
in the form 


PVu = PooVuce, where Vy = (1 + F2)1/2’ 


P+ Po Vvo Vy = Poo + Po Vio: 


h+ ZV = ho + ry? where h = 7 


9 vod) 


u + UF, = Ugo + Vole. 
Let us now consider a rectangular mesh, with step sizes Az = T, 


1 
AE = un hı, with mesh nodes of coordinates z” = £o +n7, Em = mh, 


(M,n,m being integers). Let us denote the value of a mesh function f 
at the node (2°, £m) by f(2",m) = ft. 

We will deduce the system of differential equations attached to the 
above equations. We will use centered differences, with correction terms 
in the x direction (artificial viscosity), leading to an order2 of accuracy 
system which may be written in symbolic form 





am41/2 Xm] + bm41/2 Xm —_ = fm4+1/2 (5.2) 


We remark that this system represents 4M scalar equations attached 
to the points of the same “layer” (1.e., having the same index n). To 
these equations we add the slip-conditions on the wall and the four shock 


conditions. In the language of finite differences, these equations may be 
rewritten in the form 


Gntlyntl _ yntl _ 9, 


(Vodi = (pVu) at" 
[p + (Poo Virco) Vip = [p + pve t, 


h(prr} ntl) 4 


l 
M PM (v =hots 5 (Vest) 


on 


unt! 4 (F, JOHL yn n+i — = Uoo + (F; yrtly 


OO} 
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where ; ; 
n+ n+l _ pnt 
UM (Fz) VM 


{1 + ey 


In other words, the system contains on each “layer” 4M +5 equations 
with 4M+5 unknowns: the values of (u,v, p, p) for every m = 0,...,.M@-1 
and the values of (u,v, p,p) on the shock wave (m = M), together with 
the shock wave equation F = F(z). The location of the shock wave is 
determined, finally, by the immediate formula 


n+l __ 


put — F” 4 5 (Fret 4 F”). 
This system may be iteratively solved by the “double sweep” method. 
Precisely, at the beginning of each iteration cycle, we use the last evalua- 


tion of X™+! (at the step m) to compute the coefficients Onna Ja bmp Jz 


fmt /2 which depend effectively on X. In the sequel, we consider the 














system (5.2) as a linear system with the unknown xpi (from the step 
m + 1) with the known previously computed coefficients. 

These iterations will be continued until the difference between the 
initial and final values for X becomes sufficiently small. 

In order to effectively solve the proposed system by the “double sweep” 
method, we remark that along the airfoil profile (ats upper side) the slip 
condition may be written 





LoXo0 = go 
where 1 
Lo = ————_T 79 (G , —1,0, 0) 
(1+6) * 
and go = 0. 


By forward “sweep” this condition will be transfered, step by step, 
from the wall (m = 0) to the shock (m = M). At a certain point 
(at an intermediate step) we will establish a relationship of the type 
ümXm = Gm With the recurrence formulas 


Hm+1 = Wm+1Hm(b7 a)m41/2 


Jm+1 = Wm+1| mb! f )m41/2 — Jm] 


where wm4+1 is a normalizing factor that makes ||um+ıl| = 1. So, at 
every step pm and gm are computed. For m = M one comes on the 
shock wave where, again, mXm = gm. This equation together with 
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the four boundary conditions, written above on the shock wave, give 
a system of five equations which allows the determination of the five 
unknown functions (Xm and F). The effective solution of this system 
may be found in the paper “Three Dimensional Flow of Ideal Gases 
Around Smooth Bodies”, NASA TT F-380, of the authors of the B V L 
R method. 

In order to perform now the reverse “sweep”, 1.e., the successive deter- 
mination of Xy_1, Xy-2, ..., Xo, starting from the shock wave, we must 
get, by using the difference system (5.2) and the equation umXm = gm, 
a relationship of the form Xm = ¢mXm+1 + dm, Where ||emi| < 1, the 
necessary condition for stability, which 1s feasible. Details on such a 
scheme may be found in A.N. Liubimov, V.V. Rusanov [86]. 

The computations will be continued until the difference between the 
forward values Xm and the reverse values Xm will be smaller than an 
“a priori” given number, 1.e., until the computation stabilizes at a given 
approximation. The method provides a sufficiently accurate computa- 
tion of the supersonic flow, the location of the shock wave being better 
represented than in the Prandtl-Meyer model. 














2.  Discretization of the Partial Differential 
Equations 

Let x = 2,1 = 1,...,.m and y = yj,7 = 1,...,n be a grid on the 
computational domain, with the nodes (2;,y;) and the step-sizes Az, Ay 
for the two directions, step-sizes of which could be different. 

The finite differences method replaces the derivatives from the par- 
tial differential equation by finite differences, thus resulting an algebraic 
systems. The basic tool 1s the Taylor development in the neighborhood 
of the current point. 

For example, 1f u is the horizontal component of the velocity, then at 
the point Pj; where z = 2; and y = yj, we have the value w;; while 
ui+1,j at Pii, has the expression 


U; sist (F Az + Oru (Ac) ou (Aa) ) 
hd TN Oe) , Ox" jij 2 ðs 6 


(5.3) 
The exact value of u;j+1,; could be obtained by taking into account all 
the terms of the series (if the series 1s convergent). Practically, the series 
is “truncated” by neglecting the high order terms and considering very 
small step sizes Ax. So that, we have 


i+1,j © Uig ax ‘4 T Ox2 jy 9 
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with a second order accuracy or 
Ou 
Uil, ~ Ui) + (> Agr 
Tij 


with a first order accuracy. 
From these relations one could evaluate 


Ou _ Uil, j T Yigg 
($) ; = Ag + O(Az) (5.4) 


which approximates the first derivative by a forward finite difference. 
Like the previous one-dimensional case, we have also 


nu (28) agg (BH) (Bat (PA (Bey 
Ui—-1,7 = tJ ðr i T Ir? ij 9 ax3 i 6 + 


J 
(5.5) 








from which 


Ou _ bij —_ Ui—l,j 
(E), = Ag + O(Az), (5.6) 


that 1s the approximation of the derivative by a backward finite differ- 
ence. 
By subtraction of the formulas (5.3) and (5.5) we get 


Ou O Uil, j — Uil j 2 
(a), E 2Az + O(A2") 


1e., the approximation by centered differences. 
If we add the same formulas we obtain 


a) Uil j T 2Uij + Uiii 

' , J 2 

CH) a gT hij Tii (An?) 
2 

(= ij Ar 

which 1s an approximation of the second order derivative. 


Obviously, there exist similar formulas for the derivatives with respect 


to y: 
Ou Uij+1 — Vij 
— = N O A , 
(a). Ay (Ay) 
(Srna + Olas) 
OY Ji Ay 


Ou Uig+l — Uijl 9 
—_— — iv Toy A 
( ). 2Ay + O( y ), 
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st) Ui j+ — 2Ui j + Uij—-1 
_ — ? 2 ? 4. O(Ay’). 
(3 ij Ay" 


We also remark that 


(Fe) 4.7 (ce) 
(23) CO) ee 
ðr? } ; ; dx \ dx} Jij Ag 
Ui+1,7 — Ui, j — Uij Zz Ui-1,9 
___ Ag Ar _ Vitli 7 2Ui,j + Ui-1,5 
Az Ax? 
Le., forward and backward finite differences are used simultaneously. 


Thus, we could similarly generate different formulas for other kinds of 
derivatives. For instance, 





Gi) sass (ou) 
(2 -(2 (2)) N97 tg \ ON i153 
1,7 tJ 


OxOy dx \ dy 2AT 


Ui+ij+1 — Ui+lj-1  Ui-lj+l 7 Vi-1,j-1 


_ 2Ay 2Ay 
2Azr 
from which 
Oru Ui41j+1 + Ui-1,j—-1 — Uid1j-1 7 Yi-1j41 2 
a=} =e LE + O(A’, Ay”). 
(sem), AAzvAy + O(Ar", Ay’) 


An important problem is how to approximate the derivatives at the 
boundary grid points, for example, how to approximate S at the bound- 
ary node | from Figure 5.2. 


Using one of the previous formulas, we have 


ðu U2 — U 
—ļ} = + O(Ay). 
(5) Ay (Ay) 


A more precise formula could give 


Ou\ — U2 — Uo 9 
(Si), = oAy 7 OW) 











but ug is unknown outside of the computational domain. The boundary 


condition 
(2) -0 
Oy), 
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Figure 5.2. The approximation of the derivative at a boundary node 


could be imposed by choosing uo = ug but we cannot calculate the 
derivative with this formula. 
Suppose that in the neighborhood of the boundary, u is of the form 
uly) = a + by + cy’. (5.7) 


Then 
ui — a, 
uz = a + bAy + cAy’, 
uz = a + 2bAy + 4cAy?, 


thus, having u1, ug, ug one could calculate a,b,c. But, on the other hand, 


Ou 
—} = (b+ 2cy), = b, 
a), )ı 


therefore 


Ou o —3u; + 4u — u3 
Oy], T 2Ay 
Concerning the accuracy, we have 


ðu Bu) (Ay)? &u\ (Ay)? 
= ~=] A —5 — oe. (5. 
mm (3) 40+ (a) a tla) ot 8 


Comparing the formulas (5.7) with (5.8) we find 
ug = a + bAy + cAy* + O(Ay’) 
with errors which affect u1, u2,ug. Dividing by Ay we obtain 


Ou\ — —3ui + 4u2 — u3 2 
(Gr). = DAY + O(Ay”*). 


Such type of formulas are called one-sided finite differences. More details 
can be found in [124]. 
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3. The Linear Advection Equation 


The linear advection equation 1s 


Ou Ou 
=+c— =0 0,1),¢ 
a t Or „£ E€ (0,1), >0 
where c 1s a constant that physically represents the advection velocity. 


It 1s easy to verify that the general solution of this equation 1s 
u(x,t) = F(z — ct) 


where F 1s an arbitrary, differentiable, single-valued function which rep- 
resents, 1n fact, the shape of the solution u at ¢ = 0. This profile is 
translated along the Oz- direction at the velocity c at the next time 
moments. 

This equation 1s commonly used as an example and a test equation 
for many numerical methods. 


3.1 Discretization of the Linear Advection 
Equation 
The first step in the numerical treatment of this problem 1s the dis- 
cretization. In this section we will study different types of discretization 


by finite differences following [79]. 
We define a spatial grid of N + 2 points, with a constant step size h, 


1 
n= (3-3) 4 7=0,1,..,.N+4+1 


where N of them le within the computing interval (0,1). The solution 
u will be approximated at the points 21,...,2~4 while zo, ry4, will be 
used for describing the boundary conditions. 

So, if u is fixed outside the computing interval, these boundary con- 
ditions are discretized by 


k_ ,0 k — 4,0 
ug = Uo, UNG1 = UNG: 
In the case of periodic boundary conditions, we have 


kk k _ sk 
ug ZUN, Una = Uy] 


while in the case of homogeneous Neumann conditions we have 


k_ ak k — nk 
ug = uj; UN+1 = Uyn- 


Here a temporal grid is defined on (0,00), with constant step size At, 


th=kAt, k=0,1,... 
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and the approximations of the solution u on the grid (z;, tk) are denoted 
by uj, 


k 
uj 


We shall study different discretizations of the advection equation, ob- 
tained by various discretizations of partial derivatives. 


~ ufti, tk). 


3.1.1 Forward-Time and Centered-Space Scheme 


We shall use the forward difference for the temporal derivative and 
the centered difference for the spatial derivative. So, we obtain a discrete 
form of a first order accurate in time and second order accurate in space, 
equation 





k+1 k k k 
J J j+1 j1 2 
-——— + O(At =~ + O(A = 0 
Ar tO +e saz + a) 
or, by neglecting the “small” terms, 
k cAt k 
ut = us — DAT (ufr — u) . (5.9) 


First, let us analyze the stability of the scheme. We shall use the von 
Neumann method, based on the study of the behavior of a single Fourier 
mode 

u(x, 0) = e” 


in the approximation process. 
The exact solution corresponding to this initial condition 1s 
Ue, (2, t) — ein(z—ct) 
If we are looking for solutions of the approximating equation (5.9) of the 
form 
k eit(zj—c* tk) 


advected at the velocity c*, then 


k _ ,~tinAc, k 
Uj+1 = e uj 
and 
ue — efine Atuk, 


Substituting in the equation (5.9) we find 


ne" cAt , ; _; 
eine At _ 1 — (en Ar —e mAc) 


2Ar 
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Or 


_ cAt , 
e mer At — 1 — 4 sin(nAz). 
Az 


But the above equation implies that the amplification factor e~*"" At 
of the numerical solution passing from the moment tą to the moment 
tp41 has a magnitude greater than 1 (we note that c* may be complex). 
Consequently, the numerical solution 


. * , a k 
uf — ein(aj—e te) — int; (eine At) 


is growing when t — co and this scheme is unconditionally unstable, that 
means useless. 

This example shows that not any discretization gives valid numerical 
solutions. 


3.1.22 Centered-Time and Centered-Space Scheme 


The discretization of both derivatives, in space and in time, by cen- 
tered differences, leads to 





k+1 k—1 k k 
yu” — u” q” — 4" 
7 9 O Ag? g+1 J— 1 O(A 2) = 0 
za +O re aan 1 OA" 
Or At 
_ C 
ust? = ur 1 _ Ar (ub — uf) (5.10) 


which is second order accurate. 
Let us study the stability of this scheme. As in the previous section, 
we obtain 


i a At . 
eine At _ eine At _ — (e^ _ e mAr) (5.11) 
and consequently, 
At 
sin(nc*At) = =< sin(nAz). (5.12) 
x 


This implies that c* 1s real and now, as the left-hand-side has a magni- 
tude less than 1, the above equality 1s satisfied for every n only if 








cAt <1 
Ar| 
The factor C = cât, which can be considered a “nondimensional 


velocity”, 1s called the Courant number. The above condition 1s in fact 
a restriction on the time step size when the space step size is fixed, and 
it is called the CFL (Courant—Friedrichs—Lewy) condition. 
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If the CFL-condition is not satisfied then, denoting the amplification 
factor by 


e — eine" At 
and by 
C= cai sin(nâzr), 
the equation (5.11) becomes 
e?’ + 2iCe-1=0 


such that, consequently 


e = —iĈ + y1 — 2. 


If Ic | < 1 it is obvious that Je] = 1 and the scheme is stable. But if 


C > 1, then 
e=i(+yč-1- 0) 


and the solutions of the difference equation (5.10) are combinations of 
two elementary solutions: one 1s oscillating and decaying but the other 
is oscillating and growing. This growing solution swamps the other and 
ylelds instability. 

Let us study the accuracy of this scheme, supposing the CFL-condition 
satisfied. The equation (5.12) gives us the advection velocity of the nu- 
merical solution 


* 


1 _ (cht . 
c= nAt arcsin (= sin(n da) 
which may be put in the form 


Ct = 





— arcsin (C'sin(nAz)) 
where C* = cat and C = cât, 

It should be noted that c* may coincide with c (for all n) only for 
very particular spatial and temporal step sizes Az and At. Such a case 
is C = 1, that is Az = cAt, which is situated on the stability limit. 

If we decrease the step size At in order to increase the accuracy and 
to maintain the stability (C < 1), the result 1s a translation velocity of 
the numerical solution lower than the exact velocity. This fact is obvious 
if we plot c* with respect to c or C* with respect to C. 
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0.8 


0 
0 1 2 3 My4 


Figure 5.3.. Numerical velocity with respect to the wave number 


Moreover, the advection velocity of the numerical solution c* depends 
on the wave number n. If we represent C*/C with respect to nAz for a 
fixed C, for example C = 1/44, we obtain Figure 5.3. 

We remark that if nAz = z, then c* = 0 so a wave with the wave 
number 





T 
n= = 
Az 
never advects. This happens for waves of wavelength 
A= eS 2Az. 
n 


Longer waves spread numerically faster than shorter waves and the larger 
the wavelength the better is the numerical velocity. 

But the initial profile of the unknown function u may be represented 
as the sum of a Fourier series and each term of the series is a wave with 
a specific numerical velocity. Consequently, the initial shape cannot be 
preserved by numerical adyection with this scheme. 

Even if the stability is ensured by imposing the CFL-condition, even if 
we have an acceptable accuracy when the initial profile is a superposition 
of waves with wavelength greater than the grid step Az, there are other 
facts that make the above method difficult to use. 

We remark that the equation (5.10) allows the computation of u at 
the time level £+1 from its values at the time levels k and k—1. But, at 
the first step, we know only the time level k = 0. The necessary values 
for the next time level may be computed, for example, using the method 
from the previous section. We suppose that the errors coming from this 
single step by the unstable method are small relative to other errors of 
the present method. 
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Another feature, much more serious, 1s that our scheme may generate 


two numerical solutions of the same problem. The value ust is COM- 


puted from the values ur 4, and us but ignoring the values us. If we 


mark on the grid (z;,¢,) the points which are under the influence of uf 
we see that these points are completely independent from those under 
the influence of Urey or ufti (like the white and black squares on a chess 
board). So, what we compute are two uncoupled solutions, that may be 
of different behayior and producing spurious numerical oscillations. 
Ofcourse, we may diminish this phenomenon by recoupling the partial 
solutions. For example, such a way which ensures the circulation of the 
information between the two types of grid points is to substitute the 
computed values us by the modified values 
uy = us + r(ust! + uy — 2u% ) 
where r € (0.01,0.05). There are many types of such filters but their 
use leads to unnatural algorithms. 


3.1.3 Backward-Time and Centered-Space Scheme 


Let us consider now the following discretization of the linear advection 
equation 


uk — yk} uk 
! AP + O(At) +e ( TAs 1i} ota") = 
or c 
k— 
u% + 2 (uf — uf) =uj L (5.13) 


This is an implicit scheme. The solution at the next time level is 
computed from the present time level by solving a tridiagonal system of 
equations. 

Now, if we study the stability by the von Neumann method, replacing 
the wave e*"(7;-¢"tk) in the previous equation, we obtain 


1 + iC sin(nAz) = e’" At, 


The magnitude of the left-hand side 1s greater than |, resulting thus in 
a complex c*. So, the right-hand side modulus is greater than | and the 


amplification factor 
1 


—inc* At — 
einc* At 


€ 


has magnitude less than 1. The scheme is then unconditionally stable 
but it does not preserve the amplitude of the waves. 
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3.1.4 Crank—Nicolson Scheme 


Using the average of forward and backward schemes, we obtain 





k+l _ „k k ak k+1 _ „k+l 
“i "y ef Mott Yj Bit 7 Bint | _ 9 
At 2 2AT 2AT 


If we study the stability as in the previous sections, we have 
C San , 
( + > sin(nda) eine At (1 — = sin(ndz) 


The terms in brackets have the same magnitude, thus resulting in a 
unitary amplification factor e~’"*"“!, The implicit scheme is then un- 
conditionally stable but, as in the previous sections, this scheme does 
not preserve the shape of the waves: the numerical velocity c* depends 
on the wave number n. Particularly, the waves with the wave length 
2Az, for which nAz = 7, yield c* = 0. 





3.1.5 Upstream Schemes 





We have remarked above that the use of the centered-differences 
schemes for the spatial derivative does not yield good algorithms. Tak- 
ing into account the fact that the partial differential equation advects 
the values of the solution from left to nght (downstream), it 1s natu- 
ral to use for the spatial discretization a finite difference that uses the 
known value (from left, upstream) and not the unknown value (from 
right, downstream) from the spatial grid point zj. 

Then we discretize the spatial derivative by a backward finite differ- 
ence, using the upstream values of u. For c > 0 we obtain 





k 
ust — us +C (ui — uf) = 0. (5.14) 


We firstly remark that this scheme 1s of first order of accuracy and we 


need only an upstream boundary condition, so we must specify only the 


value uf. 


The stability study, as in the previous sections, yields 
eine” At —1-C+ Cener. 
We see that, generally, c* Æ c. Moreover, 
al? . 
levine Atl — (1 ~C+ Ce Ar) (1 — C+ Ces?) 


= 1 + 2C(1 — C) [cos(nAz) — 1]. 


264 BASICS OF FLUID MECHANICS AND INTRODUCTION TO CFD 


It follows that the magnitude of the amplification factor 1s less than 1 
for 0 < C < 1 and greater than 1, conversely. So, for C € [0,1) the 
numerical solution is stable but it decreases with time while the exact 
solution does not. 

But, if C = 1, from the above relations it follows that Jenner At] =] 
so the numerical solution does not diminish and, more, c* = $ = c. In 
this particular case the numerical solution is “perfect”. 

Even in the case C € [0,1), when c* Æ c and it depends on the 
wave number n, we have no spurious maxima or minima, due to the 
numerical diffusion, manifested by a decreasing amplitude of the initial 
shape. Moreover, each step profile at the initial state 1s rounded. 

Due to the conservation of the maxima and minima of the initial state, 
even not exactly in position or magnitude, we can say that this scheme 
is monotony preserving. 


3.2 Numerical Dispersion and Numerical 
Diffusion 


It 1s the moment to explain the reason of the numerical difficulties 
encountered at the above schemes. It should be recalled that we were 
trying to solve numerically the equation 


Ou n Ou D 

at dx 
by discretizing the partial derivatives and neglecting the “small” terms 
(1.e., of order of some powers of Ator Az). But from the generic devel- 
opment in Taylor series 


Ar) — 2 F 





we remark that the neglected terms link to the high order derivatives of 
u with respect to x and t. This means that the exact equation we try to 
solve by simple discretizations becomes 


Ou ð?u Pu 

OE + CiAtas + CoAt? ap T 

Ou O*u 0 u 
+c An + Di Aras = + Do Aa? az to = 0. 


If we use a centered finite difference for the spatial derivative and if 
we suppose Ât sufficiently small such that the error comes only from Az 
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and Az”, we will have 
k+l _ „k kak 
“j | Ba "i 
At 2AT 


Ou Ou Ax? Bu 
= Dy (Ti be) +c (iajn) + TEE h)) . 


So, in fact, the numerical solution approximates the solution of a (new) 
equation of the form 


(5.15) 


Ou, (u Be? Bu) _ 
at’ “\ dz 6 a2} 





If we replace here the test wave 
u(x,t) — ein(z—c*t) 


we obtain 





from which 





Concluding, the numerical solution, which approximates in fact the 
solution of the equation (5.15), is advected by a velocity c* slower than 
by the exact velocity c and this velocity depends on the wave number 
n. This 1s the origin of the numerical dispersion that we encountered in 
the above schemes and it 1s generated by the presence of odd derivatives 
into the considered equation. 

Let us now take the scheme where the spatial derivative is approxi- 
mated by a backward finite difference (for c > 0), where we also neglected 
the terms of order Az?, 





In this case the equation to solve 1s, 1n fact, 


ou, (Ou _ ded 
dt \ Oz 2 Ox? 
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The term which contains the second spatial derivative of u represents a 
diffusion and it smoothes the initial state. This term 1s not a physical one 
but it is the effect of the discretization of the spatial derivative and thus 
it is the origin of the numerical diffusion encountered in some schemes. 
This phenomenon is generated by the presence of even derivatives into 
the equation. 

Also, by replacing the test solution 





ulz, t) — ein(z—c*t) 


into the above equation, we find 
. A 
—inc*u + c (inu + su) = 0 


and thus 





So, 


in(x— —n2c At 
u(x, t) — PE ct) o nc" t 


and the numerical solution moves with the same velocity as the exact 
solution while its amplitude decays to zero. 


3.3 Lax, Lax—Wendroff and MacCormack 
Methods 
There are many other discretization methods. For example, in the 
equation 
Ut + cu, = 0, 





we can replace the spatial derivative by the centered finite difference and 
the temporal derivative by the formula 


obtaining thus the Lax method 


k yk k _ak 
akti — “jt T Yj- p At Uj Uj- 


J 2 Az 2 
In this case, by considering a perturbation 


Em(z,t) = ett cikme 
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the amplification factor becomes 
et! — cos(kmAx) — iC sin(kmAz) 


where C = cœ ae. The stability condition lent < 1 yields C < 1 so in 
this case the CFL condition 1s valid too. 

Consequently, for stability, the Courant number C must be less than 
1 while, for accuracy, it 1s necessary that C be close to 1. 

Lax- Wendroff method. Let there be a flow parameter value 9; at the 
point x; and at the moment tą. The value at the next time (moment) 
should be 


_ ag \* 82g\" At? 


k 
From the equations of the phenomenon we can directly compute (3) l 
j 


and by derivation of the equations with respect to ¢ we can also compute 
k 
( of) .. This is a method of second order accuracy. 
j 
For example, for the linear advection equation we have 
uk Zak A 42 
ust! = us ey ĈU ar ou At 
“3 Ot are 2 


We can substitute 


k k 2,,k 29 ,k 
Ou; _ Ou; 30 uj ou 


=c- 





Or at’? | Oa? Ot? 
from the equation, which yields the scheme 
uk. — 
usr = us — At 5 Are 


MacCormack method. This two-step method 1s easier to apply. The 
first step 1s a predictor one 


k 2yk | — yk + yk 
uji, 2 At uji 2u; + Uj 


k _ ak 
ubtt = us; ~ cAi ae “3 , 
while the second step is the corrector 
kt lj] k EF ptl 7 ufti 
uj aly + uj — At — 
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The accuracy is the same as for the Lax—Wendroff method but we do 
not need the use of second order derivatives. 

Both methods are explicit, so the stability imposes constraints on the 
time step. If a wave propagates through a fluid with velocity u and the 
sound velocity is c, the stability constraint 1s 


At = 0-2? 
u+ 





C<1. 
C 


Physically, this means that the time step must not exceed the necessary 
time to propagate the wave from a grid point to the next one. It should 
be better that C be closer to 1, but in the case of many grid points this 
can not always be achieved. We remark that the time step At may be 
variable during the integration process. 


3.3.1 Fluid Flow Through a Nozzle 

Let us illustrate the MacCormack method for the nonlinear problem 
of a fluid flow through a nozzle (a tube of variable section, larger at 
the ends and straightened at the interior), following the paper of J.D. 
Anderson Jr. [5]. The fluid comes from a reservoir where the flowfield 
variables are supposed to be constant. 

The equations governing the phenomenon are the one-dimensional 
conservation equations, 1.e., 

~ the continuity equation 

ap , ƏlpuA) _ 


= 0, 


Ot Ox 


— the momentum equation 


Ou 4 Ou Op 
Pa Or ðr 
— the energy equation 


ðe de _ du O(n) 
Pae T Pas pu 


— the state equation (Clapeyron) 





p = pRT, 


where A = A(z) is the cross-sectional area, as a function of the distance 
x along the nozzle. 

If po 1s the density in the reservoir, agọ 1s the speed of the sound 
at the temperature Tọ of the reservoir, L is the length of the nozzle, 
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A*the minimal area of the section of the nozzle, the above equations are 
nondimensionalized by 


£ t 
u = —,T' = —,2' = —,t = ——, 
i L L/ao 


Al = T7 = ln, V = Inv’, = In T. 
So, we get the system 
ðZ u eas OV 2 


ot Oz! ` Aa!" Aa! 


oV __( 7) (82 02) _ 2y 

at! you} \ôr! ar Ox’ 
ao av, ae ð (In A’ 
ar = Ds T a = Co D 


where the last equation corresponds to the calorically and thermally per- 
fect gas ( of constant y) and consequently e = RL. In the calculations 
we take A’(x’) = 1 + 2.2(2' — 1.5)?, x’ € [0,3] and yọ = 1.4. 

As boundary conditions at the first computing node from the left (in 


the reservoir), we have 
Zo = 0, Vo = 0.1, o = 0. 


As initial conditions we take linear distributions for p' between 1 in 
the reservoir and 0.1 at the exit of the nozzle, at 2’ = 3, for u’ be- 
tween 0.1 and 1 and for T’ between 1 and 0.1. During the evolution, 
Vo will be modified by linear extrapolation vs. the first two computing 
nodes. Similarly, the values at the last node will be calculated by linear 
extrapolation vs. the last two computing nodes. 

This problem is solved by finite differences discretization vs. g’ and 
the time marching will be made by the MacCormack method. Generally, 
having the values of Z; ;, Vij, ®i,; calculated at the moment tj, 

— we evaluate from the differential system oe and the other time 
derivatives at the moment t; by replacing the spatial derivatives with 
the first order forward finite differences 

Gi+1,7 — Gi,j 
h 
where g is the generic notation of the right-hand side of the system; 
- we evaluate Z;,;41; and the other quantities at the next time level 


by 





OZ 
Žij+i = Zig + At tan TE 
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- weevaluate 2 oe ƏZ and the other quantities at the moment #,,1 using 
in the system the above calculated values and discretizing the spatial 
derivatives by backward finite differences 


dij na Gi--1,j . 
h ? 
— we correct the values of the derivatives vs. t by the average 


ORIONA 
dE Jigar 2 ANSY Jig OË Sijaj 


— we calculate Z, V, ® at the next time level by 


OZ 
Zij+i = Li 459 + At & ) yc 
Ət J 5 544 





and we resume the iterations. 
The numerical results are presented in Figure 5.4 where the variation 
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Figure 5.4. The nozzle fluid flow 


of the temperature T', density p', velocity u’ and mass transfer p'u’ A! 
in the steady state (after 250 iterations) are given vs. 2’. 
We remark that the spatial step size was chosen constant Az’ = 0.2 
but the time step size was modified during the iterations such that 
I 
Ať = min aa E - 
a Uta 
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where ais the sound speed at x; (corresponding to the temperature T7) 





d = VET LVT 
vV yRTIo 


This adaptive time step size was imposed by the stability of calculations. 
The MATLAB code is 
x=0:0.2:3;A=log(1+2.2*(x-1.5).^2);dx=0.2;er=1; 
Z=log(-0.3*x+1);FI=log(-0.3*x+1);V=log(0.3*x+0.1); 
for iter = 1:250 dt=min(dx./(exp(V)+sqrt(exp(FI)))); 
DZ=-exp(V(2:15)) .*(A(3:16)+V(3: 16)+Z(3:16)-... 
A(2:15)-V(2:15)-Z(2:15)) /dx; 
DV=-exp(FI(2:15))/1.4./exp(V(2:15)).*... 
(FI(3:16)+Z(3:16)-FI(2:15)-Z(2:15))/dx-... 
exp (V(2:15)) .*(V(3:16)-V(2:15)) /dx; 
DFI=-exp(V(2:15)) .*(0.4*V(3:16)+FI(3:16)+... 
0.4*A(3:16)-0.4*V(2:15)-FI(2:15)-0.4*A(2:15))/dx; 
ZN (2:15) =Z (2:15) +DZ*dt ;VN(2:15)=V(2:15)+... 
DV*dt ; FIN(2:15)=FI(2:15)+DFI*dt ; 
ZN(1)=Z(1) ; VN(1)=max(-15, 2*VN(2)-VN(3)) ;FIN(1)=FI(1) ; 
ZN (16) =2*ZN (15) -ZN(14) ; VNC16)=2*VN(15)-VN(14); 
FIN (16) =2*FIN(15)-FIN(14) ; 
DZN=-exp(VN(2:15)) .*(A(2:15)+VN(2:15)+ZN(2:15)-... 
A(1:14)-VN(1:14)-ZN(1:14))/dx; 
DVN=-exp(FIN(2:15))/1.4./exp(VN(2:15)).*... 
(FIN(2:15)+ZN(2:15)-FIN(1:14)-ZN(1:14))/dx-... 
exp(VN(2:15)) .*(VN(2:15)-VN(1:14)) /dx; 
DFIN=-exp(VN(2:15)) .*(0.4*VN(2:15)+FIN(2:15)+... 
0.4*A(2:15)-0.44*VN(1:14)-FIN(1:14)-0.4*A(1:14)) /dx; 
DZ= (DZ+DZN) /2; DV= (DV+DVN) /2;DFI=(DFI+DFIN) /2; 
Z(2:15)=Z (2:15) +DZ*dt ;V(2:15)=V(2:15)+DV«dt ; 
FI(2:15)=FI(2:15)+DFI*dt; 
Z(1)=Z(1) ;V(1)=max(-15,2*V(2)-V(3)) ;FI(1)=FI(1); 
Z (16) =2*Z(15) -Z(14) ;V(16) =2*V (15) -V(14) ; 
FI (16)=2*FI(15)-F1I(14); 
er=max (fabs (DZ*dt) abs(DV*dt) abs(DFI*dt)]); 
if rem(iter,10)== 
subplot (2,2,1);plot(x,exp(FI));title('T’) ; 
subplot (2,2,2);plot(x,exp(Z)) ;title(/RHO’) ; 
subplot (2,2,3) ;plot(x,exp(V));title('V’) ;grid; 
subplot (2,2,4) ;plot(x,exp(Z).*exp(V) .*exp(A)); 
title (/mass’);axis({0 3 0 2]);grid; 
disp([iter/100 dt er]); pause; 
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end; end; 
which presents the time evolution from 10 by 10 iterations. 


4. Diffusion Equation 


Let us now consider an equation with second order derivatives with 
respect to the spatial variable, namely the one-dimensional diffusion 
equation 

ðu 5 0*u 


T eo = 1),t>0. 
© Dae 0,2 €(0,1),é>0 


This parabolic equation 1s also used as a test problem for different numer- 
ical methods. Let us add to it some boundary conditions, like Dirichlet 
conditions u(0,t) = u, u(l, t) = ur. 

We consider the same grid z = zj, j = 0,...,N + 1, respectively, t = 
tk, k =0,1,... as in the case of the linear advection equation. The spatial 
derivative will be discretized by the central second order finite difference 
and the temporal derivative by one of the first order finite differences. 
From the boundary conditions we have uf = u; and u5, 41 = Ur, for all 


k. 


4.1 Forward-Time Scheme 





This is ; 
+1, k k okak 
uj Uj _ Sas 2U + Uj- 
At Az? , 
L.e., 
At 
kil _ sk 2 k k k 


It is an explicit scheme. Let us study the stability by the von Neumann 
method. 
Consider a Fourier mode 


u(x,t) = An(t)e*, 


with variable amplitude; by substituting into the diffusion equation we 
find 





dA 

Tr = =en? A, 
and thus , 

An(t) = 07t, 


We remark the decay in time of the amplitudes (as in the attached 
physical phenomenon) and the decaying dependence on the wave number 
n. 
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Let us check the behaviour of the numerical solution, which must be 
the same in the case of stability. Ifthe numerical solution does not decay 
it means that the scheme is unstable. 

Choosing a test solution of the form 


us — e Ath tinti 


and replacing into the equation (5.16) we find 
2 
ke At yk 1 CAt (ina -inAz) „k 
use = uy + Hz (e T_94¢e am 2) u, 


Or 


2 

-AAt c'At 
=] +2 

e + Age 


The numerical solution decreases in time if e~*4t < 1. From the 
above equation we have 





(cos(nAz) — 1). 


c* At 


1-4 
Ar? 





< e rAt < 1. 


There are three cases: 
a) £0 < 4cAt < 1, the numerical solution 1s monotonically decreas- 
ng, 
b) if 1 < 455 At < 2, the numerical solution is oscillatory decreasing 
—At 





(in this case AI may be complex and the amplification factor e 1s of 


magnitude less than 1), 


c) if 45> At > 2, the numerical scheme is unstable. 


Concluding, it is necessary for stability that At < An So, this 


scheme 1s only conditionally stable. The stability requirement 1s very 
strong, we need very small time steps and thus this scheme 1s of less use. 
The truncation error is of order O(At, Az”). 

There are many explicit schemes, some of them unconditionally stable, 
like that of the DuFort—Frankel method 


k+1 _ ,,k-1 ko k-1 _ „k+l k 
Us: U. uj + Us 44 





uU uU 
—İ 
J J — e J J 


2At Az? 
which implies three time levels. The truncation error is better than in 
the previous, namely O(At?, Az”), 


4.2 Centered-Time Scheme 


Let us now consider the following approximation of the diffusion equa- 


tion bet bt 
+1 _ k- 
uj uj 2 uf — 2u} + up 


2At An 
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namely 


At 
k+1 _ _ k—-1 2 
uj =U; +20 (ub. - Qui + Us L) 


which is second order accurate in space and in time. The scheme 1s 
explicit but we need the numerical solution at two previous time levels 
tk and ¢,_1 (in order to compute the next time level). 

Resuming the stability computations, we find 


e rAt — prAt 


+45 ot x (cos(nAz) — 1). 





Ax? 


If we denote e~*4' = e and 4S At (cos(nAz) — 1) = Č > 0, we have 


e+ Ce ~1=0 


1 ~ Z 
=- ( -+y +4 
«=; (-2 Č +4) 


But the “—” sign always yields a solution with € < —1 which represents 
(forcomplex A) an oscillatory and growing in magnitude solution. This 
solution may cover the solution corresponding to the “+” sign. The 
scheme is therefore unconditionally unstable. 

We must underline that a better accuracy does not yield a better 
stability. 


and thus 


4.3 Backward-Time Scheme 
Finally, let us consider the scheme 


k k~1 
uj — uj aie — 2u% + uy 
At Ie 
which yields 
2 
k CAS k koak Ņ\— k- 
uj — Agi (uk, — 2u5 + uk) =uj 


This is an implicit scheme, the numerical solution at the k-time level 
is computed by solving a tridiagonal system formed with the known 
solution at the previous time level. 

For stability, in this case, we find 


c* At AAt 
1 — 2 (cos(kAz) — 1) =e 


But the left-hand side is positive and of magnitude greater than 1, thus 
resulting in an amplification factor e~*4! which is always between 0 and 
1, for all spatial or time steps. The scheme is therefore unconditionally 
stable. 
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4.4 Increasing the Scheme’s Accuracy 


In 1927 Richardson proposed the following technique to increase the 
accuracy of schemes with differences. Calculating the exact value u with 
a method of first order of accuracy, we obtain an approximation up of 
order h of u. Recomputing with a smaller step, like p, we obtain the 
approximation wp /2. 

If the exact solution 1s smooth, the scheme is stable and the round-off 
errors in the computer are negligible, then we may write 


un = ut Ah + O(h’*), 
Unj} = U + AÈ + O(h?), 
where A is supposed constant. Eliminating A we obtain 
2Uhj2 — Uh = U+ O(h?) 
SO 2unj2 — Up approximates uby a second order accuracy. 


Analogously, using second order schemes, we may obtain schemes of 
third order of accuracy 


un = u + Ahk? + O(h’), 
Unj = U+ A + O(h9), 
and thus lunja — Up 
— 3 =U + O(h?). 
This procedure cannot be used indefinitely due to the accumulation 
of round-off errors. 


4.5 Numerical Example 


Let us use an implicit (backward-time) scheme for the problem of a 
starting flow in a channel, between two parallel infinite plates, caused 
by a suddenly imposed pressure gradient dp along the channel. The 
equation of the flow is 


a pdr VOe 
If the distance between the plates is 2L, the initial and boundary con- 
ditions will be ulyo9 = 0,-L < y < L and uly-41 = 0,t > 0. 
As the time increases, the solution u(z,t) will approach the steady 
«ote t; id 
state distribution us = -a de (L* — y*). 
By introducing the dimensionless variables 





ty Y u 


Y U = —s 
i L? dp 


T= AT 
2u dz 
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the deviation from the steady solution, which is 


Us — u 
ey 
Bip SO" 

2u dz 
OW _ 82W 


satisfies the diffusion equation y = ayt with the conditions W |y=+1 = 
0 and Wļ|r=oọ = 1 — Y? for -1< Y <1. 

By applying here this backward-time scheme, we obtain the MATLAB 
program 

r=0.4;h=0.05;Y=(-1:h:1)/; wv=1-Y.72; 

e=ones (39,1) ;wn=zeros (41,1); 

T=spdiags([r*e -(1+2*r)*e r*e],[-1 0 1] ,39,39); 

p=plot (Y,1-Y.*2-wv,’EraseMode’ ,’none’) ; 

axis([{-1 1 -0.1 1]);hold on; 

for i=1:1000 wn(2:40)=T\(-wv(2:40)); 

set (p,’color’,’w’) ;drawnow; 

set (p,/Ydata’ ,1-Y.~2-wn,’color’ ,’y’) ;drawnow; 

wv=wn; end; 

plot(Y,1-Y.°2,’r’) ;hold off; 

which shows the time evolution of the velocity profile, see Figure 5.5. 





-1 -0.5 0 0.5 1 


Figure 5.5. The fluid flow caused by a pressure gradient 


The truncation error of the above scheme is of order O(At, Az?). It 
could be improved by taking for the spatial derivative the average of the 
centered finite differences at the time levels k - 1 and k 

k~—1 2 


k 
uj — uj é lu 


k 9k 1 4k k-1 _ 9, k-i , „k—1 
4 au; + UF uji 2u; Fupi 


ie Jj per Jee 
= Ax? 


At 2 Az? 
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which gives, after rearranging the terms, 

Ruf — 2(1 + Rju + Ruf = -Ruf — 2(1 — Rju; — Rufi. 

This is the Crank—Nicolson method which 1s an implicit method and 
unconditionally stable too, with a truncation error of order O(At?, Az’). 

We remark that the implicit methods have the advantage of stabil- 
ity for large values of the time step size (attention, not every implicit 
method is unconditionally stable ! ). This means fewer computing steps, 
resulting in a shorter computing time. 

Unfortunately, the programming itselfis more difficult, the computing 
time per each step being longer because a system of equations must be 
solved if R changes; also, larger truncation errors occur if the time step 
size At is chosen too large. 


5. Burgers Equation Without Shock 


We prefer the discretization of the conservative form of the equation, 


ðu 8 fu 
J T Ox (5) =0 (5.17) 


which is closer to the physical conservation law modeled. In this sec- 
tion we will present some classical discretizations by finite differences 
schemes. 


5.1 Lax Scheme 
With the above notation, on a grid defined on (z,t) € R x R*+, we 
: At 


have 
Lut, ut.) vy (ey 
j 2V\I I abe | 27, V2). 


obtained by discretization of the temporal derivative by a forward finite 
difference and of the spatial derivative by a centered finite difference 
together with the substitution of u* by the averaged values at the spatial 
neighboring points. If we write the scheme in the form 








yeti 81l (ut tuta) At Uj tuja (ui _ af 
j 9 \ J+ jo 9Ar 9 j+1 g-1}? 
we remark that ıt may be derived from the discretization of the noncon- 
servative form of Burgers’ equation where us was replaced by the above 
average. It 1s an explicit scheme, of first order of accuracy. 
In order to study the stability, first a linearization is necessary, either 
of the original equation or of the nonlinear discretized form. Obviously, 
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in the nonlinear case, the method 1s only local, due to the high gradients 
of the solution in some domains. 
Let us consider therefore the linearized scheme 


1 uAt 
k+ k k 
u; l 9 (u! 1p + uf) T JAn (uk, 17 ut) (5.18) 


where uis an averaged local value of the unknown. 
Let us take an initial profile 





which becomes at the point z3, 
yo = eing Ar 
j 
Substituting into (5.18) we get 


1 _ injgAr _ — mjAr a! injAx 
uj = ae =5 (2cos nh) e 2A (2isinnh)e 
for which the amplification factor 1s 


ut.. 
E = COS Nn ÂT — —isinnAz. 





Ar 
But 3A 
At ; 
lef? =1—- (: — a ) sin? nAz 
so that the stability condition is 
At | 
Ag < Juj’ (5.19) 


We remark now that the stability condition changes with the solution. 
The time and space step sizes must be automatically adapted while 
. . . 1 
computing. For this, at each time level we should compute supla] and 


next an acceptable value of At is to be considered. 


5.2 Leap-Frog Scheme 


This is an explicit, of second order accuracy scheme, 1.e., 


At | uN" u2\* 
uft = yk-l _ — (5) — (5) . (5.20) 
J J Az 2 j4l 2 j-1 


The stability analysis gives the same condition (5.19). To start we need 
a single step scheme in order to calculate, in addition, the second time 
level. 
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5.3 Lax—Wendroff Scheme 

This 1s an explicit, of second order accuracy scheme, using intermedi- 
ary grid points Dipl = Tj + Ar and teat = tk + at, We have two stages: 
a predictor, in which we compute, for all 7, 





2\ $ 2x4 k 
k+} 1 ( ko k At (5 ) (= ) 
and which is, in fact, a Lax scheme with steps Ar, at and a corrector, 
in which we calculate, for all 7, 
A 2\ k+3 2x4 k+3 
k+1__ k t u u 
i+} j-4 


which is a leap-frog scheme with halved steps. 
For the stability study, we linearize the equations (5.21) and (5.22), 
1.e., we get 


k+3_ 1 ( k k ) ut | k r] 
u. i =- |u; + u; — —— |u; —-U; 
j+} QI J+ 9Ag L I+ 7] 
and 

yt — uf _ ult k+% _ kta 

J J Age | ita 5-3 


Eliminating the level k + 5 we obtain 





2A 42 
k+l k UOty, 4) VAE k ok k 
uj) = U5 — OAD ukya u| + gaza (Yj T Uj + Ujj. 


As above, the amplification factor € 1s 











At At? 
e=1- sa 2isinnAs + ee (—2)(1 — cosnAz) 
and 
2 2 2 2 
2 u Ate o of_, , wAt 
lel“ = 1+ Aye (1 — cos nAz) ( 1+ Age 


which is of magnitude less than 1 for 


At 1 


—— < 
Az ful 
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6. Hyperbolic Equations 
6.1 Discretization of Hyperbolic Equations 
Oscillatory flows in fluid dynamics are governed by partial differential 


hyperbolic equations. For example, the propagation of a one-dimensional 
sound wave of small amplitude is described by the equation 


u u 
a l Ox? 
where ¢ is the time and g is the spatial coordinate in the direction of 
propagation. The wave’s velocity is c (considered constant in the lin- 
earized problem) and the flow velocity 1s u. Similar equations may be 
written for density, pressure, temperature. 
Here u should be found for every time moment ¢ > 0 in the spatial 
domain x € [0,1]. We also need the initial conditions 


u(z,0) = f(z), 


Ou 
Dy (20) = g(x), 


(5.23) 


and boundary conditions, at both ends of the interval. If, for example, 
one end is closed by a rigid wall, then there we have u(1,#) = 0 for all ¢. 
If the other end is open into the atmosphere, then the pressure should 
be constant at that end, 1.e., u,(0,¢) = 0. 

The discretization methods by finite differences for such problems are 
similar to the parabolic case, cf. [155] for example. We divide the spatial 
interval by a grid x; of step size Az, with the total number of points 
N + 2 and the time axis by a grid t; of step size At, which now is not 
bounded, see Figure 5.6. 

Using second order centered finite differences for partial derivatives, 
it follows that 





ust! = 2u% +0? (ut, — 2u? + ul) — uk) j =1,..N,k =2,3.,... 


j 
(5.24) 
where C is the nondimensional parameter 


Le., the Courant number. The above formulas calculate the approximate 
solution at the time level ¢;4; from the known values at the two previous 
time levels.. 

Let us study the stability of the above scheme (5.24) using the von 
Neumann method. Suppose that the solution may be developed into a 
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(i,j+-1) 





Figure 5.6. The grid for hyperbolic problems 


Fourier series with respect to spatial variables. A typical term of this 
series is E 

uf 2 Ax clin Ax 
where A; is the amplitude at the moment tą of the component with the 
wave number n. Analogously, 


a = Apaia uke, = Ape EMNAT 
Replacing into (5.24) we obtain 
Arai = 2A} + C7 A, (ere d einAr _ 2) n Apa 


or 


Ak+1 = Ak — Ag-1 


where Č = 2 [1 — C?(1—cosnAz)]. If we introduce the amplification 
factor € for which 
Ak+1 = €Ap = E° Áki, 


the above equation becomes 


e? —~Ce+1—0 


with the roots 
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The stability is ensured only when |e,2| < 1, that is C? < 4 or 


2 
C? < ——_ <, 
T 1—cosnAz 


This inequality is always verified if C* < 1 or, finally, 


Concluding, for the stability we need a relationship between the time 
and space step sizes. In the particular case when cAt = Az we obtain 


the scheme 


k+1 1 


— k k k- 
uj = Up F U5 41 ~ Uj 
which is, in fact, the “leap-frog” method. 

It can be proved that this method yields the exact solution of the 


problem. Indeed, the exact solution verifying the initial conditions (5.23) 


» fetes fend, ip 


tH) = 
u(x,t) 5 De 


g(s)ds 


—ct 


or, in short form, 
u(x,t) = F(x — ct) + G(z + ct). 


Here F and G represent waves that propagate without changing the 
profile, at constant velocity. The lines of slopes dz = +c in the plane z—t 
are the characteristics of the wave equation and describe the advance in 
time of the waves. 

So we have 


ust = F(a; — ctk41) + G(x; + ctp41). 
But 
zj = 21 + (j — 1)Az, thy, = t1 + kAt 
and therefore 
ut = F(xı + (j —1)Az-—ctı —ckât)+G(zı+ (j —1)Az+ cti +ckAt). 
On the other hand, 
uf + už — us = F(a, + (j — 2)Arz — ct; — c(k — 1)At) 
+G(xzı + (j — 2)Az + ct, + c(k — 1)At) 
F(a, + jAx — ct, — e(k — 1)At) 
+G(zı + jAz + ct, + c(k — 1)At) 


—F (xı + (J — 1)Az — ct, — c(k — 2)At) 
—-G(zı + (j — 1)Ag + cty + c(k — 2)At). 
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Taking into account Az = cât, the two equations coincide. 

The above computations have a strong physical interpretation. The 
exact solution formula shows that the value of the solution at a point P 
of the plane zx — t depends on the values on the grid points between the 


diagonals PQ and PR of slopes a = +4 through P (see Figure 5.7). 





Figure 5.7. Physical interpretation of the stability criterion 


The region PQORP is the computational domain of the values of the 
solution in P. If Pq, respectively Pr, are the characteristics through P of 
slopes a = +c for the exact solution, then PqrP is the physical domain 
of dependence for the exact solution in P. Ife < Re, as in the figure, then 
the computational domain contains the physical domain of dependence 
and the computations are stable. Computing errors appear by using 
values from the computational domain and not from the dependence 
domain. 

But if C = At > 1, then the computational domain PQRP is in- 
cluded in the physical dependence domain PqrP and only a part of 
needed information for the value of the solution in P is available and 
this yields the instability. The limit case C = 1 or cât = Az yields 
the equality of the two domains and the algorithm computes the exact 
solution. 

[In the above formulas we need the numerical solution at two time 
levels in order to calculate it at a next time level. We have directly from 
the initial conditions 
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The equation at k = 1 1s 


2,1 i __,,0 
uj = Uj- + Uji — Uj. 





But from the second initial condition, 1f we discretize the derivative by 
a centered finite difference, we get 





2 ,,0 
uj “l= g; 
2At J 


from which, by replacing uf we have 


2,1l 1 2 | 
uj = Uj- + Uj} — uj + 2Atg; 


Or 
1 
uj = 5 (fj-1 + fj+1) + Atg;. 


So, we have the starting formulas. 

As an immediate application, let us study the sound waves in a tube 
[22]. Let us consider a tube of 1m in length, of uniform cross section, 
divided into two chambers by a diaphragm at the middle section and 
closed at the right end. Suppose that the air density in the tube is 
po + p'(z,t) where po is the atmospheric density and 


0, r< 


seosed E S 


wojt — 


d f 
with -i (2,0) = 0. The boundary conditions will be p'(0,t) = 0 at the 
open end and p/,(1,¢) = 0 at the closed end. 
Suppose that at t = 0 the diaphragm 1s suddenly removed. It may be 
proved, from Euler’s equation, that 
DV 
PDt 


and from the continuity equation 


Op 

ball . = 0 

a + V (eV) =9, 

by linearization, that the density fluctuation p’ satisfies the wave equa- 
tion 

ð? p' 9 a? p' 








a l I 
where ais the sound speed, considered to be 340m/s. 
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By denoting, in the sequel, p' = u and using the above discretization, 
the boundary conditions become 


k — 
V a 
UN+1 T UN-1) 
which leads to the starting relations 
1 


“j = fi; 
“j = 2 (Jj-1 + fj+1) J = 2,- N -= 1, 


un = fN-1, 
and to the iterations 


k+1 k k-1 p 
ust + Us41 — U, 7 = 2,...,N —-1, 


where the time step size is At = Ar, The following MATLAB pro- 
gram performs an animation of this phenomenon for 1000 time steps, 
describing the evolution of u as a function of x and time 

a=340 ;m=201;h=1/(m-1) ; jmax=1000; 

tau=h/a;u=zeros(m,1);ui=zeros(m,1) ;u2=zeros(m,1); 

x=(O:h:1)’;f=zeros(m,1);:for i=(m-1)/2:m £(i)=1;end; 

ui=f ; 

u2(1)=0;u2(2:m-1)=(f (1:m-2)+£(3:m))/2; 

u2(m)=f (m-1) ; 

p=plot (x,ul ,/EraseMode’ ,/none’) ;xlabel(’?x’);ylabel(’u’) ; 

axis([-0.1 1.1 -1.1 1.1]);pause(1); 

set(p,’color’ ,’w’) ;drawnow; 

set (p,/Ydata’,u2,'color’,’y’) ;drawnow; 

for j=3:jmax u(1)=0;u(2:m-1)=u2(1:m-2)+u2(3:m)-ul(2:m-1); 

u(m)=2*u2(m-1)-ul(m) ; 

set (p, color’ ,’w’) ;drawnow; 

set (p,’Ydata’,u,’color’,’y’) ;drawnow; 

ul=u2;u2=u;pause (0.01); 

end; 

The program shows the generation of two waves, a compression wave 
propagating toward the left and an expansion wave propagating towards 
the right and which specifically reflects at the ends of the tube. 


6.2 Discretization in the Presence of a Shock 


In a neighborhood of a shock the variation of u at the considered 
grid points does not tend to zero, and that induces numerical difficul- 
ties. These problems may be surpassed either by using some “shock- 
fitting’ schemes, that treat the position of the shock as an unknown 
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and discretize the equation separately on each side of the shock, or by 
introducing an “artificial viscosity”. 

The first methods are difficult to use. It 1s difficult to follow a shock 
that may appear or disappear, it 1s difficult to express numerically the 
entropy condition and it 1s difficult to keep the stability of the schemes 
in the case of using variable step sizes. 

The methods based on an artificial viscosity are more often used. 
Although they may represent the shock more extended than it really 1s, 
its position and intensity are correctly represented. Moreover, we need 
not impose the entropy condition because at the limit, when v N 0 we 
obtain just the entropy solution. 

Practically, we add to the equation a term of the form vey with v 
positive and small, or we discretize the equation by a dissipative scheme, 
which automatically introduces a numerical diffusion. 

Let us first take the linear advection equation 


du | ou 
ot dx 


where c > 01s constant. The Lax scheme is 











1 cAt 
k+1 k k k k 
uj = 3 (ui 1 + už) — SAL (uf m ut) . 


Let us suppose that u is sufficiently smooth and it can be developed 
in a neighborhood of the point (z;, t). Applying these developments in 
the above formula we obtain the equation 








du At? d*u 3 
u+ Ata + 38 + O(At*) 
Az? d*u 4 Ou 9 
-> Jz? + O(Azxr ) — cAt G + O(Az ) . 


If we suppose At = O(Az), the equation may be written 


= u + 


at Oe 2 ðr? 2 de 


Ou Ou 1 Az? 8u At? 8u 
Ot Or At 


) + O(Az’), 


We may say either that the Lax scheme discretizes the advection equa- 
tion by a first order accuracy or that this scheme discretizes the equation 


Ou ðu 1 (“= u At? sit) 


at | “Ox At 


2 Ox? 2 OF? (5.25) 


by a second order accuracy. 
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From 


we obtain, if u is sufficiently smooth, 


3 u ð [ðu ð (ðu 
m T Co (z ) +0(As) = -e (Z) + olan) 


0 Ou 5 O°u 
-e77 (-c5 + O(A2) + O(Az) = c° Aye + O(Az) 


and then the equation (5.25) becomes 


Ou Ou Ax? CLAN 8u 
at oe A ~ Rae ) aga + O(A®"). 


If the stability condition is verified, 


lc] At 
Ag <l, 


then the numerical method introduces, in fact, in the right-hand side a 
dissipative term of intensity 


Ax? ce At? 


when Az — 0. 
The calculations are performed similarly for the Burgers equation. In 
fact, the second order approximating equation 1s 


ðu ð (ue 1 (Az? Bu At? 8u 5 
ates) = (So - Se) + O(Az"). 


But we have 


u _ Ə (du) 3f fLl a [9 (wv 
aw aj t| Ax \ 2)! #&ax lat\ 2 


8 fou) _ 8 f 8 (ÊN) 2 [200] _ ru, 4, (du)? 
~ ð| Ot| Ox “Ox 2 — Ox ” Ox Ox2 “ Ox. 


so our equation may be finally written 


ðu 8 fu? Ax? u? At? \ 8u du\? 9 
dt’ Ox (=) = Fai (> Ar ) 3z? uat (2 ) + O(n"). 
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. 2. ae . 
The perturbation —uAt (2) is regular, so the qualitative behavior of 
the equation 1s the same as that of the Burgers equation with dissipative 
term. Of course, we should impose the condition 


At l 


zs < 
Az — ful 


which ensures the correct sense of dissipation (with positive intensity). 
This technique with artificial viscosity 1s often used for the stabiliza- 
tion of numerical schemes. Let us consider now a numerical example for 


the Burgers equation 
Ou n o u? -0 
Ot Ox\ 2) — 


with the initial condition (see [42]) 

l, r<0,xr>2 

u(x,0) = uoz) = < 0, 0<2<1 (5.26) 
x-1, l<2r<2 


Starting from the parametric equations of the exact solution 


T = ug(é)t + E, 
u = up(§), 
and from the shock condition 
dr _ 1 (uy + u2) 


we can find the exact solution for the above problem, 1.e., 





1, T < Ts(t) 
0, z(t) <£z<1,0<t<2 
= — 1 
ulz, t) ZO, max(1,24(t)) <2 <t+2 
l, r>t+2 


where x = z(t) is the shock equation, 


t 
- O<t<2 

x, (t) — 9° — 
t+2-VJ3Vt+1, t>2 


The equations of the characteristic lines, along which the initial values 
u should be transported, are, corresponding to the four lines from the 
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definition of u, 
t=z-€, €<0, 
z=¢, 0< <L, 


Ss Va Se, 
t=2-&, &>2, 


see Figure 5.8. 





Figure 5.8. The characteristic lines of the equation 


We will apply two discretization schemes and we will compare the 
numerical solutions with the exact one at t = 3, x € (0.5, 5.5), namely 
with 





1; r < 5-— 2V3 
—] 
u(z,3) = — , 5—2V3<z<5 
l, r>5 


First, we will use the Lax scheme, 


k k 
„kti t (ul, n uka) _ At ($) _ (5) | 
j Tg (Pm T 25s | Oy Pa Oe pa 


and then the predictor-corrector scheme S7 studied by Peyret and Lerat, 


9\ k 94 k 

a ee = (5) -5 

Uj ( B)u; Puj+i SAT 9 ai 9 j 

gH =u e70 (8); teen (8); 
HS 


sa-a- (8i, O] 
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where the proposed optimal values œ = 1 + v5 p= $ were chosen. For 
both schemes we use the same stability condition 


At 2 1 
Az ` sup; {u;{ 
which at each time level evaluates the new time step size At, the spatial 


step size Az being fixed (Az = 0.01) and therefore At = Az. 
Figures 5.9 and 5.10 show the numerical solutions together with the 


errors versus the exact solution. 





Figure 5.9. The numerical solutions 





Figure 5.10. The errors 


We could remark that the second accuracy scheme S% gives better 
results than the Lax scheme, which is of the first order of accuracy. The 
MATLAB program, called lax .m is 
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clear;alpha=1+sqgrt(5)/2; 

for j=1:1101 x(j)=-2.5+(j-1)*0.01; 

if x(j)<=0 u(j)=1; elseif x(j)<=1 u(j)=0; 

elseif x(j})<=2 u(j)=x(j)-1; else u(j)=1; 

end; end;v=u; 

for k=1:300 u=(u(3:length(u) )+u(1:length(u)-2))/2.*... 
(1-(u(3: length(u) )-u(1:length(u)-2))/2) ; 
x=x(2:length(x)-1); 

g=(v.*v)/2; 
vi=(v(1:length(v)-1)+v(2:length(v)))/2-alphax... 
(g(2:length(v))-g(1:length(v)-1)); gi=(vi.*vi)/2; 
v=v(2:length(v)-1)-1/2/alpha*((alpha-0.5)*... 
(g(3:length(v))-g(1:length(v)-2))+... 

gi (2:length(vi))-gi(i:length(vi)-1)); 

end; 

for j=l: length(x) 

if x(j) <5-2*sqrt(3) uex(j)=1; 

elseif x(j)<5 uex(j)=(x(j)-1)/4; 

else uex(j)=1; end; end; 
plot(x,u,’-.',x,v,/:',x,uex,'-’); 

xlabel (‘x’) ;ylabel (‘solution’) ; pause; 
semilogy(x,epst+abs (u-uex) ,’-.’,x,epstabs(v-uex) ,’:’); 
xlabel(’x’) ;ylabel(’ errors’) ; 

text(3,1.e-10,/Lax: -.-.-.-.-.’); 

text (3.2,1.e-11,’S: ......... ') ; pause; 

plot (x(100:120) ,u(100:120) ,’-.',x(100:120),... 
v(100:120)':’,x(100:120) ,uex(100:120) ,’~’); 

xlabel (‘x’) ;ylabel (‘solution’) ; 


text(1.61,0.8,’Lax: -.-.-.-.-.’); 
text(1.62,0.7,/S: ......... '); 
text(1.603,0.6,’exact:_______ '); 


6.3 Method of Characteristics 


The numerical solution for the sound waves in a tube shows that a 
sound wave propagates at a constant velocity without changing its shape. 
This fact is a result of linearization of the governing equations, in the 
case of small perturbations about the equilibrium state. 
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These governing equations are, as we know, the Euler and the conti- 
nuity equations 
(5.27) 
at + “Ox + p Ox 7 
where the sound speed a is also a function of x and ¢. Assume that the 


fluid flow velocity u is less than the sonic speed. By eliminating p, after 
some transformations, we obtain the equations 


2+ (u+ a) 2 (ut 2) =o 
et -oge| (e Fy) =o 
me Ga) 


and the subscript “0” indicates the undisturbed conditions. 
The above equations show that 


where 


Pa=uct+ 





is constant along a curve in the xt plane. From 


OP OP 0 dr ð 
dP = ap dt t+ ptT (a+ tae) P= 


comparing with the above equations, we obtain 


dx La 
—— =— u 
dt 
which is the expression for the slope of that curve. 
Similarly, 
2a 


y— 1 





Q=u- 


is constant along a curve of slope 
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These curves are the so-called characteristics of the equations. As u and 
a depend on z and t, the characteristics are generally curves in the plane 
rt. 

Since P, respectively Q, are constant along the characteristics, a so- 
caled method of characteristics may be developed [22]. Suppose that 
the initial data are given at ¢ = 0 and we must calculate those at a 
point C, at some t > 0. The two characteristics through C, of slopes 
u +a respectively u—a, intersect the Ox—axis at A, respectively B. But 
Po = P4 and Qc = QB Or 


2 2 

y-1 y-1 

200 2B 
= wR — 





y= yor 
Thus 
_ UATUB , GQA—GQB 
eee aera Te 
aA taB 
-z 


1 (5.28) 


ac = CS) (ua — UB) + 


If the distance between A and B is small, the characteristics can 
be approximated by two straight lines of slopes ug + aa, respectively 
upg — ap, and then, the values at C, which is the intersection of these 
lines, are approximately given by the above formulas. 

Therefore, having the grid in the xt plane, we will draw the (linearized) 
characteristics through the new point C and the values at the previous 
time level at A and B will be calculated by interpolation from the known 
values on the grid at this time level, see Figure 5.11. 





(i-1,)A (i.i) B (i+1,)) 


Figure 5.11. The characteristics method 


Finally we have 
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UA = Uig + F (Ui + aij) (Uiii = tij), 

QA = Gig + F (ig + aij) (aij — Gij) > 

UB = Uij — F (Ui, — aij) (Uit1,5 — Ui j), 

aB = Qij — F (Ui j — Qij) (aiti j — aij), 
and then the new values ug = ui j+1, respectively ag = ai j+1, will be 
calculated from (5.28). Here k is the spatial step size Az and 7 1s the 
time step size At. 

The stability condition requires that the numerical domain of depen- 

dence at any grid point is not less than the physical domain of depen- 
dence determined by the characteristics, 1.e., both 





~|utal <1,~|u-al<l 


must be satisfied in the whole computational domain. 

For example, let us consider, as in the previous example, a tube with 
the left end closed and the right end open. Let ag = 340m/s be the 
sound speed in the undisturbed state and at £ = 0 we will consider a 
small perturbation of the shape described by a piecewise linear function 
determined by uj; (as in the program); the initial condition for a is 


-1 





a=aogxt u 


where the sign 1s taken in correspondence with the sign of z. The bound- 
ary conditions become 


Uij+1 = 0, i 
Gi j+1 = 0B — tt -up 


for the left end, open in the atmosphere and where only the characteristic 
Q = const. is used while 





Um, j+1 = UA + (aa — ao), 


y¥—] 
Am, j+1 = 40 


for the closed right end where only the characteristic P = const. 1s used. 

The program uses y = 1.4 for the air at sea level, h = 0.02m and the 
starting time step size r = 0.5h/ag which can be modified by testing the 
numerical stability. The MATLAB program 1s 

a=zeros(101,1) ;u=zeros(101,1); 

a0=340 ; h=0.02; gamma=1 .4; 

m=101 ; jmax=2000; tau=0.5*h/a0;ratio=tau/h; 

amp1=a0/2; coef=(gamma-1) /2;uv=zeros(101,1); 
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uv(1:13)=ampl*((1:13)’-1)/12; 

uv (14:39) =amp1* (26-(14:39)')/13; 

uv (40:51)=ampl*((40:51)’-51)/12; 

av=a0+coef *uv; 

p=plot (0:0.02:2,uv,‘EraseMode’,’none’) ; 

xlabel(’x’);ylabel(’y’) ;pause(1) ; 

for j=1:jmax u(1)=0;a(m)=a0; 

upa=ratiox(uv(1)+tav(1)) ;uma=ratio*(uv(1)-av(1)); 

if (abs(upa)>1 abs(uma)>1) break;end; 

ub=uv (1)-uma* (uv (2)-uv(1)); 

ab=av(1)-uma*(av(2)-av(1)); a(i)=ab-coef*ub; 

for i=2:m-1 

upa=ratio*(uv(i)+av(i)) ;uma=ratio*(uv(i)-av(i)); 

if (abs(upa)>1 abs(uma)>1) break;end; 

ua=uv (i) +upa*(uv(i-1)-uv(i)); 

aa=av (i)+upa*(av(i-1)-av(i)); 

ub=uv (i) -uma* (uv (i+1)-uv(i)); 

ab=av (1) -uma* (av (it1)-av(i)); 

u(i)=0.5*( (uatub)+(aa-ab) /coef) ; 

a(i)=0.5*(coef*(ua-ub)+(aatab)); end; 

upa=ratio*(uv(m)+av(m) ) ;uma=ratiox(uv(m)-av(m)) ; 

if (abs(upa)>1 abs(uma)>1) break;end; 

ua=uv (m)+upa* (uv(m-1)-uv(m)) ; 

aa=av (m)+upa* (av(m-1)-av(m)); 

u(m)=uat(aa-a0) /coef ; 

set(p,’color’,’w’); set(p,’Ydata’,u,’color’,’y’) ;drawnow; 

uv=u;av=a;pause (0.01) ;end; 

While running the program we remarked a distortion of the shape of 
the wave in the compression region, 1.€., a shock wave is developed, see 
Figure 5.12 which represents u as a function of x at such a time instant. 

Actually, the velocity gradient becomes so great that the viscosity of 
the fluid and heat transfer can no longer be neglected. In such regions 
the equations (5.27) break down and the computation should be stopped. 
The structure of a shock wave for a real gas was numerically studied in 
section 3.1, Chapter 4. 





7. Elliptic Equations 
Let us consider the Poisson equation 
Ure t Uyy = q(z, y) (5.29) 


to be solved in the rectangle D = [a,b] x [c,d]. We know the values 
of u (forexample u = 0) on the boundary of the domain. In order to 
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Figure 5.12. Shock waves 





discretize the partial derivatives of u we introduce a grid on D , given 
by the lines z = z; = 7Az, i = 0,...,m + 1, respectively y = y; = jAy, 
j = 0,... n +1. If we denote by uj; the approximations of u at the 
point (xz;,y;) and we use centered finite difference approximations for 
the derivatives, we have for each interior point of D, 





Uitti j — 2Uig + Ui-1,5 
Ax? 


Uij+1 — 2Uij + Ui j1 
ro Aye CS 
y 
with a truncation error of order O(Ax? + Ay’). 
In the simple case when Ax = Ay = h, we find a system of nm 
simultaneous equations and the same number of unknowns 


1 1 
uij = 7 (Ui-Lj + Uiig + tij- + Ui j+1) — gh tij» (5-30) 
2=1,....m,7 =1,...,n. 


7.1 Iterative Methods 


We will analyze first an iterative method to solve the above system 


(which generally is a large system). We choose an initial approxima- 
tion a i = 1,...,m, 7 = 1,...,n for the interior of the rectangle D. 
Supposing known uf), 


(5.30) 


we will calculate the next approximation from 


+1)_ 1 ) 1,2 
u ‘= 4 (uf, ig + CS T ut) re 3” qij- (5.31) 


(n) _, uij (the solution of the finite 


Let us prove that for n —> œ, ujj 


difference system). 
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Indeed, by substraction of the equations (5.30) and (5.31) we find for 


the errors at each point ef” n) 


(n+1) _ 1 (n) (n) (n) (n) 
“ij 7 z(e eiaj T Citij T eij- +e] 


and thus 


1 
e+] < ; ( et) | 4 


25] 74 

















ete). 


Let us denote £) the greatest of these errors for the n-th iteration. 
Obviously, B®) < #@-), For the points having a neighbor on the 
boundary, (boundary points of the first layer) where the error vanishes, 
we have the estimation 


(n) 
el) yl + Jei, 1a + 








eth) <3 < 3 pln) = (1 _ EO. 


For the points having as neighbor one of the above points (boundary 
points of the second layer), we have the estimation 


(n+1) 1 n i n—i 1 n—l 
er <5 (se )+(1~ 3)E ) < (1-7) 2 ) 





So, 


tj 





intl) 1 n—-M+1 
[< (1 - qv) eu 


where M is the total number of layers in the grid. Consequently, 
BM) < [1 L gO pM) < (1L | pon 
7 4M 4M 


and generally, 


1 N 
pM) < (i — im) E©) 0 


as N — oo. Therefore, after sufficiently many iterations, the computed 
values will approximate as well as we wish (of course, within the limit of 
the computer’s errors) the solution of the finite difference system (5.30). 


7.1.1 Liebmann and SOR Methods 


A faster iterative method is the Liebmann formula 


n+l n+1 n n+l n 1 
ut) = ) 1 (u n iy Huh y + ul A + ul) _ zh ais (5.32) 
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where the new iteration 1s calculated from down to up and from left to 
right, the new computed values being immediately used. 

In the particular case of a rectangle, with a uniform grid, a faster 
method is the successive overrelaxation method, shortly S.O.R., 


1 wW +1 1 
uy = uly + 4 (ult? tupig Huei +u tuy — hai ) 


where the optimal value of w € [1, 2) is 


8 — 4V 4 — a? 


w = 
a 


and œ = cos [45 + cos =. 

Let us consider, as an example, the fluid flow through a channel de- 
fined by [—3,3] x [—2,2] with an inside obstacle of boundary f(z, y) = 0, 
see [22]. The fluid enters in the channel by a hole y € (—0.25, 0.25), 
x = —3 and it freely exits through the outlet x = 3, as we can see in 
Figure 5.14. 

The harmonic stream function W will take the value 1 on the upper 
left and upper walls, the value — | on the lower left and lower wall, it will 
be 4y on the hole and it will verify Y, = 0 on the right wall (uniform 
stream). 

In this case the presence of the obstacle (on the boundary of it we 
could take W = 0) imposes a particular care for discretization. 

Really, the (obstacle) boundary points do not usually coincide with 
the grid points, thus the grid points in the immediate neighborhood of 
the obstacle must be moved to its boundary, see Figure 5.13. 

If a,b,c,d are the distances from the new nodes (¢ — 1,7), (¢ + 1,3), 
(i,j —1), (i,j +1) to the node (i, 7) and we denote by Ya, Yo, Ye, Ya the 
values of Y at these new nodes, we get the discretization formula of the 
Laplacian around the node (2, 7), 





E ð? y 


Ope + ar), | = ag; ; + QaPa + pV, +aV. + aga. 
J 


Let us expand Y, and the others in Taylor’s series and neglect the 
higher-order terms, obtaining 


Ow a? (07 ¥ 
Pa = j- a| Z a (f= 
3 o(a) t 2 (Ga) + 


tJ 
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Figure 5.13. The grid near the boundary of the obstacle 


and similar relations for the others. Substitution into the above relation 
gives 


(3 Ory 


ta * Bt). = (a9 + Qa + œ + Qe + ag) Vi; 


ov au 
iene, (=) ca eee (=) 
i ) (az i Cot Oy Jij 


ow ow 
+4 (a*aq + b*ap) (=) + t (Pae + Paa) (=) a: 
257 4,7 


and by equating corresponding coefficients and solving the obtained sys- 
tem we get 


ig E ie 
a ab cd)’ © a(atb)’? ° b(a+b)’ 


2 2 
%5 ery Herd 


Therefore, the iterative formula (Liebmann) (5.32) becomes 
Pa Wp Fe Wa 


a(a + b) i b(a + b) eT an d(c + d) 
1 1 


ab ed 


Vij = 
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for such a node. 


For example, taking inside the channel an elliptical obstacle we obtain 
the streamlines from Figure 5.14. 





Figure 5.14. Channel flow past an elliptical obstacle 


The MATLAB program is 

clear; global x0 y0; 
h=0.125; x=-3:h:3; y=-2:h:2;m=length(x) ;n=length(y) ; 
for i=1l:m for j=i:n 
ID(i,j)=0;psi(i,j)=y(j)/2;a(i,j) =h;b(i, j)=h;c(i, j)=h; 
d(i,j)=h; 

if f£(x(i),y(j))<=0 ID(i,j)=4;psi(i,j)=0; 

elseif i==1 ID(i,j)=3; 

if y(j)<=-0.25 psi(i,j)=-1; 

elseif y(j)>=0-.25 psi(i,j)=1; 

else psi(i, j)=4*y(j); end; 

elseif j==1 ID(i,j)=3;psi(i,j)=-1; 

elseif j==n ID(i,j)=3;psi(i,j)=1; 

elseif i==m ID(i,j)=2; 

if y(j)<0O psi(i,j)=-1; elseif y(j)>0 psi(i,j)=1; end; 
else 

if £(x(i-1),y(j)) <0 

ID(i, j)=1; yO=y (j) sai, j) =x(i)-fzero(‘fx’,x(i));end; 
if f(x(it1) ,y(j))<0 

ID(i, j)=1; yO=y (j) sbi, j) =fzero('fx’,x(i))-x(i) ;end; 
if f(x(i),y(j-1))<0 

ID(i, j)=1;x0=x(i);c(i,j)=y(j)-fzero(‘fy’,y(j)) send; 
if f(x(i) ,y(jt+1)) <0 

ID(i, j)=1;x0=x(i) ;d(i, j)=fzero(‘fy’ ,y(j))-y(j) ; end; 
end; 

end;end; 
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iter=1;er=1;psin=psi; 
while er>l.e-2 
if rem(iter,10)==1 disp([iter er]);end; 
for i=1:m for j=i:n 
A=a(i,j) ;B=b(i,j) ;C=c(i,j) ;D=d(i,j) ; 
if ID(i,j)==0 psin(i,j)=(psin(i-1,j)+psi(iti,j)+... 
psin(i,j-1)+psi(i,j+1))/4; 
elseif ID(i,j)==1 
psin(i,j)=1/(1/A/B+1/C/D)*(psin(i-1,j)/A/(A+B)+... 
psi(iti,j)/B/(A+B)+psin(i,j-1)/C/(C+D)+... 
psi(i,jt+1)/D/(C+D)); 
elseif ID(i,j)==2 
psin(i,j)=(2*psin(i-1,j)+psin(i, j-1)+psi(i, j+1))/4; 
end; 
end;end; 
iter=iter+1;er=norm(abs(psin-psi) ) ;psi=psin; 
end; 
contour(x,y,psi’,[-1+eps -0.75 -0.5 -0.25 -0.1 0.1... 
0.25 0.5 0.75 1]); 
axis('equal’);hold on; 
[X,Y]=meshgrid(x,y);Z=f(X,Y);C=contour(X,Y,Z,[0 0]); 
fi11(C(1,:),C(2,:),’r’) ;hold off; 
which uses the function subprograms 
function z=f (x,y) 
global x0 y0; 
zZ=(x+y+i) .°2+(y-x-1) .°2/6-1; 


function z=fx(x) 
global xO y0; 
y=y0; 

z=f (x,y); 


function z=fy(y) 

global x0 y0; 

x=xQ; 

z=f£(x,y); 

The program calculates the boundary of the obstacle from the equa- 
tion f(x,y) = 0 and the new grid points on that boundary are cal- 
culated by solving the equations f(z,y;) = fz(y) = 0 respectively 
f(zi,y) = fy(y) = 0. An error (the difference between two successive 
iterations) less than 0.01 is obtained after about 60 iterations. 
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7.1.2 ADI Method 


An interesting iterative algorithm, often used, could be obtained by 
introducing a fictitious diffusion problem 


— 
— 


ôt ar y) NOI 


u(x, y,0) = U(z,y), 
ulag = 0, 


with a suitable initial condition U. The solution of this unsteady problem 
for large ¢ approximates the solution of the Poisson equation and thus, 
the time marching for the above equation gives an iterative method to 
solve the problem (5.29). 

By discretizing the above equations with the finite differences method 
on the grid z = 2;, 7 = 1,...,n respectively y = yj, j = 1,..., M with 
the step sizes Az, Ay and ‘by denoting as usual ui the approximation 
of the exact solution u(zTi, yj) at the grid points and at the moment tk 
(with the time step size At), the explicit Euler method with respect to 
the time leads to 


k+1 k 
Wij — Ui; —¢ uf J — Quy. + To J 4 ui iat — 2u% + uf jn |) efi; 
Az Ay J 


make the method useless. But Peaceman, Rachford and Douglas, in 
1955, proposed the decomposition of each time step into two steps of 
length At/2 and a semi-implicit treatment of the spatial derivatives, 
obtaining the so-called ADI (alternating direction implicit) method, see, 
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for instance, [125], [120]: 


k+1/2 k 
Wig ay 


At/2 


k-+1/2 k+1/2 ,  k+1/2 
(Meek y ag igen tm + hia) og 
Ar? Ay? Wy 


k+1 k+1/2 
Uij — Ui; 


Ai/2 


i— 1,4 ł1,j}—1 


k+1/2 k 1/2 ,  k+1/2 
uft — 2u EL paft Ursa — 2u Ely upt f 
=C ? + ? — ¢ 

Az Ay J 


In fact, at the first half-step the g direction is implicitly treated and 
then, at the second half-step the y direction is implicitly treated too. 
In the sequel this order 1s reversed, to avoid the break of the solution 
into independent components. At every half-step we have to solve a 
tri-diagonal system of algebraic linear equations, which is no longer a 
difficult problem. The scheme has a second order of accuracy in space 
and in time and it 1s unconditionally stable, thus it is the usually used 
algorithm for practical problems. Of course, a sufficiently large number 
of time steps must be considered and the final accuracy depends on the 
spatial step sizes. 

A project of MATLAB program is 

n=64;h=1/n;x=linspace(0,1,n+1) ; y=x; 

(X,Y]=meshgrid(x(2:n) ,y(2:n)); 

F=-5*pi~2*sin(pi*X’).*sin(2*pi*yY’) ; 

U=zeros (n-1) ;dx=h;dt=0.1;al=dt/dx*2;e=ones(n-1,1); 

Uex=sin(pi*X’) .*sin(2*pi*Y’) ; 

A=spdiags([al*e -2*(it+tal)*e al*e],-1:1,n-1,n-1); 

B=spdiags([-al*e -2*(1-al)*e -al*e],-1:1,n-1,n-1); 

for kod=1:30 

Ui=A\ (U*B/+dt*F) ;Uii=(B*Uitdt*F) /A’; 

Ui=(B*Uiitdt*F) /A’; Un=A\ (Ui*B’+dt*F) ; 

err=max (max (abs (U-Un) )) ;disp( [kod err] ) ;U=Un; 

end 

surf (X’,Y’,abs(U-Uex)) ; 
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for the problem 


Au =—5r*singsin2y, in Q = [0,1] x [0,1], 
Ulan = 0. 


With this data for the program an accuracy of about 8x 10~‘ is obtained. 
The algorithm can be easily extended to the three-dimensional cases. 


7.2 Direct Method 


In the case of a rectangle, we may also use an exact method for solving 
the system (5.30). 

We remark that the computation of the second order derivative with 
respect to x is, in fact, the multiplication of the values of u on the grid, 
from left, with a differentiation matrix Sm, 


Ugri, l ° Ugrin uji > Ulm 
Uram,l °'' Usarm,n Um `  Um,n 
—2 1 
h2 Rk? 

1 -2 
T2 p2 i 
Sm = he Rh i 
, © p 
1 —2 
h2 h? 


where we have taken into account the null values of u on the boundary 
(else they pass to the right-hand side of the discretized system). The 
second derivative with respect to y is similarly calculated, by multiplica- 
tion of the values of u on the grid, from right, with the matrix S7 (the 
transposed differentiation matrix). 

In the case of the problem 


Urz + Uyy = q, in Q = [0, a] x (0, d], 
ulan = 9, 


by discretization of the second derivatives at the points (z;, y;) = (th, jh), 
t=1,...mj=1,..,.n and h = —S = ea we obtain a system with the 
unknowns Ui; = ulzi, Ys) of the form 


S,U + UST = 
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If we denote the right eigenvectors (columns) matrix of Sm by Pn, we 
have Pr Monn = Am, where Am is the diagonal matrix of eigenvalues. 
The computation is similar for Sn. So that, multiplying the above system 
by Pn! from the left and by P>' from the right, it becomes 


Pra SinPan Pn UP, + PR UP PES Py = Pp FP; 


OF 


from which, 


and next, from U we calculate U = Pp U PT. 

The computing effort is the diagonalization of Sp and Sm, but this is 
performed only once. We remark that for tridiagonal and constant coef- 
ficients matrices, like ours, there are analytical formulas for eigenvalues 
and eigenvectors. So, for the matrix n x n, 


a b 


C a 





we have the eigenvalues [124] 


Ay = a + 2V/Bc cos ( IT ) f= hen 
n+l 





and the right eigenvectors matrix 1s 


Cc. LÍN — 
Pi; = \/ sin (25) 34, ] = l,- n, 


no other calculations being required. 
For Sn we have, consequently, 





and 
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(and similarly for Sm), which next should be normed, P:=P/norm(P). 
We have moreover P~! = PT = P. 

We will present an example of a fluid flow leading to such a problem, 
i.e., a rectangular domain with vorticity. 

Let us study the flow generated by a distribution of vorticity within a 
rectangular domain [a, b] x [c, d}, following [22]. As we know, the vorticity 
is a vector in the Oz direction with the magnitude q, defined as the curl 
of the velocity vector V x V = q. Using the relation between the velocity 
components and the stream function W, the above relationship can be 
written in the scalar form (passing to the magnitude q) 


Veg + Vy oa —q(z, y). 


In a particular case of the domain D = [-3, 3] x [-2, 2], with the vor- 
ticity generated by the point vortices of strengths 100, respectively —50, 
located at the points (1,1) respectively (1,0), one obtains the streamlines 
from Figure 5.15. 





Figure 5.15. Streamlines generated by two line vortices 


The MATLAB program is 

x=-3:0.1:3; y=-2:0.1:2; 

c=zeros (59,39) 5c (40,30)=-100;c(40,20)=-50; 
ei=ones (59,1) ;e2=ones (39,1); 

D23=spdiags([e1 -2¥e1 e1],[-1 0 1],59,59)*100; 
D15=spdiags(le2 -2*e2 e2],[-1 O 1],39,39)*100; 
[U,L]=eig (full (D23)) ; [(V,P]=eig(ful1(Di5’)); 
PSI=zeros (59,39); 

=inv(U)*c*V; 
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for i=1:59 for j=1:39 

PSI(i,j)=C(i,j)/(LG1,1) +P (j,j)); 

end;end; 

psi=U*PSI*inv(V) ; 

S=zeros (61,41) ;S(2:60,2:40)=psi; 

cs=contour(x,y,5’, [0.01 0.02 0.05 0.1 0.2 0.3 0.4]); 

clabel(cs,’manual’) ;axis (‘equal’) ;hold on; 

plot(1,1,’0',1,0,’0’) ;hold off; 

where the discrete system was exactly solved. The stream function 
W was chosen such that it takes the O value on the streamline which 
represents the boundary of the domain. 

For further details concerning the solvability of large systems of equa- 
tions we recommend [128]. 


7.3 Transonic Flows 


Let us consider now the important problem of the calculation of a 
plane steady transonic flow. Precisely, we will present a computing pro- 
cedure for a steady, inviscid, transonic fluid flow past an airfoil. In the 
case of a velocity close to the sound velocity, a zone with supersonic 
velocity appears near the airfoil, leading to the shock waves. Mathemat- 
ically, the phenomenon is described by mixed partial differential equa- 
tions: elliptic in the subsonic region and hyperbolic in the supersonic 
zone. The discretization procedure will take into account this aspect. 
Moreover, in the physical domain, the rapid changes of the flowfield 
around the airfoil arise so there we must refine the computing grid. 

After the basic paper of E. M Murman [92], the simplest mode (but 
not the most accurate) to numerically calculate this flowfield is the use 
of the transonic small disturbance theory. What we are calculating is 
in fact the induced small disturbance on the uniform stream due to the 
presence of the airfoil. 

We scale the y coordinate to y = 6!/3y where 6 is the airfoil thickness 
ratio and we consider the velocity potential ® for which the velocity 
disturbances are 





u = O,,v = 05. 


The flow 1s governed by the unique equation 
[K a (y+ 1) 9, Prr + Pyy =0 


, rr -M2 
where K is a similarity parameter K = Cue) (when the unperturbed 
velocity increases to the sound speed, K decreases), Moo is the [ree 
stream Mach number and y 1s the ratio of specific heats. For the concrete 


calculations we take K = 1.3 and y = 1.4. 
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We can see that in the regions with higher velocity ®, > -Æ and the 
equation 1s locally hyperbolic, while in the regions with smaller velocity 
O, < Tt and the equation is elliptic. 

As computational domain we choose a rectangle whose base y = 0 rep- 
resents the (upper) airfoil surface on the interval [—1, 1] . The boundary 
conditions will be 


F(x), |x| <1 
1(2.0)=4 6 In| > 1 


where the airfoil equation is y = ôF (7 ). In the sequel, for sake of sim- 
plicity, we will consider F(z) = 1—*. On the other sides of the compu- 
tational rectangle we consider, as boundary conditions, the unperturbed 
values of ©, the usual doublet for a closed body 


D T 
?(z,9) = rV K £2 + Ky T 
and we keep only the written term in the above series. Here D is the 
doublet strength, 


p= f F(€)dé + =f udédy 


which, during the calculations, will be approximated (after every step) 
by reducing the double integral to an integral on the computational 
domain. 

So, let us consider a mesh with meshlines z = z;, y = y; and, as initial 
approximation, a uniform flow. We approximate at every node 


Piti — Oi-1, 
(Palis Re 
and, depending on the result of the comparison with 


will be discretized as follows: 
— in the elliptic case, @, < 


7 E, the equation 
ESE 


(d) _ imij 7 Pi- 
shij ~ JAg 


itii — 2015 + Bia, 
(Ban), m yt eo 


— in the hyperbolic case, ®, > ae 


Pij — Oj-2,; 
2AT , 


9; 5 — 20,;_ lj + DO; 2j 
Ag? 


(r)i; = 


(Prr); 24] ~ 
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In both cases, 


ldz). , Oi j41 — 2915 + Pij- 
YY ig T Ay? 


excepting the first computational row yj, = Ay/2, where 


L | ®i2— in 
(Pr) in ~ AE Panes — B5l5=0 


Finally, we take at the horizontal axis 
io = Di1 — AyPz|F=0. 


At every iteration we evaluate D by 
2 A" 
D = ) X (r)i j AzAy 
i j 


and thus we can modify the values on the boundary of the computational 

domain. Finally, the values on the horizontal axis needed for the pressure 

coefficient are approximated by extrapolation from the internal nodes 
Èi o = = Bi — = 8 — “Ay. P5|g=0- 

The different discretizations of the equation in the different zones are 
imposed by the different dependence domains. In the elliptic case, this 
is the whole computational domain and the node for the new computed 
value is surrounded by the old ones. Conversely, in the hyperbolic case, 
the dependence domain is only the angle between the two characteristics 
through the node and the new value uses only those at the upwind nodes. 

The discrete system is iteratively solved, considering the time evolu- 
tion of the phenomenon. If we denote at each step the system to solve 
by L® = 0, we attach to this problem the equation 

o 


which may be discretized in time by, for instance, 











ort} = pm) + At LE., 


Choosing the time step size sufficiently small in order to ensure the 
computational stability and performing a sufficiently large number of 
steps in order to approximate well the steady solution, we obtain the 
results from Figures 5.16, 5.17 and 5.18. 
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Figure 5.16. The pressure coefficient —cp 


08 
0.6 
0.4 
0.2 
j -0.5 0 0.5 x 
Figure 5.17. |The sonic line 
The first figure shows the pressure coefficient cp = —2u on the airfoil 


surface x (with changed sign). We can see the rapid change on the right, 
due to the presence of the shock wave. The second figure shows the sonic 
line shape ©, = aT , which separates the subsonic zone (outside) and 
the supersonic zone (inside). The last figure shows the velocity field near 
the airfoil and the shock wave. 

In order to increase the accuracy, we can use the transformed coordi- 


nates 





E=(x+c)7!+d, 

n=(yta)' +b, 
that refine the mesh near the airfoil. The computational domain is 
[(—5.6, 5.6] x [0, 7.5/V K], using 111 nodes on Oz direction and 62 on Oy 
direction. We have performed 2000 time iterations. We remark that 
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Figure 5.18. The velocity field 


this procedure is not the fastest (or the most accurate) but it 1s easy to 
understand. 
The MATLAB code is 
K=1.3;g=1.4;m=111;n=62 ; D=8/3; 
x=linspace(-5.6,5.6,mt+2) ;dx=11.2/(mt1) ;dt=0.001; 
dy=7 .5/sqrt (K)/n;y=[0 linspace(dy/2,7.5/sqrt (K) ,n)]; 
(X ,Y]=meshgrid(x, y) ;X=X’; Y=Y’; Fy=zeros(1,m+2); 
for i=i:m+2 if (1i-x(i)°2)>0 Fy(i)=-2*x(i); end;end; 
F=ones (m+2,n+1)/20; F([1 2 mt2],:)=... 
D/(2*pi*sqrt (K))*X([1 2 mt2],:)./... 
(XC{i 2 m+2],:).°2+K*YC(([1 2 m+2],:).72); 
F(: ,n+1)=D/(2*pi*sqrt (K))*X(:,nt+1)./... 
(XC: nti). 7 2+K*Y(: ,nt+i).72); 
F(:,1)=F(: ,2)-dy*Fy’; mesh(F) ; 
Fx=(F(4:mt2,2:n)-F(2:m,2:n) )/2/dx;t=dt;iter=1; 
while 1 a=zeros(m-1,n-1); 
a(find(Fx<K/(g+1)))=ones (size (find (Fx<K/(g+i)))); 
Le=((K-(g+1)*(F(4:mt+2,2:n)-F(2:m,2:n))/2/dx).*... 
(F(4:mt2,2:n)+F(2:m, 2:n)-2*F(3:m+1,2:n))/dx"2+t... 
(F(3:mti1,3:nti)+F(3:mti,i:n-1)-2*F (3:m+i,2:n))/dy~2) ; 
Lh=((K-(g+1)*(F(3:mti1,2:n)-F(1:m-1,2:n))/2/dx).*... 
(F(3:mti,2:n)-2*F(2:m,2:n)+F(1:m-1,2:n))/dx72+... 
(F(3:mt+1,3:n+i)+F(3:mt1,1:n-1)-2*«F (3:m+i,2:n))/dy~2) ; 
Fn=F (3:mti,2:n)+dt*(a.*Le+(1i-a) .*Lh) ; 
err=sum(sum(abs (F(3:m+1,2:n)-Fn))); 
if rem(iter,10)==0 disp(f{iter/10 t err]);end; 
F(3:mt+1,2:n)=Fn;F(:,1)=F(: ,2)-dy*Fy’; 
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Fx=(F(4:m+2,2:n)-F(2:m,2:n))/2/dx; 
Dn=8/3+ (g+1) /2*sum(sum(Fx.72))*dx*dy ; 
F({i 2 m+2],:)=Dn/D*F([i 2 m+2],:); 

F(: ,n+1)=Dn/D*F(: ,n+1) ; 

D=Dn; t=t+dt ;iter=itertl; 

if err<0.05 break; end; 

end; 
F(:,1)=9/8*F(: ,2)-F(: ,3) /8-3/8*Fy’ *dy; 
Fx0=(F(4:m+2,1)-F(2:m,1))/2/dx; 
cp=2*Fx0; I=find((1-x.72)>0) ; J=find(y<1) ; 
plot (x(I),cp(I),’.’) ;pause; 
u=(F(4:m+2,2:n)-F(2:m,2:n))/2/dx; 
v=(F(3:mti,3:n+1)-F(3:mti,i:n-1))/2/dx; 
v(:,1)=Fy(1,3:m+1)’; 
contour(x(I),y(J) ,u(I,J)’, K/(g+1) K/(gti)]); pause; 
quiver (X(3:mti,2:n) ,Y(3:mti,2:n),uti,v); 
axis([-2 1.5 -0.2 1.4]); 


7.4 Stokes’ Problem 


We will firstly consider the steady state case 
1 
Vp = nv Y, (5.33) 


V- V=0, 
Vian = V fr, 


where V =(u,v). Let us present an example leading to such a problem. 

In the case of a viscous incompressible flow, the Reynolds number 
R measures the relative importance of the inertial forces vs. viscous 
forces in the flow. If the Reynolds number R is large, the viscous force 
terms in the Navier-Stokes equations become small in comparison with 
the others. In this case the viscous forces are important only in a rela- 
tively small region in the neighborhood of the surface of the fluid — the 
boundary layer. If R is much smaller than unity, the viscous forces are 
dominant on the fluid flow. 

By eliminating the terms describing the inertial forces in the Navier— 
Stokes equations we obtain for the steady state the equation 


uV?V = Vp. 


Such flows for which R < 1 are called Stokes flows and the above equa- 
tion is called the Stokes equation (see also sections 3.3 and 4.4.4). Taking 
the curl of the above equation we are led to 


v? =0 
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where Ç = V x Vis the vorticity. Similarly, divergence of the equation 
yields, based on the incompressibility V - V = 0, 


Vp = 0. 


In the particular case of a two-dimensional Stokes flow in the xy plane, 
by introducing the stream function WY for which 


OV Ow 
u = ——, V = ——— 
Oy’ Ox 
we find that the only nonvanishing vorticity component is that in the 
Oz direction and 


V?’ = -¢. 
By using the (scalar) equation verified by the vorticity, we also get 
Viv =0 
where at gi at 
Va VV? = dat + 2G,29,2 + 3,4 


is the biharmonic operator and the above equation is the biharmonic 
equation for 4). 

Let us consider, for instance, following [22] a square cavity ABCD, 
see Figure 5.19. 





O-A, y=Oy, =0 B x 


Figure 5.19. Driven cavity flow 





Here the steady fluid flow is generated by sliding the lid (an infinitely 
long plate on the top of the cavity). We assume that the dimensions are 


314 BASICS OF FLUID MECHANICS AND INTRODUCTION TO CFD 


normalized, i.e., the cavity is the square [0,1] x [0,1], the horizontal lid 
velocity is 1 m/s and the Reynolds number is so small that we deal with 
a Stokes flow. 

As there are no fluid changes between the cavity inside and outside, 
the fluid flow forms a closed path within the cavity. The surfaces DA, 
AB, BC, CD will determine the streamline Y = 0 and so, the nor- 
mal velocities to these surfaces are all zero. We will require that the 
tangential velocity to these surfaces vanishes too, excepting on the lid 
CD, where it is equal to 1. So, the biharmonic equation for the stream 
function is joined with eight boundary conditions, precisely 








— ovt — 
Vipa = 0, S DA” 
y 
Wlap=0,55| _ =0, 
ay 4B 
Vac = 0, Or Bo = 2; 
Ylen = 0, § ap 7! 





We would solve this problem by the finite differences method. Let us 
cover the cavity with a square mesh of step size h. The discretization of 
the biharmonic equation is [124] 


V* fig = Fal20 fig — 8( fist, + fi- + fag4i + fij-1) 
+2( fist jai + fi-1,j41 + fi4ig—1 + fi-1,j-1) 


+(fig+2 + fij-2 + fi+2j + fi-2y)| = 0. 

At the boundary nodes we assume f;; = 0. For the boundary condi- 
tions containing derivatives, we will use, for discretization, centered first 
order finite differences. So, we will consider a layer of fictitious nodes of 
step size h outside the domain. The nodes numbering will be: 

~ xı fictitious node at the left side (outside) of AD. 

— £2 boundary node at AD. Here f = 0. 

— £3 inside (computational) node in the Oz direction. Here f will be 
calculated. 

~ £m-—1 inside (computational) node at the Oz direction. Here f will 
be calculated. 

— £m boundary node. Here f = 0. 

— £m+1 fictitious node at the right (outside) of BC. 

Analogously we make the numbering in the Oy direction: y1, ..., Ym+1- 
Thus, at AD we will have 


fog = f(x2,y;) = 0,7 =3,...,5m—1, 
fij = faj,7 =3,...m—-1 
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and similarly at the sides AB and BC. At the side CD where WV, = 1 
the conditions will be 


fim = f (Ti Ym) =0,: = 3,- m — 1, 
fim+1 = Jim-1 + 2h 


While we discretize the biharmonic equation at the inside boundary 
neighboring nodes, the values of f at the fictitious nodes appear. Here 
we will use the above equations. 

So, the biharmonic equation will be discretized at the inside nodes 
(zi, Yj), where i = 3,....m — 1 and 7 = 1,...,m — 1 obtaining (m — 3)? 
linear equations with the same number of unknowns f; j, and a linear 
algebraic system of the form R = AS —b = 0 is obtained. The matrix A 
of this system and the right-hand side terms are difficult to be manually 
written, but A is a sparse matrix and in our case, for m = 32, we are 
able to calculate the exact solution of the system. 

The first part of the code, cf. [124], automatically determines the 
right-hand side b and then the matrix A. By systematically numbering 
the mesh nodes and arranging the unknowns f into a column vector S$ 
of size (m — 3)*, we observe that 





b = —Ris=0 
and hence 


Aij = OR = R;(S3 = 0,...,5; = 1,...,5m-1 = 0) +b 
Os; 
for 1,7 = 3,...,m — 1. What we need is such a subprogram which calcu- 
lates R from a given S, 1.e., the subprogram rez.m 

function R=rez(S) 

m=length(S)-1;h=1/(m-2) ; 

R=2045(3:m-1,3:m-1)-8*(S(4:m,3:m-1i)+... 

$(2:m-2,3:m-1)+S(3:m-1,4:m)+8(3:m-1,2:m-2))+... 

2*(S$(4:m,4:m)+S(4:m,2:m-2)+5(2:m-2,4:m)+... 
$(2:m-2,2:m-2))+(8(3:m-1,5:mt1)+5(3:m-i,1:m-3)+... 
$(5:m+1,3:m-1)+S(i:m-3,3:m-1)); 

R=reshape(R, (m-3) 72,1); 

The main program must complete the boundary and fictitious layers 
of S (which is of size (m+ 1) x (m + 1)), with the above mentioned 
values and next it must compute b and A. Finally, it should solve the 
algebraic linear system and plot the solutions representing the stream 
function values on the mesh nodes. The MATLAB code 1s 

m=32;S=zeros (m+1) ;h=1/(m-2); 

for j=3:m-1 $(1,j)=8(3,j) ;S(m+1,j)=S(m-1, j) ; end; 
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for i=3:m-1 $(1,1)=5(€1,3) ;S€i,mt+i)=S(i,m-1)+2*h;end; 

A=spalloc((m-3)°2, (m-3)72,13*(m-3) 72) ; 

B=-rez(S) ;p=0; 

for jp=3:m-1 for ip=3:m-1 p=pt1;S(ip,jp)=1; 

for j=3:m-1 $(1,j)=5(3,j) ;S(mt1, j)=S5(m-1,j) ; end; 

for i=3:m-1 $(1,1)=S( (1,3) ;S(i,mti1)=S(i,m-1)+2*h;end; 

AC: ,p)=rez(S)+B;S(ip,jp)=0; end;end; 

X=A\B; 

X=reshape (X,m-3,m-3) ;8(3:m-1,3:m-1)=X; 

x=linspace(0,1,m-1) ;h=1/ (m-2) ; y=x; 

cs=contour(x’,y’,S(2:m,2:m)’,... 

[0 -0.02 -0.04 -0.06 -0.08 -0.09]); 

clabel(cs,’manual’) ; 

The result, the streamlines, can be seen in Figure 5.19. 

We will present other methods to bypass the difficulties generated by 
the presence of the equation V-V =0. Let us consider the evolution 
problem 








——+Vp==V’°V, (5.34) 


associated with the boundary conditions for V and some suitable initial 
conditions for V and p at t = 0. Here c? > 0 should be chosen so 
that the convergence of the solutions of the problem (5.34) toward the 
steady solution of the Stokes problem (5.33) when t — oo is assured. 
Obviously, the second equation from (5.34) has no physical meaning 
before the steady state is reached. Consequently, the above method is 
only a tool to generate an iterative algorithm to approximate the steady 
solution of the Stokes problem. 

The numerical solving of the problem (5.34) will be performed by the 
spatial discretization with finite differences on a mesh MAC (marker 
and cell), introduced by Harlow and Welsh, and with the simple forward 
Euler time discretization. We follow Peyret and Taylor [120], where the 
convergence and the stability of this scheme is analyzed. 

The key element is the choice of the staggered mesh for the discretiza- 
tion of u,v respectively p (see Figure 5.20). 
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Figure 5.20. The MAC mesh 


The discretized equations are: 


1 n+] n 1 n j 
At (urs, “Hiti T Ar (PE — Pig) 


n n 7L n n n 
u” a .— 2u? . +u?” i. ua., 2u" na n tuta, 
i+3,j it4j "ihj i+} j+ i455  itgJj-l 

Ax? Ay? 


1 n+1 n 1 n n 
At (ort, Oe) A (Pijs — Pig) 


vey a Qu". Bs V”. 3 — 20v". ye 
if itjti i,j+5 y i~1,j+} ee i j+? ij+4 i ij-4 
R Ax? Ay? 


1 c c? 
n+1 n ) 4 n+l n+1 n+1 n+l 
At ( 2,9 2,9 Nr i+$,j 2 tj Ay 2,94 $ ij- 


where ue i (and similarly for v, p} means the approximate value of u 
at the spatial node (i + t, j) and at the time instant tp = nât. The 
above approximations are of second order accuracy. 
The necessary stability conditions of the above scheme are (Peyret, 
Taylor) 
4At 4At G oe) zi 


ee iaa (fas 
RAT? T ° Ar? Rt 2 
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As regards the behaviour of the discretization in the neighborhood of 
the boundary, we remark (Figure 5.21) that the pressure appears only at 
the inside nodes of the domain 22, so we do not use pressure values on the 
boundary. We also remark that the above formulas involve the values 
of u only at vertical boundaries, respectively the values of v only at the 
horizontal boundaries. But we have values of v (an the discretization of 
Av near the boundary) and of u Gn the discretization of Au near the 
boundary) at nodes outside the computing domain, values which should 
be calculated by extrapolation of the inside and boundary values. 


j+1 

I og : 
s i i i 

j-1 





i—1 | i+1 


Figure 5.21. Boundary nodes 


So, in order to calculate vg by left extrapolation of the inside values 
v2,v, and of the boundary value vy, with a quadratic polynomial, we 
find i 

wag (vo — 6v, + 8v fr) (5.36) 


and, symmetrically, by right extrapolation, 
1 
Um4+1 = 3 (Um—1 — 60m + 8Ufr) - 


Similar formulas may be also written for u. 

Consequently, the algorithm consists in the following : 

— step 1: from initial conditions we have u,v,p at the inside nodes 

— step 2: from boundary conditions we have u,v at the boundary 
nodes 

— step 3: we calculate u at the outside nodes (in the neighborhood of 
the horizontal boundaries) 

— step 4: we calculate v at the outside nodes (in the neighborhood of 
the vertical boundaries), using (5.36) 

— step 5: we calculate u,v,p at the inside nodes, using (5.35) 
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— step 6: we evaluate the differences between the old and the new val- 
ues Of u,v, p. If these differences are not sufficiently small, we will resume 
the algorithm from step 3; if the differences are sufficiently small, we ex- 
tract the results, which represent the approximations of the solution of 
the steady Stokes problem. 

As an example, let us solve the Stokes problem for the domain Q = 
[0,1] x [0,1], with boundary conditions u, v] gq = 0 excepting u(z,1) = 1, 
Va € [0,1]. The MATLAB code is 

n=32 ;m=32 ; dx=1/m;dy=1i1/n;dt=0.001;c2=10; re=100; 

p(i:m,i:n)=zeros(m,n) ; 

u€i:m+1,i:n+2)=zeros (m+ti,n+2); 

v(i:m+2,i:n+i)=zeros(m+2,n+t1) ; 

for k=1:10000 

t=k*dt; 
u(1,:)=zeros(1,n+2);u(m+1,:)=zeros(i,n+2); 
v(:,1)=zeros(m+2,1);v(:,nti)=zeros(m+2,1); 
u(2:m,1)=(u(2:m,3)-6*u(2:m,2))/3; 
u(2:m,n+2)=(u(2:m,n)-6*u(2:m,nt1)+8)/3; 
v(1,2:n)=(v(3,2:n)-6%v(2,2:n))/3; 
v(mt+2,2:n)=(v(m,2:n)-6*v(mti ,2:n))/3; 
un(2:m,2:nti)=... 
u(2:m,2:n+1)-dt/dx*(p(2:m,i:n)-p(1:im-1,i:n))+... 
dt/dx*2/re*(u(3:mti,2:nti)+u(1:m-1,2:n+1)+... 
u(2:m,3:n+2)+u(2:m,i:n)-4*u(2:m,2:n+1)); 
vn(2:m+1,2:n)=... 
v(2:m+1,2:n)-dt/dy*(p(i:m,2:n)-p(i:m,i:n-1i))+... 
dt/dy*2/re*(v(2:mti,3:nt1)+v(2:m+1,i:n-1i)+... 
v(3:mt2,2:n)+v(i:m,2:n)-4*v(2:mti,2:n)); 
pn(1:m,i:n)=p(i:m,i:n)-dt*c2/dx*(u(2:mt1,2:nti)-... 
u(i:m,2:nti)+v(2:mti,2:nti)-v(2:mti,i:n)); 
erru(k)=sum(sum(abs(un(2:m,2:nt+ti)-u(2:m,2:nt1)))); 
errv (k)=sum(sum(abs (vn (2:mt+i,2:n)-v(2:mti,2:n)))); 
errp(k)=sum(sum(abs(pn(1:m,i:n)-p(1:m,1:n)))); 
u(2:m,2:nt+1)=un(2:m,2:nt1) ;v(2:mt1,2:n)=vn(2:mti,2:n) ; 
p(i:m,1:n)=pn(i:m,1i:n); 
display(([t erru(k) errv(k) errp(k)]); 
end; 
x=linspace(0,1,m+1);y=linspace(0,1i,n+1) ; 
quiver (x(2:m+1)-dx/2,y(2:n+1i)-dy/2, (u(i:m,2:n+i)+... 
u(2:m+i,2:nti))//2, (v(2:mti,i:n)+v(2:mti,2:n+1))’/2); 
pause; 
k=1:10000; plot (k,erru,’-’,k,errv,'--',k,errp,’.’); 
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As result we obtain the velocities field (Figure 5.22) and the evolution 
of the errors of u,v, p for t € (0,10) (Figure 5.23). 





0 0.2 0.4 0.6 0.8 1 


Figure 5.22. The steady solution of the Stokes problem 


Aba 





Figure 5.23. The time evolution of the errors of u,v, p 


8. Compact Finite Differences 


8.1 The Compact Finite Differences Method 
(CFDM) 


For the usual finite differences methods, the accuracy could be in- 
creased by increasing the number of grid points, which complicates 
the obtained system and induces difficulties at the neighborhood of the 
boundary of the computational domain. 

We could bypass these difficulties with the formulas using also the 
values of the derivatives at the nodes, together with formulas which link 
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these values, for instance, 
i 4 i i 3 — 0 
Uj4) + u; + Uj-1 — 7 uit — Uj—1) = 
for the first derivative and 


12 
Us 44 + 10u; + uji — pa (ui + — 2u,; + Uj—1) =0 


for the second one. Both formulas have an accuracy of order O(h*) and 
associated to the equation Lu; = f; and to the boundary conditions, 
lead to block tridiagonal systems with the unknowns (uj;,u;,u;). This 
represents the exact solution with a higher accuracy using a smaller 
number of nodes. 

If we know the values u; of a single-variable function on a grid with 
the step size h, the values of the derivative on the grid Uy may be ap- 
proximated by combinations of the values u; on the neighboring points. 
Our purpose is to obtain formulas of highest order of approximation and 
of the best spectral resolving power. 

The above centered finite difference schemes of second order use the 
values uj;—; and uj+ı in order to approximate the derivative u/, at the 
point sj. High order schemes use more such values . In the spectral 
methods, the approximation of the first derivative is made using the val- 
ues uj on all points of the grid. The compact finite difference schemes 
simulate this behavior. We will present briefly the methods with com- 
pact finite differences, using the works of [81], [23], [29]. 








8.2 Approximation of the Derivatives 
8.2.1 Approximation of the First Derivative 


Let us seek an approximating formula of the form 


i i i i i 
buj- + auj + uj + auj + Busy, 


— ceit3 Z Yj-3 , pYit2— Uj-2 ,_ j+ T Uj- 7 
c A + th +a ah - (5.37) 
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The relationships between the coefficients a,8,a,b,c are obtained by 
matching the Taylor’s series coefficients of different orders. So we have 


Uj+1 = uj + hu; + hru rp ud 4. yt 4 


(3) 
Uj — 1 = uj — hu; + ful — feat +. Ta 


uj4 = uj + hui + Wah 4 Au 4... 


8h3 , (3) 
Uj—2 = uj — 2hu; ur u fees, 


Uj 43 = Uy + Shui, + Wu” + the uP po, 
uj-3 = Uy — dhu; + Wu" uy — 2th" ul) 4... 


Analogously, we have 


U4 = =U; + huj + bou + ut) to, 
3 3 (4 
uj- = Uy — huj + 3 u — Brus) H , 


uh = ul + 2hult + 42 ul) 4 8h si- Bhal a, 


a no 4h? (3) 8h, (4) aO.. 
U;_9 =U, Zhu; + or Ub; gr us + 


Replacing into the above formulas we have 


a 2h? b 16h° 
2 [Ohu p yf) 4. yo) 4... 
( hu; + us’ + ) + IR (aras + —— 31 u; + 


2h J 3! 7 
c i 54h? (3) , Sh2 (3) 
tor (shu, + Ea ++» J} = Bl 2u gt opty tot 
2h? 
+a (2 + Sup) t =) + ul, 


By identification of the coefficients of ui; we find 
a+b+c=28+2a+1. (5.38) 


The scheme (5.37) with the constraint (5.38) represents an approximat- 
ing formula with four parameters of second order of accuracy. 
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By identification of the coefficients of ul), we obtain, in addition, 


a + 4b + 9c = 246 + 6a. (5.39) 


Equation (5.37) with the constraints (5.38) and (5.39) represents an ap- 
proximating formula with three parameters of fourth order of accuracy. 
Analogously, if we add the relationship 


a +24b + 3tc = 10(246 + a) 
we obtain a sixth order scheme with two parameters. Adding 
a + 2°b + 3°c = 14(2°8 + a) 


we get an eighth order scheme with one parameter and, finally, by in- 
troducing 
a + 28b + 38c = 18(2°6 + a) 


we are lead to a scheme of tenth order of accuracy. 

If we write these formulas at all the points of the grid and if we 
add the special formulas for the boundary, we obtain a tri- or penta- 
diagonal system from which we can calculate the first order derivatives 
u'. simultaneously on the whole grid. 

Let us analyze in detail some particular compact schemes. From the 
approximating formula (5.37) with the relationships (5.38) and (5.39) we 
obtain a fourth order scheme, with three parameters. Choosing 8 = Owe 
obtain tridiagonal systems to calculate the derivatives. Choosing e = 0 
too, we get tridiagonal schemes with one parameter, of fourth order of 
accuracy. 

From (5.38) and (5.39) we find 


2 1 
f =0,a = 7 (a +2),b= z (4a -1),c=0 


so the approximating formula is 
4a — 1 2(a + 2) 
auj + uy + aujy = ED (uj+2 — Uj—2) + aeta (uj+1 — uj-1)) 
(5.40) 
with an error of the order 


| Ba — 1) htu 
3p (3 1) h*u’’. 


If a —> 0 we obtain the well-known approximating formula of fourth 
order with centered differences. For a = } we obtain the classical scheme 
of Padé (which uses the values of u only at the neighboring points z;+1). 
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If œ = E, the dominant term of the error vanishes and we obtain a sixth 
order scheme. 

The formula (5.37) can be applied at the interior points in the case 
of bounded domains and of the boundary value problems. In order to 
calculate the derivatives at the boundary points and at their neighboring 
points we need special asymmetric formulas, which do not use values of 
u outside of the domain. 

For the boundary point zı we use a formula of the type 


1 
uj + aug = h (au, + bug + cuz + dua). (5.41) 


As above, by matching the Taylor’s series terms, we find the fourth order 
of accuracy for 


1 17 3 3 li 
ui + 3u = h (- Zu + 9 2 + 9 M3 — 5 . (5.42) 
Analogously, at the right end xy we get the approximation 
1 {17 3 3 1 
| = — | —uyN — —UN_1 — zuy- + ~UN-3 l. 5.43 
UN + 3un_y h ( 6 UN g UN 1 g UN 2 + g UN 2) ( ) 


So, in the case of bounded domains with boundary conditions, the 
system used for the computation of first order derivatives is formed by 
the relationships (5.42), (5.40) for each interior point and by (5.43). For 
a= 4 this system 1s 


1 3 u 
1/4 1 1/4 Ug 
1/4 1 1/4 : 
1/4 1 1/4 ul 
3 1 a 
N 
—17/6 3/2 3/2 —1/6 UL 
-3/4 0 3/4 u2 


-3/4 0 3/4 


= | 1| 


3/4 0 3/4 
1/6 —3/2 ~3/2 17/6 


uUN—1 
UN 
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8.2.2 Approximation of the Second Order Derivative 
As in the above section, we start from the approximating relationship 


if if if if if 
Bu;_» + auj- tu; + auj + Buj4e 


_ uit — 2u; + Uj-3 peit? — 2u; + Uj-2 + qeit — 2u; + Uj-1 
9h? 4h? h? l 
(5.44) 
Next, based on the development in Taylor’s series, we identify the co- 
efficients and we obtain the relationships between a, 8,a,b,c. So, for 
example, if 
atb+c=28+2a+1 


and 


a + 4b + 9c = 12(48 + a) 


we get a scheme with three parameters, of fourth order. 
Choosing 6 = 0 we obtain a tridiagonal scheme, while choosing c = 0 
we get a five points scheme with one parameter, 


4 ji 
b =0,a = -(1—a),b = -(10a — 1),c = 0. 
3 3 
The truncation error is of the order 


4 4, (6) 
-2 (La — 2)htu®. 





For a — 0 we have the classical forth order centered differences 
scheme. For a = a we obtain a three-points and fourth order scheme 
and for &œ = 4 the dominant term of the error vanishes and we get a 
sixth order scheme. 

Obviously, in order to increase the order of the scheme to ten we may 
impose other conditions. 

Similar relationships may be used for the high order approximation 
of the high derivatives. 

In this case too, we need special formulas for computing the derivatives 
at the boundary points and their neighbors, in the cases of bounded 
domains. For example, at the left boundary point x; we impose an 


approximation formula 


Í 
uj + aus = — (au + buz + cuz + dug + eus). 


h2 
In order to obtain a third order of accuracy, the coefficients become 
— Lla+ 35 _9a+26  at19 





12. 3. °° 5 
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a— 14 ll-a 


d= — ym e= 








with an error of the order 


9 htu. 


Choosing @ = 10, we obtain a fourth order scheme. 


8.3 Fourier Analysis of the Errors 


Let us now consider a periodic function u on the interval [0, L], that 
IS uy+1 = u1 and h = k. Therefore 


k=N/2 2nikr 
u(x) = ` te L 
k=—N/2 


where t+ are complex conjugated and Ño is real. For facility, we intro- 
duce the scaled wave number wk = 2akh = 27k and the scaled coordinate 
Ss = T. So, the Fourier modes become e“** and the scaled wave numbers 
Wk E (0, T]. 

The first derivative of u with respect to s generates a function with 
Fourier coefficients 

ty, = iWkük 

The differentiation error for the formulas in the above section may be 
evaluated by comparison between the derivative coefficients, from those 
formulas, and the exact coefficients. 


For example, for the second order centered finite difference, 





, pi etwk(s+1) — ptw,(s—l) N/2 pa _ 
u(s) = ` Uk = ` npe Yk isin wp, 
k=-N/2 k=—N/2 


so the calculated Fourier coefficients are 
iw (wk)ūk 


where w’(w,) = sinw are the modified scaled wave numbers (by the 
numerical scheme). 

To every numerical scheme one assigns a particular function w. The 
exact derivative corresponds to w'(wg) = wp. The interval [2r/N, W] 
on which w’(w,) corresponding to the numerical scheme, approximates 
well (within the limit of a given tolerance), the exact derivative w (w) = 
wą defines the set of well solved waves. The shortest wave well solved 
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(corresponding to the largest wave number W ) depends only on the 
numerical scheme and not on the number N of points of the grid. 

A similar calculation as above, applied to the scheme (5.37) gives a 
modified wave number 


asin wk + 2 sin 2wk + 3 Sin 3w, 


/ 

WwW = 
(we) 1 + 2a cos wk + 28 cos 2w, 
Indeed, considering the particular Fourier mode te*”**, it is modified 

by (5.37) as follows: 


’ 


iw’ (wy) [8 (eo wk 4+ e7wk) +a (ee + etk) -+ 1] 


— z (ewr _ ewe ) + (7? = e *twe) + 5 (e _ ewe) 
Or 


iw’ (wy) [28 cos(2wz) + 2a cos wg + 1] 
b 
= i sin (3wk) + 7% sin(2wk) + ii sin Wk 


from which we obtain w’(wy). 
For example, for the centered fourth order scheme (aœ = 0) we have 





w (wr) = É sin Wk — = sin 2Wk 


and for the compact fourth order scheme (a = ;) we have 


wy) = 
1 + 5 COS Wk 
The graphs of the functions w’ for each case are given in Figure 5.24. 

It is obvious that the compact schemes have better spectral solving 
qualities than classical finite difference schemes. These qualities may 
be improved. For example, if we impose on the relationships (5.37) the 
conditions (5.38) and (5.39) which ensure the fourth order of accuracy, 
we still dispose of three parameters. They may be calculated from the 
conditions 


w’ (Wa) = Wa, W (wy) = Wy, W (We) = We 


where Wa = 2.2 , wy = 2.3, we = 2.4. This method yields a better 
pentadiagonal scheme with seven points, with a higher spectral resolving 
power, as it can be seen in Figure 5.24. In this case the parameters are 


a: = 0.5771439, 8 = 0.0896406, 
a = 1.3025166, b = 0.99355, c = 0.03750245. 
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fin dit LY: 


3 comp di 





Figure 5.24. The modified wavenumbers 


We remark that the spectral methods, which will be studied in a sub- 
sequent chapter, yield w'(w,) = wy for all wy Æ n. We have performed 
calculations and got similar results for higher order derivatives, too. 

There is another manner to characterize the errors. Let us consider 
the linear advection equation 


Ou i Ou 
Ot Oz 
where every wave (with whatever wave number) propagates with the 


phasic velocity 1. By discretizing the spatial derivative we may prove 
that the phasic velocity for a wave with the wave number wy, is given by 





= 0 


w' (wr) 


and the more different this is from 1, the more inappropriate the numer- 
ical scheme represents that wave. 

In multidimensional problems these phase errors also appear in an 
anisotropic form. Considering the equation 


Ou a Ou 
ot al 
where | is a direction in the plane, while every wave has the phasic ve- 
locities 1 in each direction, the discretization schemes generate different 


= 0 
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velocities depending on the wave numbers and on the direction. These 
velocities are given by 


cos 8 w' (wp cos 0) + sin@ w'(w, sind 
an 6) = 229 e cos 0) + sind wy sin) 


where @ is the angle between the propagation direction and the Oz axis. 
Figure 5.25 represents these velocities for classical centered-differen- 


fin diff H fin diff IV 








impr comp diff 





Figure 5.25. The anisotropy of the phase velocities 


ces schemes of orders II and IV, for compact scheme of order IV and 
for compact spectrally improved scheme. Each curve corresponds to a 
wave number wk € {z, t, ee Or}, the radius distance to the angle @ 
representing their phase velocity. 

The outward curves correspond to small wave numbers and represent 
better solved waves (with phasic velocities closer to 1). The shorter 
waves, with larger wave numbers, have smaller phasic velocities, with 
anisotropic propagation. We remark the qualities of compact schemes 
over classical schemes. 


8.4 Combined Compact Differences Schemes 


The compact schemes were developed in many directions, in order 
to increase the accuracy, the resolving power and to make them easily 
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handled, especially in the treatment of boundary conditions. We will 
present such schemes, with three points, of order 6 of accuracy, with a 
similar accuracy (5) at the boundary points and their neighbor. Specific 
is the combination in the same relationship of the first and second or- 
der derivatives, which yields in applications twice- and triple-tridiagonal 
systems. 

If the function to be approximated u(x} is defined on [0, L], we will 
use a uniform grid 0 = zı < T2 <- < TN < Ty41 = L with the step 
size h = L/N. Ifwe denote uj, uj, us the exact values of the function and 
of the first and second order derivatives at the points z;,2 = 1,...,N +1, 
we seek formulas of the type 


du =) du h| du 7 =) |+ 
(z) te (i tE (a). (T i-] a 


ay 
= — (Uii — Ui-1), 


h 
du du du Bo | [du du 
(z2) [C)+ az), foe Ea (@), 
= a (wig. — 2u; + Ui-1), 
and so on. Here (GE) represent the approximations of the corre- 


sponding derivatives and they will be calculated from the established 
formulas for 7 = 2,3,...,N by some systems of simultaneous equations. 
In order to obtain a sixth order formula (as an example), we will build 
the Hermite polynomial H;(z), defined on [z,;-1, 241], and satisfying 
H;(zi-1) = ui-1, Hi(xi) = ui, Hi(ti41) = visi, 


H;(zi—1) = U1 Hi; (xj41) = Wists (5.45) 


Ai! (#i—1) = w1, Hi (vi41) = uj yy. 


But 
Woon. (3) T; 
Hy(2) = Haai) + H(i) (a — ai) t F (a — 2)? + BEE (a mt 
(4) 7 (5) 7. (6) 7... 
A ro mtp P a m + AED (@ — 0). (8.46) 


The seven coefficients from the above relationship may be calculated 
from the conditions (5.45) 


15 T h 
H; (zi) = IGR (uj41 — Ui-1) — 76 (uit + w1) + 16 (u41 -~ u) , 
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H; (xi) = S (ui+1 — 2u; + ui—1) — Z (uly — Uj_1) + : (ui + uji) ) 

(5.47) 
and so on. Approximating the derivatives of u by the derivatives of H; 
locally, in the neighborhood of z;, 


uP (ri) ~ H® (aj) (5.48) 
and substituting it into the relationships (5.47) we find 


7 h 15 
16 (ui 41 + uj_1) + uj — 16 (ui — uj) = 6h (ui+1 — ui—1) + Ry 


and 


9 i 3 
8h (u41 — U1) — 8 (uipi + ui) + uf = he (ui+1 — 2uj + ui—1) + R2. 
(5.49) 
If we neglect now the rests Ry and Rz (the truncation errors) we 
obtain the approximating formulas. Therefore 
T i 15 
On = 167? — EETAS — g’ 


1 9 
—_ oO — — = 3. 


We remark that the rests are 
1 1 
Ri ~ Zhu, Ro ~ a hPul®). 


The Fourier analysis of the errors gives for the modified wave number 


w!(w) = 9(4+ cos w) sin w 
-24 + 20 cos w + cos 2w 


which indicates a much increased resolving power vs. the non-combined 
schemes. Also, in the multidimensional case 
cos Ow’ (w cos 0) + sin Ow’ (w sin 0) 
cf(w, 0) = — 
w 
indicates a much decreased anisotropy over the non-combined schemes. 
Let us take an example of this type of discretization. We consider the 
problem 


du du 
a(z) + ay (x) + ao(x)u = s(x), x € (0, L], 


dy Ops + do(z)u(z) = e(z), z = 0, = L. 
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Using the above discretization we have 


d?u ðu , 
a2; (F2) + a1; (Z) + agiu; = Spt = l,e NA, 
; 


t 


du du 
di1 (T + doui = c1, di, N41 | = + do, N+1UN+1 = CN+1, 
1 N+1 


dx da 
(5.50) 
where, as above, the index z means the value of that function at zi. 
We remark that at every interior point 1 = 2,...,N from [0, L] we have 
three relationships: one of (5.50) and two of (5.49), relating the three 
unknowns for that point: uj, ($4). and (£4) . 


But, at each boundary point ¿ = 1, respectively z= N + 1, we have 
only two relationships coming from (5.50). In order to solve the above 
system, we need one more relationship for each boundary point. 

Let’s now consider a fifth degree polynomial, 


P(x) = Py + Piz + Pox? + Pog? + Part + Psa. 
At the boundary point x; we impose that 
P(z1) = u1, P(x) = ug, P (x3) = U3, 
P' (x1) = uy, P' (22) = ug, P” (£2) = up. 


If we now calculate the coefficients of P, and we use the series develop- 
ments of u in the neighborhood of z2, we find 








5 
14u! + 16ul, + 2hu! — 4hu! + ` (3lu; — 32u2 + us) = ny + O(h®). 
(5.51) 
Neglecting the rest of the right-hand side, we obtain the needed formula. 
Similarly, for the boundary point zy4 1 we find 


14un 4, + 1l6uy — 2huyy, + thuy — = (3lun41 — 32uy + un-1) = 0. 
(5.52) 
If we add the equations (5.51) and (5.52) to the above system, we 
finally obtain a system of 3(N + 1) equations with 3(N + 1) unknowns: 
the values of u and of its derivatives of first and second order at all 
(interior and boundary) points. This system has a triple tridiagonal 
matrix and could be solved by special techniques for sparse systems. 
The sixth-order accuracy in the interior and the fifth-order near the 
boundary make this method very efficient. For a similar error, the needed 
number of grid points over the centered second order finite difference 
method is much smaller: 18 nodes vs. 9400 in the case of an effective 
example (see [23]). 
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8.5 Supercompact Difference Schemes 


For the classical finite difference schemes it is difficult to increase the 
order of accuracy; this can be performed only by increasing the number 
of nodes. 

The compact schemes behave well, 1.e., we may obtain a better ac- 
curacy with a small number of nodes. However, formulas with an “a 
priori” degree of accuracy are difficult to obtain. 

The combined compact schemes give us a solution to this problem. By 
coupling the first and second derivatives we can increase the accuracy 
while maintaining the small number of grid points. 

We can extend this idea and so the supercompact schemes are set up. 
With these schemes a needed accuracy (as high as we need) using only 
three points in the pattern may be obtained. 

We will present (without calculations), after [29], this type of schemes. 
Let there be N-dimensional vectors 


U = (ul, a), uN)", 


ey = (1,0,..., 0)? 


and the N x N matrices 


1 1 1 
1! 3 5! (2N 1)! 
On a ONI] 
A=| 90 0 x TN aay 
0 0 0 1 
0 0 0 0 0 
100 0 0 
0 1 0 0 0 
L= . 
000 `. 00 
0 0 0 1 0 


where ul*) = hk Ey, The simplest supercompact scheme to approximate 
the odd derivatives is 


1 1 
~ZLUj-1 + (L + AU; ~ 5 LU igs = Seti 
where 


ôt + 67 
r ` = 9 2 Fu; = F (uj — uiz1). 
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If we have u;, we may calculate all ue) for k = 1,2,...,N and next, 
yh) /h?*-1 approximate the corresponding derivatives ey ; by an 


accuracy of order 2(N —k + 1). 
Similarly, for even derivatives, we define the vector 


S = (u), ul), u2™)” 








and the matrix 


2 i a l 
2 4A! 6! 2N)! 
go £ i — 
21.4! (2(N—1))! 
B=] 0 0 å “ay 
2! (20N=2))! 
000 .. A 





The relationship to approximate the even derivatives is 


SLS = uie: 

. 2k 
where 62 = 6/65. Next ulk) / h?* approximates ot by an accuracy of 
order 2(N —k +1). 

Here we can choose N as high as we need but, moreover, for the 
same order of accuracy, the supercompact schemes behave better. For 
example, for N = 3 which yields an approximation of the first derivative 
of sixth order, the classical centered difference scheme of the same order 


1 


i 
Ui = gg (45 (uiti — i-1) — 9 (uiz — Ui-2) + uita — uia] 


where U;/h = du has a truncation error 


hô o7 
2160=7u" ), 


The sixth order compact difference scheme 


i 3 ] 14 1 
gUis + zUi + g Ui-1 = TA i t ano (uii — U1) 
has the truncation error 
— -u 
5 7! 
and the sixth order supercompact scheme has the truncation error 
ne 
FA 


Also, the resolving power and the anisotropy are better than those of 
the same order compact schemes. 
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9, Coordinate Transformation 


In some particular cases, the physical domain of the fluid may be 
covered by a rectangular grid. Such a case is, as an example, the driven 
rectangular cavity, where the boundary may be depicted by some grid 
points lying exactly on it. 

In other cases, as of the fluid flow past a cylinder, rectangular grids 
yield difficulties in the treatment of the boundary. The grid points are 
inside or outside the cylinder and only by exception do they lie on the 
boundary. Consequently, we must modify the grid points in the neigh- 
borhood of the boundary and this yields computing difficulties. In the 
case of the cylinder or other such bodies the problem may be solved 
using polar (or other kinds of) coordinates, in order to transform the 
computing domain also into a rectangle. Of course, the price is a change 
of the equation envisaged to be numerically solved. For example, the 
Laplace equation 

u du 

aa ta =O 

ðr? Oy? 
becomes, in polar coordinates 


Au 18u lôu _ 
ap" pe ae? pop 
In many cases, the advantage of working on a rectangular computa- 
tional domain, with a uniform rectangular grid, is compensatory to the 
more complicated form of the equation. The problem is to find the coor- 
dinate transformation which maps the physical domain into the needed 
computational domain such that the uniform rectangular grid in the 
computational domain corresponds to a non-uniform curvilinear grid in 
the physical domain. The advantage is not only the discretization of the 
boundary of the physical domain. Due to specific conditions, the char- 
acteristics of the fluid flow may have large variations in some regions in 
the physical space. In these regions a refinement of the grid should be 
very useful, as it yields an increased accuracy, without a supplementary 
computing effort; see Figure 5.26 which presents the grid transformation 
in a neighborhood of a body in the boundary layer problem, for example. 
Let us see now how we can transform the grids of the physical domain 
into some rectangular grids in the computational domain, after [4] and 
[155]. We will consider only the case of two-dimensional domains, but 
such formulas (more complex) exist also for the tridimensional cases. 
Let us transform the variables (z,y,¢) from the physical space into 
(£,7,7) in the computational domain, by the relationships 


0. 


€=€(z,y,t), n=n(z,y,t), T= T(t) 
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Physical domain 


nE a eS eT 


0.5 
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Figure 5.26. Curvilinear non-uniform grid 


where often 7 = ¢. The derivatives in the partial differential equation 
are transformed by the formulas 
i E 
Ox O€0x On Ox’ 
ð ð ðE 8 ön 
— = 5.53 
dy dE dy * ndy — 
ð ð oE ð on r o dr 
at dE Ot © On Ot Or dt’ 
and for the second order derivatives we have 
o Ok OO 
ðr? «OE Ax? ` An Ax? 


a /əðt a (An @ (ət 
taZ (%) ta = a) +2555 (5 I 
Pe ave 0 8n 
Oy? ~ OE Oy? An Oy? 


a (d€ & (an \’ a {ət 
tae (Fe 3j a) Mele W 
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fo RE, On, HB (ae) (aE 
OrOy O€ Oxdy ` On Oxdy ` GE? dy 


vz (Be) (5p) * aem LC) (a) * Gi) GN 


For example, in the case of the Laplace equation, verified by the ve- 
locities potential of an inviscid, steady, irrotational, incompressible fluid 
flow, i.e., 





rb gS 
+ az =), 

ðr? Ay? 

we obtain, through the new coordinates (in the computational domain) 

the equation 


we ((as) + (ae) |+ 5 (Cae) +(3) | 
vase (55) (ae) + (55) (58) 


98 (OE _ E +2 an n) _ 4 
OE \ ðr? Oy? ðr? Oy? J 


This equation will be discretized by a uniform grid in the computa- 
tional domain. The corresponding algebraic system will be solved and 
next, using the inverse transformation, we will obtain the values of the 
potential ® (and of the velocities too) in the physical domain. For this 
purpose, the coordinate transformation must be precisely given. 

In the coordinate transformation formulas, the terms describing the 
geometry of the grid, like os and others, are called metrics. If the co- 
ordinates transformation is given analytically, we may obtain formulas 
for these metrics. But in many applications, the coordinate transforma- 
tions are given numerically and then the metrics are computed by finite 
differences. 

We remark that it is more convenient to work with the inverse trans- 
formations 





T = rE N, T), y = y(€,7,7), t = t(T) 


because all computations are made in the computational domain, on 
uniform rectangular grids. For this, starting with a dependent variable, 
like the horizontal component of the velocity u = u(z,y) in the steady 
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case, from the system 
du _ dude , dudy 
Of örölt Oy OE’ 
du _ dude , du dy 
ðn O20n AyOAn’ 


we obtain by direct solution, 


ðu _ 1 [Oudy _ðuðy 
ðr J|0EOn OdndE|’ 
du _ 1 [Oude duds 
Oy J \dndE tân)’ 


where 


_ x,y) _ OzOy Ox Oy 


~ O(n) — En BN DE 
Similar formulas may be also obtained for the second order derivatives. 
In the following sections we will study three types of grid transforma- 
tions. 





9.1 Coordinate Stretching 


In some cases, in the study of the boundary layer for example, the 
essential phenomenon happens in a little region, near the surface of the 
body. It is a good idea to refine the coordinate lines in this region, while 
maintaining a uniform rectangular grid in the computational domain. 

For example, let us consider the viscous fluid flow over a flat surface 
y = 0 and we wish to refine the coordinate lines in a neighborhood of 
this surface. The simplest coordinate transformation for this is 








€=2, n= ln(y +1) 
whose inverse transformation 1s 
c=, y=e?—1. 


So we obtain the inverse metrics 


dr _ | ôe 
OE "An ’ 
Oy _, OY _ 


n. 


dE m 
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For example, the continuity equation for the stationary bidimensional 


flow, 
O(pu) | Aer) _ 5 


ed 


Ox Oy 


and using the above coordinates transformation formulas this equation 
becomes 


1 [O(pu) dy | aed l [2 ðs  Ə(pv) Oz 


— | a 


J| a ðn On ð 


J 





— a a 


ôn O€ a ðn) 
or, by replacing the corresponding metrics, 


nôlou) , (or) _ 


n Pe 


o£ On 


which represents the continuity equation in the computational domain. 
A more complex formula 1s 


where 
A = sinh(r T0), 


1 1 + (ef? — 1)£o 
28, (1+ (ee —1)éo] 
Here éo is the point of the computational domain where the maximum 
clustering is to occur and y, controls the degree of clustering (larger 
values of By provide a finer grid around £9). By a similar formula, we 
may obtain simultaneous refinements in both directions x and y. 





LQ = 





9.2  Boundary-Fitted Coordinate Systems 
One of the great advantages of the coordinate transformations is the 
possibility to identify some coordinate lines with the boundaries of the 
physical domain. For example, if the physical domain is a rectangle, 
bounded (as an upper wall) by a curvilinear boundary of equation y, = 
f(z), then the transformation 
y 
=T, 1= 4-4 
f(z) 
will lead to a rectangular grid in the computational domain. The curvi- 
linear boundary now coincides with the coordinate line 7 = 1. 


Such transformations may be performed even in more complex cases. 
The domain around an airfoil, for example, may be transformed in a 
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rectangle in which the surface of the airfoil is one of the sides. It is nec- 
essary to find functions z = z(&,7),y = y(€,7) defined on a rectangle, 
in the computational domain, if we know those values on the rectan- 
gle’s boundary. The transformation may be defined inside the rectangle 
by solving a Dirichlet problem for the Laplace equation (the simplest 
equation for which we have a maximum principle). 

We must remark that this problem is not close to the physics of the 
fluid flow. It 1s used only to choose a suitable grid for our physical domain 
and, next, by the computed metrics, the equations of the physical model 
may be transformed and then discretized. 

Let us present here an example of the automatic generation of the 
grid suitable for a given domain, using the work [143]. 

As above, the Laplace equation for x and y is transformed into 


alee — 2bL ey + CZy = O, 
ayes — 2bYen + CY = 0, 


where 
a = T3 + Yn, 
b= zeny + + YEYn; 
C= Tẹ + ye 


The functions «(€,7), y(&,7) are effectively given on the boundary of the 
computational domain, corresponding to the boundary of the physical 
domain (or to some cuts in this domain). So, by discretization and 
solving these Dirichlet problems we find the discrete forms of the metrics, 
used next to transform the physical equations. 

Therefore, we choose the grid points on the physical boundary, maybe 
closer in “difficult” regions, corresponding to uniformly spaced grid points 
on the boundary of the computational domain. By finite difference dis- 
cretization of the derivatives , we have 


Lij+l — Ti j—1 ? + Yij+1 — Yi,j—1 ? 
2hy 2hə ' 


b; — Ti+l,j — Li-1,j Lig+l ~ Ti j—l1 4 Yi4+1,j — Yi—-1,j Yi j+1 — Yi j—1 
J 2h 2h oh oh 


2 
Ti+l, j T Vi-1,j 4 Yi+l j — Vi-1y í 
2hy 2h» 


The equation will be discretized and then it will be solved by itera- 
(0) _ (0) 


Ls Vig > 





aij 


i 


Cij 


tions. Starting from an initial approximation of the solutions g 
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the new approximation will be calculated from 


pt1) -2r tO yg tl) (n-+1) (n+1} _gtt1) 


+1) pr 


(n) z i+], (n ps HPA i—l,j—1 —Ti+i j1 i—1 jt 
ij h? — 2b; ahi ho 
“ij 5 i, 
n+l (n+1 +1 n+i) (n+1 +1 +1 
a”) Wits — 2y i f taint ? — 207) el pti t¥i-i pat -yti pan -y PA 
1 

l) yet gyPtD yya 0 
i,j h? =y 


The boundary values for i = 0,7 = n +1, j = 0, j} = m+ 1 are 
introduced at the beginning and they do not change while iterate n = 
0, 1,.... After the new iteration was calculated we recompute a,b,c at 
the grid points 7 = 1,...,n , 7 = 1,...,m and then we pass to the next 
iteration. Finally, we obtain 





Tij 7 z(Éi, Ni) Yi, = y (éi ni) 


and the corresponding coordinate lines. 

If we wish to study, for example, the inviscid, incompressible fluid 
flow, through a channel of variable section (see Figure 5.27), we choose 
the grid points on the boundary of the channel and we will transform 
this channel into the computing domain (£, 7) € [0, a] x [0, b], which may 
be covered by a uniform grid with step size h. The boundary values on 
the sides 7 = 0, 7 = b are obtained from the grid points’ coordinates 
chosen on the boundary of the channel and the boundary conditions on 
the sides € = 0, € = a, corresponding to the inlet or outlet, are obtained 
from the grid points chosen on these regions. So, we may control, to a 
certain extent, the density of the coordinate lines in different regions. 

The above computation was not close to the physics of the phe- 
nomenon. In order to study the flow, we start from the streamlines 
equation 

Vax + Vy = 0 


which will be transformed into 
a ¢¢ — 2bV en + CU py = 0 


where a,b,c are still calculated as above. The boundary conditions for 
W, in the computational domain, will be Y = 0 on the lower horizontal 
wall, ¥ = 1 on the upper horizontal wall and Y; = 0 on the vertical 
walls. 
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In our simple case these conditions are verified for the function 
W(€,7) =n. So that, the coordinate lines 7 = const. will be, in fact, 
streamlines. These results can be seen in Figures 5.27 and 5.28. 





0 1 2 3 x 4 


Figure 5.27. Curvilinear coordinates adapted to the physical domain 





Figure 5.28. Velocity field through the channel 


The MATLAB code is 

=zeros (24,15) ; y=zeros (24,15); 
x(:,1)=[0.2;0.21;0.22;0.24;0.28;0.32;0.4;0.48;... 
0.6;0.763;13;1.25;1.53;1.7;1.86;1.98;2.06;2.2;... 
2.34;2.56;2.8;3;3.2;3.4]; 
x(:,15)=[0.4;0.41;0.43;0.48;0.51;0.57;0.68;0.76;... 
0.85;0.98;1.12;51.26;1.31;1.32;1.31;1.25;1.21;... 
1.4;1.7;1.98;2.3;2.6;2.98;3.4]; 
x(1,:)=linspace(0.2,0.4,15); x(24,:)=3.4*ones(1,15); 


Finite-Difference Methods 343 


y(:,1)=[2.2;2:1.8;1.58;1.37;1.14;0.9;0.7;... 
0.47;0.3;0.2;0.21;0.27;0.4;0.6;0.83;1;1.17;... 
1.33;1.45;1.53;1.6;1.65;1.7]; 
y(:,15)=[2.2;2;1.81;1.631.4;1.2;1;0.88;0.79;... 
0.72:0.7:0.8;0.88;0.98;1.18;1.4;1.65;1.86:1.9;... 
1.95;1.98;1.99;2;2]; y(1i,:)=2.2*ones(1,15); 

y (24, :)=linspace(1.7,2,15); 

A=ones (22,13) ;B=A;C=A;iter=1; 

while 1 

X=(A.*(x(3:24,2:14)+x(1:22,2:14))+C.*... 

(x (2:23 ,3:15)+x(2:23,1:13))-B/2.*(x(3:24,3:15)+... 
x(1:22,1:13)-x(3:24,1:13)-x(1:22,3:15)))/2./(A+C) ; 
Y=(A.*(y(3:24,2:14)+y(1:22,2:14))+C.*... 
(y(2:23,3:15)+y(2:23,1:13))-B/2.*(y(3:24,3:15)+... 
y(i:22,1:13)-y(3:24,1:13)-y(1:22,3:15)))/2./(A+C); 
err=max (max (abs (x(2:23,2:14)-X)))+... 

max (max (abs (y(2:23,2:14)-Y))); 

if rem(iter,30)==0 disp([iter err]);end; 
x(2:23,2:14)=X;y(2:23,2:14)=Y;iter=iter+1; 
A=((x(2:23,3:15)-x(2:23,1:13))/2/0.1).72+... 

(Cy (2:23,3:15)-y(2:23,1:13))/2/0.1)."2+eps; 
B=(x(3:24,2:14)-x(1:22,2:14))/2/0.1.%*... 

(x (2:23,3:15)-x(2:23,1:13))/2/0.1+(y(3:24,2:14)-... 
y(1:22,2:14))/2/0.1.*(y(2:23,3:15)-y(2:23,1:13))... 
/2/0.1+eps; 
C=((x(3:24,2:14)-x(1:22,2:14))/2/0.1).72+... 

(Cy (3:24,2:14)-y(1:22,2:14))/2/0.1) .“2+eps; 

if err<l.e-3 break;end; end; 
1i1=1:0.1:24;xi=interpi(1:24,x(:,1),ii,’cubic’) ; 
yi=interp1(1:24,y(:,1),ii,’cubic’) ; 
xii=interpi(i:24,x(:,15),ii,/cubic’) ; 
yii=interpi(1:24,y(:,15),ii,’cubic’); 

plot (xi,yi,’r’,xii,yii,’r’); hold on; 

for j=1:2:15 plot(x(:,j),y¢:,j));end; 

for i=1:24 plot(x(i,:),y(i,:));end;hold off; pause; 
dx=x(3:24,2:14)-x(2:23,2:14); 

dy=y (3:24,2:14)-y(2:23,2:14); 

plot (xi,yi,xii,yii);hold on; 

quiver (x(2:23,2:2:14) ,y(2:23,2:2:14),... 
dx(:,1:2:13) ,dy(: ,1:2:13));hold off; 
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9.3 Adaptive Grids 


In many problems, either of evolution or steady state, solved by it- 
erations, it is useful to dynamically adapt the grid according to the 
gradients of the calculated values. So, in the physical domain, the grid 
points evolve in conjunction with the solution. But in the computing 
domain they are fixed. In this case, the grid generation is linked to 
the computed solution, in contrast with what happened in the previous 
sections. 

For example, the step sizes of the grid may be chosen by the formulas 


nsa BAE pya CAN 
14029 14024 
Ox Oy 


where g is one of the primitive variables of the fluid, like p , p or T. 
These formulas cluster the grid points in the regions with high gradients 
of that variable. 

Now, in the transformation formulas, we should also take into account 
the time. In these cases, although the grid points in the computational 
domain are fixed, the coefficients of the form oe do not vanish, producing 
the movement of the grid points in the physical space. So, the changes 
of €, respectively 7, for a fixed point (x,y) from the physical domain, 
are described. 

If we exploit the formulas of the type 


(ar). = (ae) Car). * Con) Cat). * (oe) (i) 

Ot) ay Ok Ot) oy On Ot) ay OT Ot) ay 
where of = 0, gr = | and similarly for y, those coefficients are obtained 
by solving the system 


ð _1f_dxdy , dyde 
dt J| tð Ot An|’ 


On _ 1 É Oy Oy a 


ðt J|ðtəðE at aE 


. . ðr ~ Ar Oy — 
In these formulas, at the points (£, n), we approximate S = AF, g © 


ou and Az, Ay are obtained from the formulas that govern the grid 
adaptation. We remark that by clustering the grid points in the regions 
of high gradients, such type of transformations are also flow visualization 


methods. 


Chapter 6 


FINITE ELEMENT AND BOUNDARY 
ELEMENT METHODS 


1. Finite Element Method (FEM) 


This is another method to transform a partial differential equation 
into a finite number of simple equations. Basically, the computational 
domain is divided into a finite number of subdomains — the elements. 
On each element we envisage a simple variation of the unknown functions 
and then the results are assembled to describe the numerical solution on 
the entire domain. 


Let us suppose, in the one-dimensional case, that on the respective 
element the unknown function U has a linear variation. Then, the func- 
tion could be expressed on the respective element using only its values at 
the ends of the elements (called nodes) and the distance from the com- 
putational point x to one end. For a quadratic variation we should use, 
in addition, the value of U at another point belonging to the element, 
for instance at its midpoint. 





Using this representation, the derivative of U on that element is a 
constant while the second derivative 1s zero and carries no information 
about U. To eliminate this situation, the equations containing the sec- 
ond derivative are transformed into equations with the first derivatives 
only. The technique 1s called the variational formulation and consists 
of multiplication of the equation by a known function (the test func- 
tion), followed by integration of the obtained equation on the respective 
domain and then the use of an integration by parts formula for terms 
containing higher order derivatives, in order to reduce the derivative 
order. 
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For example, consider the Laplace bidimensional equation 


U æU 

—— + — = 9 

ðr? = Oy” 
where the unknown function U depends on the spatial coordinates x and 
y. By multiplication with the known function v followed by integration 
on the domain Q we get 


YU gU 
v| > + => J dQ = 0. 
J (in tay ) 
In order to reduce the derivative order, we integrate both terms by parts 
and so we obtain 


oU oU ðU ðv — OU Ov 
Ne + = dl’ — — .4+-—-= ]dQ=0 
hela 7 ay) I (Smet oe ae) 
where I is the boundary of Q and (nz,ny) is the unit outward normal 
vector drawn to the boundary of Q. Therefore the derivative order of 
the unknown function is reduced but the values of its derivative on the 


boundary interfere. 
Analogously, for a differential equation 





U" =0 


b 
J U"vdz = 0 
a 


b 
U"(b)u(b) — U' (ajv (a) -f U'v'dz = 0. 


we obtain 


and next 


From the variational form we can deduce the discrete form of the 
given equation. For example, in the one-dimensional case, on each el- 
ement (21,22) with the nodes zı respectively sə we have the linear 
representation 








U(x) =u, + (u2 — u1) 
T2 — T1 
or 
T9— T T — T1 
U(x) = uj —— 
T2 — T1 T2 -— T] 
Here the functions 
T9 — T T — Ti 
®, = , = ——— 
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are the shape functions (they are linear, taking the value O at a node and 

the value 1 at the other one), generally chosen from a class of functions 

Vn, and u1, uz are the nodal values (the values of U at the nodes). 
Consequently, for each element we can write 


U = 3 ®,u; 
i=l 


where n is the number of nodes belonging to that element. Then the 
derivatives are calculated through 


dU _ 3 d®; 


dz dz “i: 





By replacing into the variational form, decomposed now into a sum 
of integrals on each element, where 


(a,b) = | _)(zi-1, z:) 


and choosing a number of known test functions v from a test functions 
space W}, a number equal to the number of nodes, we obtain a system 
which represents the discretized form of the given equation. For example, 
if we choose as v for each node the shape function corresponding to that 
node, we obtain the Galerkin method, but other choices are also possible. 
By solving this system we obtain the approximations of the values of the 
unknown solution at the nodes, which generate next the approximation 
of that solution on each element. 

The finite element method is one of the most used methods for numer- 
ical solving of differential problems. It does not act directly on the dif- 
ferential equations; these are, firstly, set in a variational (integral) form. 
Next, the integrals are decomposed as sums of integrals on subdomains 
and the unknown functions are locally approximated by polynomials on 
those subdomains. This scheme leads to important advantages such as: 

a) the possibility to solve problems on domains with an arbitrary 
geometry and different type of boundary conditions, 

b) the possibility to use unstructured grids, the introduction or the 
elimination of some elements does not change the global structure of the 
data, 

c) the structural and flexible programming of the algorithms, 

d) a rigorous mathematical foundation. 

Depending on the used variational principle, the finite element meth- 
ods could be classified as the Rayleigh—Ritz method, the Galerkin method 
and the least-squares method. 
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The Rayleigh—Ritz method minimizes the “total potential energy”, 
that is the difference between the numerical and the exact solution of 
the problem is minimized in a certain energy norm. The algorithm leads 
to linear algebraic positively defined systems and it is practical especially 
for problems governed by self-adjoint elliptic operators. 

The Galerkin method is based on the weighted residual form. If 


Au = f, in Q, 
Bulag =0 





is the problem to solve, where A is a differential linear operator and 
B is a boundary operator, the unknown u is approximated by a linear 
combination of trial (basis) functions ®;, namely 


u ~ ) u;®; 
a 


whose coefficients u; can be calculated from the system 


f ui (Au — f)dN + J o! Budo = 0. 
0) on 


Here v; and v; are suitable test functions (for instance, v; = 0; = ®;). 

The method is applicable also for non-self-adjoint equations, in fluid 
dynamics for example. However, in many cases, especially for problems 
governed by first order equations, the method does not give the best 
approximation results. 

The least-squares method is based on the minimization of the resid- 
uals in a least-squares sense, more precisely the method minimizes the 
functional 








[ (au — f)*d0 


within the constraint of the boundary conditions. The approximate 
solution is calculated from the system 


f (40T lu — f)dQ = 0. 
n 


The most important advantages of this method are: 

a) universality, 1.e., in contrast with the classical methods where for 
every type of problem we should use a different type of schemes, the 
least-squares finite element method (LSFEM) has a unified formulation 
for all types of problems. For example, in the same mathematical and 
numerical frame, the method is able to simulate fluid dynamics problems 
for subsonic, transonic, supersonic or hypersonic flows. 
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b) efficiency, 1.e., the method is suited for differential operators of 
the first order and leads to algebraic systems with symmetric positively 
defined matrices. 

c) robustness, i.e., no special treatments such as artificial dissipation, 
staggered grids, operator-splitting, etc are necessary. The method con- 
tains the mechanism to automatically capture discontinuities or shocks. 

d) optimality, 1.e., the method leads to a solution with the best ap- 
proximation (with an error of the same order as the interpolation error) 
and this error can be evaluated by an error indicator included in the 
form of residuals. 


1.1 Flow in the Presence of a Permeable Wall 


In the sequel we will consider a plane, potential, without circulation 
flow of an inviscid, incompressible fluid, generated by a general displace- 
ment of a profile, in the presence of an unlimited permeable wall. The 
fluid is assumed to be at rest at far distances [111]. The solution will be 
approximated by a finite element method, together with an analysis of 
the convergence and of the errors. 








1.1.1 Variational Model Joined to the Mechanical Problem 


We will suppose that the plane, unlimited, permeable wall T is located 
at a sufficiently large distance from the mobile profile C such that their 
working condition could be linearized. The determination of the complex 
potential of the considered fluid flow becomes a solution of the following 
boundary value problem for the uniform stream function Ẹ 


AY=0 in Q0, 





Wlo = ny — MZ — zw (2 — zc)’ + (y ~ yo)’| + K(E), 





. . ov 

lim -— = lim —=0 
where Q is the flow domain in the physical plane, the outside of the 
profile C bounded by the wall T, n(t), m(t), w(t) are the components 
as functions of time in (tc, yc), of the rototranslation of the profile C 
in the inviscid fluid mass, at rest at infinity (with respect to the fixed 
frame Oxyz whose Ox axis coincides with the wall T) and A(¢) is an 
arbitrary function of time. The function (x) and the real constants a; 
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and ag are related with the permeability P and the pressure pe outside 

of T by I(x) = ae(2 — pe), a1 P + ag = 0, p > 0; moreover, we as- 

sume , lim Pelz) = Poo = 2, this equality being in agreement with the 
Z|— 00 


condition on the wall I (y = 0) where |z| - oo. 
But the rest condition at infinity under the acceptable hypothesis of 


the uniform convergence for lim ow = 0, lim — = 0 leads also to 
|x| 00 Oy \yjoo Ox 

the constancy of the limits lim W(z,y) and lim W(z,y) so that we 
|z|—>00 ly]—-00 


have | hm WY (x,y) = 6 = constant (the constant 6 being fixed to zero 
z|—00 
by a translation VW — Y + ô). Therefore, the above problem becomes 
AWV=0 im Q, 
Wie = l (x,t), 


(6.1) 





where lı (x,t) = ny — mr — w (2 —- zc)” +(y- yo)’ + K(t)— ô, while 
y = K(x) at the upperside Ce of the profile C and y = K(x) at the 
lowerside C; of the same profile C; y = Kı(z) and y = Ko(z), the 
equations of the upperside and lowerside belong to C? [a,b] and, more, 
KË (a) = KP (a), KË (b) = KP (b), i = 1,2. 

But the Dirichlet condition on C could be homogenized by “eleva- 
ton”, which means: being given an € > 0, however small, and an A > Q, 
however large, one could introduce a function w € C™(QQ), with the 
support in the “half’-disk {(x,y); 2? +y? < A? y > e} and which ver- 
ifies on the profile C the condition w(xz,y)|c = h (x,t); denoting then 
Ẹ = u + w, the function u satisfies the problem 


~Au=f in Q (f= Aw), 


uic = 0, 
Ou Ou. (6.2) 
a a + gy i = I(x), 


lim u(z,y) = 0. 
Z| 7 00 


|z] 
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In order to put the problem (6.2) into a suitable variational frame, we 
will introduce the space V = {v € H1(Q), vlc = 0} and we will define 
the following bilinear, skew-symmetric and continuous form on V x V, 


Ou ðv Oudv 
J(u, v) = J (a — a dady. 
Q 


If the functions u and v are regular, v being zero on C, then 


ð ðu ð ðu 
Huw) f a (5) rz Oa ae) | eae 
n 
3u ðu ðu Ou 
- f (555+ D2) Z) dxay = f |(-¥5*) ny + vitn ds} 
C 


Q 
ð T ðu ð 
u u 
+ | ods. = J vlz, 0) 5 (z,0)dx = (su) 
T 


ð . ae . . 
where ae denotes the tangential derivative on I while n(n1, n2) is the 
T 


ð 
unit outward normal at the contour C. The application (u,v) > (E v) 
T 


is extended by density into the space H! (Q) x V. 
Let us set now 


Ou O ðu ð 
a(u, v) =o | (Fa + Fe dy) dedy + J(u v) 
Q 


and suppose ag > 0. The problem (6.2) becomes: 
Find a function u € V such that 
a(u,v) = ae2(f,v)+(l,v), Wev (6.3) 


where (.,.) denotes the inner product from £2(Q) while (1, .) is the above 
considered linear and continuous functional on V which coincides with 
an inner product on L?(L) if | € L?(T). 


If we remark that (f,v) = (Aw, v) = —-—-a(w,v), we also have 
OD 


V=utw, ue, (6.4) 


a(W,v)=(l,v), WeVv 
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and one proves 

THEOREM 6.1. Ifl € L*(T) is given, there exists a unique function 
u, solution of the problem (6.3). The function V = u+tw satisfies (6.4), 
it is unique and independent of the “elevation” w. 


1.1.2 Numerical Approximation of the Solution 


In order to construct a numerical approximation of the unique solu- 
tion of the problem (6.3) or (6.4) we must, first, replace the unbounded 
domain Q by a bounded working domain. Therefore, let Q4 be the 
bounded domain joined to the original domain Q and defined by 





Q,=2N { (x,y) a? +y? < A*} 
where the parameter A > 0 (which will tend to +00), should be chosen 
such that the contour C with its inside belongs to Q4. 


Then we will have the approximated problem 


AY,=0 in Qa, 


Wale = li (z, t), 

Walsa = 0, (6.5) 
ow +a ow lg (zx) 

“Var Oy lp, OS 


where [4 is the restriction of [ onto the interval (~A, A) and 6A is the 
circumference from the positive half-plane x? + y2 = A?, defined by 


6A = (z, y); r? +y? = Å? y > 0}. 


We will show the existence and the uniqueness of the solution VW, 
of the above problem (6.5) together with the fact that, under some 
hypotheses, the function YW, converges (in a sense that will be made 
precise) towards the exact solution W of the problem (6.1). 

Following the same way as in the previous sub-section, we will intro- 
duce an “elevation” wa = w E€ C™(Q4) with the support belonging to 
the half-disk 


{(z,y);27+y? < ÅA y >eE >0} 


and verifying on the contour C the condition wl¢ = lı (x,t). 
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Since wlg4 = 0 and Wyls, = 0, if we set V4 = ug +w we will be led 
to the problem 


-^ua = fA in Q4 (fa = Aw), 


= 0) 
Ou, OUA B 
OF Ox ar ve 7 = lo (zx). 


Introducing now the space 


Va = {v € H' (Qa) vlsauc = 9}, 


we obtain, for the problem (6.6), a variational formulation similar to 
that from the previous sub-section and we could state 

THEOREM 6.2. Under the hypotheses from the previous theorem, the 
problem (6.6) has a unique solution ug E€ Va. The function UV, = uatw 
is unique, independent of the “elevation” w and it verifies the problem 
(6.5). Moreover, if ua, is the extension of ua by zero onto Q. the 
function p4 = ta + w converges strongly towards the function WV in 
H}(Q). 

We will use now a finite element method for the effective approxima- 
tion of the solution V4. Let (TK) 5.) be a regular sequence of trian- 
gulations of Q4, 1.e., for which there exists @ such that, Og being the 
smallest angle of all these triangles, we have the relation 


Ox 2 ho, VK >Q. 


Let us set Qg = (| K ,the largest side of all the triangles K being 
KETK 
less than a k. Consider now the finite dimensional space 


Vr = {Vx € C°(QK); Vix is affine, YK € TK} 
and, correspondingly, 
Ve = {uK € VK; UKIrR = 0} 


where x = 6A*® u C¥ i.e., the union of all polygonal contours corre- 
sponding to ĝA and C, within the respective triangulation. 
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By denoting wg = ngw (wg €E Vx) the linear interpolation of w = w4 
on the nodes of K and by putting 


Ou Ov Oudv 
ax (u,v) = a2 Dron By dy dxrdy 


QE 
Ou dv ðu ðv 
— — — —— |] drd 
ra | (525° uae) Tay 
QK 


for all u,v € H! (Qg), the approximate problem comes to: 

Find a function ug € Ve such that Ux = ug +wx to be a solution 
of ax(VxK,vK) = (l, vg} forall vg € VÈ. 

The solving of this problem is given by 

THEOREM 6.3. (1) The above approximate problem has a unique 
solution Yg which converges towards YA when k > 0; 

(2) If Va € H? (Q4) we have also the error estimation 


Wa — Yrlaoingg) < CK |Yeni) 


where the constant Ch is independent of the parameter K. 


1.2 PDE-Toolbox of MATLAB 


For the complicated shape domains and for more complicated equa- 
tons one can call the Partial Differential Equations (PDE) tool- 
box from MATLAB. Shortly, it could be used in the following way: 

— by the command pdetool from the MATLAB work sheet the PDE 
Toolbox work sheet is open; 

— from the menu Options activate grid and then, from the sub-menu 
application select generic scalar as equation type; 

~ from the menu Draw activate draw mode and then polygon; 

-on the PDE Toolbox work sheet draw, with the mouse, the boundary 
of the considered (plane) computational domain (in our example a star- 
like domain); 

~ from the menu Boundary activate boundary mode and then specify 
boundary conditions; in the dialog window select the boundary condi- 
tion type Dirichlet or Neumann and the corresponding parameters. The 
boundary conditions could be given separately on each boundary seg- 
ment by a mouse click on that segment. 

— from the menu PDE activate PDE mode and then PDE specifica- 
tion; in the dialog window choose the equation type - elliptic, which 
corresponds to the equation 


—div(c* grad(u)) +a*u=f 
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and the coefficients: c= 1, a = 0, f = sin(x). * sin(y), for instance; 


- from the menu Mesh activate mesh mode and then initialize mesh, 
which generates a starting triangular mesh that can be seen on the 
screen; 


— from the menu Solve activate Parameters and in the dialog window 
activate Adaptive mode; This option allows the successive refinement 
of the mesh depending on the approximated solution. From the Solve 
menu too, activate Solve PDE and so the toolbox numerically solves the 
defined problem by the finite element method, performing also successive 
refinements of the mesh until a stopping criterion is verified; 





- from the menu Plot activate Parameters and then, in the dialog 
window select color and contour, which determines the graphical visu- 
alization mode of the solution. 


For any of the above actions there exist buttons, in the corresponding 
order, which facilitate the use of the toolbox. All the results on the PDE 
Toolbox work sheet may be exported on the MATLAB work sheet and 
used in complex programs. 





For example, from the menu Mesh, activating Export Mesh, OK one 
could bring on the MATLAB work sheet the lists of the points, sides 
and triangles of the mesh, in the proposed variables p,e,t. Similarly, 
from the menu Solve, activating Export Solution, OK one could export 
on the MATLAB sheet the values of the numerical solution at the mesh 
points, in the proposed variable u. 


Now, by the command pdemesh (p,e, t) onthe MATLAB work sheet, 
the final computational triangular mesh could be graphically represented 
(see Figure 6.1). By the command pdesurf (p,t,u) the solution could 
be graphically represented (see Figure 6.2). By choosing a rectangular 
mesh, the calculated solution could be interpolated on that mesh using 
the commands x=-1:0.01:1; y=x; uxy=tri2grid(p,t,u,x,y); The 
uxy variable will contain the numerical values of the solution at the grid 
points (x-y) inside the computational domain and NaN at the other. The 
graphical representation can be performed now by surf (x,y, uxy). 








There are many other options, very well described in the Help pages 
of the toolbox and also in the demo examples. 


For modeling and simulating many scientific and engineering prob- 
lems based on partial differential equations, including 1D, 2D and 3D 
geometry, we recommend also the use of FEMLAB (www.femlab.com). 
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Figure 6.1. The triangular mesh on a star-like domain 





Figure 6.2. The numerical solution of the Dirichlet problem on the star-like domain 


2. Least-Squares Finite Element Method 
(LSFEM) 


We will briefly present, following [72], the least-squares finite element 
method (LSFEM). 


2.1 First Order Model Problem 
Let us consider the simplest first order differential problem 


ul(z) = f(z),x € Q = (0,1), 


u(0) = 0. 60) 


The classical solution is a function u € C'(Q) which satisfies the 
above relations; it exists and it is unique for every f € C(Q). Moreover, 
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iff E€ om) then u € C™+1(Q) (we recall that u € C™ (Q) means that 
all u(x), u’ (zx), ...,u0") (x) are continuous on 2). 

Let us now convert the problem into a variational form, using the 
spaces H™(Q). For m = 0, 


H? (Q) = Lo(Q) = fu : Q > Rl; f vax < co} 


with the norm and the inner product defined by 


ull, = { f žan} uv = | wae, 


Typical examples of functions of H? are the continuous functions, the 
piecewise continuous functions, particularly piecewise constant func- 
tions, defined on 2. 

If u € C(O), u’ € H°(Q) and fa w(s)ds = u(x) — u(zo), then u € 
H! (Q). The corresponding norm is 


ull, = l J udr + [ vas)" 


Typical examples of functions of H! are the functions of C+(Q) or the 
piecewise differentiable continuous functions. 

Generally, if u € C™-1(Q) and u'™) € H°(Q), then u € H™(Q) and 
we have the corresponding definitions of the norm. On H! we will also 


use the semi-norm , 
12 2 
ful, = f u'drẹ . 

n 


The following important inequalities hold: 
a) Friedrichs, for u € H+ (0,1) and u(0) = 0, 


' 2 I 3 
{| Pas} < { [ zo : 
0 0 


b) Sobolev, for u € H*(0,1), 


2 2l 
lu(x)| < 7+3 llulla- 


We will also use the basic lemma of the variational calculus 
LEMMA. Iff € C(Q) and 


[ toa x)dz = 0, Y € C(Q), 
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then f =0. 
The finite element method to approximate the solution of the problem 
(6.7) consists in finding an approximate solution of the form 


Un(Z) = a11 +++: + 4,0, 
where ©; are known functions of a specific type, satisfying the condition 
®;(0) = 0. By denoting 
R(x) = u,(z) — f(2), 


the coefficients a1, ...a, can be calculated from the equations 


| Rewe) = 


where v is an arbitrary continuous function. To calculate the n coeffi- 
cients a; we will choose n functions v. 

A particular method is obtained from the above scheme by choosing 
the functions ®; and v from the subspace Vp of 


V = {u € H'(0,1)|u(0) = 0} 


containing piecewise linear functions. 
Let us consider the grid 


= go < T1 L <r, =1 


which divides Q into the elements ej = (xj;-1,2;) of length h; and let 
h = max h; be. We will require that the elements u, of V} be continuous 
on [0,1], linear on each element e; and u, (0) = 0. 

The functions u} € Vp could be described by their values u; on the 
nodes. We have 


up (x) = ur Oi (T) +--+ + Un®n(z) (6.8) 
where 
1, £ = Tj, 
0, £ = Tk F Tj, 
T — Tj] 
blaz) r > BE (8-193), 
Tj — T 





T E (Tj, L541), 
0, zTEekkÆj,j +l. 


Then, the basis functions ®; have the value | at the corresponding nodes 
£j, the value O at other nodes and are piecewise linear functions on each 
interval eg. Obviously, u,(z;) = uj for j = 1,...,n 
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It may be proved that the interpolation error of a function u € V by 
an interpolant function at the given grid Mpu is, if u € H?(0, 1), 


le- n'jo < Ë lula lu — Trullo < 5 july. 





The classical Galerkin finite difference method could be formulated as 
follows: 
Find u, € V, such that 


1 
| (u, — fun = 0, Yun € Vh. (6.9) 
0 


Since u,(xz) is of the form (6.8), by choosing in (6.9) va = ®;(x) for 
7 = 1,... n we obtain the system 


nal 
>| ® (x) ®; (de= f floja, r)dz,i = 1,. 
j=l 


from which we can calculate the unknowns u1, ..., un. The above system 
can be rewritten 


n 


NO (0, 8) uy = (f, 6) i= 1, (6.10) 


j=1 
or, in matrix form, 


KU = F. 


The elements A;; of the matrix K of order n x n could be easily 
calculated (in the general case they are obtained by assembling the values 
on each element). We have, for 2 = 1,... n — 1, 


Ti | £— Tii “ti —l Tiya 
Kii = (®!, ð; =f Lii d+ | dr = 0, 
ti ( 1 i) Ti hi hi T; hiay hist 





and 


In 1 a 1 
Knn = (81, On) =f anlage = i. 
LTn—1 


Moreover, for 7 = 2,...,n — 1 we have 
/ ti —lag- Li-l 1 
Kiii = (i—i 8) = -~ dt = -3 

Li} 


Litt 1 Ti — T 1 
Kis = (i, ;) = er . 
i+1,i ( i+1 i) [ gs hi+ı 2 
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As regards the calculation of F, by some simple quadrature formulas 
(trapezoidal rule), we obtain, for 7 = 1,...,n — 1, 


R= (1%) = f] se) 


Li+k — 
Ti 








Fan k 2 
and 
Tn T — Ln— h 
Tn—iI m 


If we choose a uniform grid h; = h = L, the system (6.10) becomes 


0 1 0 0 0 ui fi 

-1 0 1 0 0 U2 fo 
if 0 -1 0 1 0 U3 f 
5 a =h 

0 0 = -1 0 1 fal 

0 O > 0 -1 1 un fn/2 


We remark that the equations are of the form 


“oe ee 











u4 — U3 
= fi, = fa, = f3,..., 





incidentally identical to the equations obtained by the centered finite 
difference method 





„Viti Mind 
u; = oh . 
As we know, this structure ofthe matrix leads to a solution decoupling on 
odd-even nodes and then oscillatory numerical solutions appear. These 
oscillations persist even if the grid is refined. In practice, we choose 
instead of the centered difference an upwind difference 





Ui — Wil _ Uii — Uii _ htp — 2u + Uii 
h 2h 2 h2 


i 
a of! 
uj = 


which is equivalent to introducing a numerical dissipation. In fact, in- 
stead of the given equation, we numerically solve by centered finite dif- 
ferences the “perturbed” equation 
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Let us present now the LSFEM. In this case we try to minimize the 
integral 


1 
I(u) -| (u — f)*dx 


onto the space V. The necessary minimum condition is that the first 
variation vanishes, 1.€., 


d 1 
im — I tv) = — ‘dx = 
lim it (u + tv) 2 | (u — fjudz = 0,Wv EV 


OT 
(u',v') = (f v), Wu € V. 


The discrete problem is now: 
Find u, € V such that 


1 
| (u, — f)u,dx = 0, Yun E Vh. 
0 
Since upis of the form (6.8), we now obtain the system 
S| (8), &) uj = (f, 8) islan (6.11) 
of the same form 


KU =F. 
By recalculating the matrix K and the right-hand side F, we find 








Kii = (©, ©) [ zde [T tide = 4 i=] 1 
-= ry ' Z — T = —— 1? = ye AS L, 
t,t u *i Ti, h2 z h? hi hi+1 


t 


Kun = (®, w= f Jagat 
tn—1 h2 hy’ 

(w,_,,0)=- fo 

Kj-14 = ,® -f = dgr = i= 2, nl, 
~ ai Li-1 h? hi 
1 g nti o] 1, 
Kista = (441, i) = -| pz áT =F t= 2,..n—1, 
Ti i+] a1 


F; = (f, ®;) = Soe, fds r+ fut fphas 


fath fitfin fi fi i=l 
= 2 oog lT es 
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In 
Fu (pa) = [fonds = Bote 
Ln—1 n 


Now the matrix K is symmetric and positive-definite. In the partic- 
ular case when h; = h = L, the above system takes the form 


2 -1 0 0 =: QO ul f2 — fo 
-1 2 -1 0> 0 uz h-f 
1 0 -1 2 —łi ::: Ọ u3 1 fa — fo 
TR | o a : | Qh 
0 0 = -1 2 -1 fn - fno 
0 0 - 0 -i 1 up fi. fha 





We remark now that the left-hand side can be interpreted as the centered 
finite differences discretization of u”, while the right-hand side is the 
centered finite differences discretization of f’. 

Here is the explanation of this fact. The variational problem was to 
find u € V for which 


1 
f (u — fjv =0,Ww € V, 
0 


Assuming that u” exists, upon integration by parts we find 


1 
(u — f)vle=t -j (u” — fudr = 0,Ww E V. 


Consequently, 

u” — f'=0 in (0,1), 

u—f=Oing=1, 

u=Oinz=0. 
This means that the derivative of the original first order equation must 
be satisfied on the interval, the original equation must be satisfied at 
x = 1 as the natural boundary condition and the original boundary con- 
dition becomes an essential boundary condition. Therefore, we have the 
Galerkin formulation for a second order equation, which is very efficient. 
Moreover, the condition number of the matrix K is of order O(h~?), 
which is similar to that from the classical Galerkin method for second 
order equations. 

Concluding, the least squares method transforms the difficult (as re- 
gard the numerics) problem for a first order equation into an easily 
solvable second order equation. 

If we study the error of the method, if u € (0,1) then we have 


|u — un)’ < lulz, llu — ually < Ch” July, 
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i.e., an optimal error, of the same order as the interpolation by finite 
elements error. 

We will present now a very simple example which illustrates the power 
of the LSEFEM. Let us consider the problem 











1 is 
—e€ E 
u (z) = Son rT E [0, 1], 
l—e oe 
u(0) = 0 
with the exact solution 
1 _ l-r 
uerlT) = i — Ls. fees 
l—eoe 


For € = 0.03 we use the upwind scheme, the Galerkin finite element 
method and LSFEM. The comparison with the exact solution is given 
in Figure 6.3. 


exact: 
upwind: —.-.-. 
Gaterkin: ......... 





0.6 0.7 0.8 0.9 1 1.1 


Figure 6.3. The approximate solutions for € = 0.3 and h = 0.025 


2.2 The Mathematical Foundation of the 
Least-Squares Finite Element Method 
Let Q c R, with d = 2 or 3, be an open bounded domain, with a 
piecewise smooth boundary F (.e., it can be decomposed into a finite 
number of arcs (surfaces) and each of them can be locally represented by 
indefinitely differentiable functions; more, the angles between the arcs 
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(surfaces) are greater than zero). As examples, a sphere, cube, torus, 
triangle, polyhedron, etc. have piecewise smooth boundaries. 
For 1 < p < œ we have 


L, (Q) = fu : Q — R| J. Ju(a)|? dz < oo} 


which is a Banach space with the norm 


i, = (f uP ate) 


For p = 2, L2(Q) is a Hilbert space with the inner product, respectively 
the norm, 


(uv) = | u(a)o(e)de, lullo = (wu)? . 

N 

For every integer k > 0 we have the Sobolev space 
H¥(Q) = {u € Lo(Q)|D%u € Le(2), Y jal < k} 


which is a Hilbert space, with the norm 


bo|— 


lull = { luol? + X Deuh 


jaj) <k 


Obviously, H? (Q) = Lo(Q). Particularly, the space H? (Q) and its sub- 
space 
Hi (Q) = {u € H! (Q)| ulr = 0} 


1 
Y 


with the norm 


i = (1o52 


a= 1 














On; 


1 
) 2 
are of great interest. 
For vector-valued functions u with m components we consider the 
product spaces 


and, respectively, the semi-norm on H! (Q) 


s 


i=] 


Ou 
Ox; 

















L2(9) = [L2(9)]”, H(Q) = [H*(Q)}" (6.12) 
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with the corresponding norms 


lls = Sota j=0,1. (6.13) 


Let us consider now a linear equation 


Au = f (6.14) 


where f € V. Its solution is denoted by u = A`! f. It is important that 
the practical (proposed) problems be well-posed. This means that the 
above equation has a solution for every f € V, the solution is unique 
in a space U and if f changes “a little’, the solution u also changes “a 
little”. In operator language, this means that A : U — V is one-to-one 
and its inverse 1s continuous between the normed spaces U and V. 

THEOREM 6.4. The necessary and sufficient condition for a linear 
operator A to have a continuous inverse is that 


Ja > 0: a |jully < ||Aujly , Vu E€ U. (6.15) 


In the case of an operator A satisfying the above condition, we have 
for the equation (6.14) 


1 ] 
< -|A = — 
luly < z luly = z Fly 


which means that the solution u continuously depends on the data. 
If up is an approximation (obtained by a certain method) of the exact 
solution, we have 


1 1 
lun — ully < a Aur — Aully = m |Aur — filv- 


Therefore, if the norm of the residual R, = Au, — f tends towards zero 
for h 4 0, then u, > u in U. 

The proof of the property (6.15) uses 

THEOREM 6.5. (The Friedrichs inequality) If u € H! (Q) and uļr, = 
0, where T, C T, then there exists a real constant C > 0, which is 
independent of u, such that 


lullo < C luli 


We remark that one gets |u|], < C |u|, and consequently, on Hi (9) the 
semi-norm |u|, may be used instead of a norm. 

THEOREM 6.6. (The Poincaré inequality) Jf u € H! (Q), then there 
exists a real constant C > Q, independent of u, such that 


lull? <C i + f wie) | | 
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Let us define now the finite element spaces Vp. ‘These spaces con- 
sist of piecewise polynomial functions. More precisely, the domain Q 
is decomposed by a triangulation T, with the elements K. In the case 
d = 1, the elements are intervals, for d = 2 the elements are triangles or 
quadrilaterals while for d = 3 they are tetrahedrons or hexahedrons. 

We will denote by P,(K) the space of polynomials of order less than 
or equal to r, defined on K, and by @,(4) the polynomials of order less 
than or equal to r in each of the variables. 

We will define V, C H'(Q) if we solve boundary value problems of 
first order and V, C H?(Q) if we solve problems of second order. In the 
case of the piecewise polynomial functions, we have 


Va C H! (Q) & Va c C(Q), 
Va c HFN & Va c C(O) 
where Q = QUT. Since the treatment of second order problems is 
difficult by the LSFEM, we will consider only first order systems and 
the high order problems can be reduced to this case. 
Let us describe now the elements K. We will present only the case 


d = 2 and we will suppose that Q is a polygonal plane domain. We will 
divide Q into 








=K UKU... U Km, 


generating the triangulation Th = {K1,.., Km}. It is necessary that the 
triangles do not overlap and that no vertex of one triangle hes on the 
edge of another triangle (it can coincide only with another vertex). 

We will define the parameter h of the triangulation as the maximum 
diameter of all circles circumscribing the triangles from Ta and p as the 
minimum diameter of all circles inscribed in the triangles from Tp. We 
suppose that there exists a constant 6 > 0 independent of hk, such that 





p 
r26. (6.16) 


This condition avoids the generation of arbitrarily thin triangles (or of 
interior angles arbitrarily small). 

Let us consider now a triangle from such a triangulation. The nodes 
are the vertices 41, Ag, A3 of the triangle. We will construct the linear 
interpolant of u on this triangle 


,u(z,y) = ao + aur + aay. 
From the interpolation condition 

uy Lm y \ fœ 

uz }= {tl r2 Y a 


u3 1 T3 Y3 a 
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we obtain the coefficients a; and by substitution we find 


TTpu(z, y) = pı (x, y)uy + pa (x, y)ug + 3 (x, y)u3 


where 
p(z y) = =| 1 zo yo |, yo(z,yJ=—a/1 z yi, 
D D 
1 T3 Y3 1 23 93 
1 1 Zi Yi 1 Ti Yi 
b3(2,Y) = 5 l t2 y2i|,D=) 1 2 YI. (6.17) 
l T y 1 23 Y3 


We remark that the order of the nodes 41, Ag, Ag is important. The 
counterclockwise sense corresponds to D > 0, otherwise D < 0. We 
remark also 


3 
X bile, y) =1. 
i=] 


About the interpolation errors, 1f we work with polynomials of order 
r > 1 and for functions u sufficiently smooth, we have 


fu —T,ully < CRH Jul 
lu — TI,ul], < CR julap. 


Let us now give a general formulation of LSFEM. We will consider 
only steady state problems. In the evolution case, the time discretization 
leads at each step to a boundary value problem of this type. 

The linear boundary value problem which we consider is 


r+1°? 


Au = f, mQ, 
Bu=g, onl, (6.18) 
where A 1s a partial differential of the first order operator 
d ðu 
Au = Aj—— + Aou. 
Here uf = (u},...,Um) is the vector of the unknown functions, f? = 


(fi, =, fm) are given functions, A; and Ag are continuous matrices which 
depend on x € Q while B is a boundary operator. 

We will suppose f € L2(Q) and we choose a suitable subspace V of 
Lə(Q) which involves the boundary conditions. Let R = Av — f be the 
residual of v and we have 


IRI = [ (Av — £)2dx > 0. (6.19) 
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A solution u of the problem (6.18) could be interpreted as an element 
of V which minimizes the residual 


0 = RI < R)I Vv € V. 
The least squares method minimizes (6.19) in V, Le., 
I(v) = |Av - fll = (Av — f, Av — f) > min. 


A necessary minimum condition is that the first variation vanishes at u, 


_ d _ T _ 
lim lu +tv) = 2f (Av) (Au — f) dz =0,Vv € V. 
Thus, the problem to solve is to find u € V such that 
B(u, v) = (Au, Av) = (f, Av) = F(v), Vv € V. (6.20) 


We remark that B(u, v) is symmetric and by discretization will lead 
to a symmetric positive-defined matrix. 

In finite element discretization we choose a unique basis for all the 
unknown functions and we are looking for up 1n the form 


ur 
N u 
un(x) = >; (2) 
j=l 
Um 


j 
where ux j are the values of u at the node 7 and N is the number of nodes 
of an element. Introducing this expression into the equation (6.20) we 


obtain the system 
KU=F 


where U is the global vector of the values at the nodes. 
The global matrix K is assembled from the element matrices 


Ke = | (Aq, Abn)’ (Ayn, ..., Apy) dx 
Ne 


where Qe C Qis the domain covered by the et” element. F is obtained 
by assembling the element vectors 


Fe= | (Abi APN)? fa. 
Ne 


We remark that the boundary condition could be also included into 
B(u,v) and then no boundary conditions are imposed on the subspace 
V. 
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If we write now the Euler-Lagrange equation for the problem (6.20), 
upon application of the Green formula we find 


(A* Au — A*f,v) + (Au — f, v) =0,Vv EV 


where A* is the adjoint operator of A. The Euler-Lagrange equation is 
therefore 
A* Au = A’f in Q. (6.21) 


For this equation, the boundary condition Bu = Q is an essential bound- 
ary condition and (Au — f, vp) = 0 is a natural boundary condition. 

Concluding, the least squares method for first order systems 1s equiv- 
alent to the Galerkin method for the second order system (6.21). We 
remark also that A*A is a self-adjoint operator, even if A itself is not 
self-adjoint. 

We will estimate now the errors for this method. We need the follow- 
ing result: 

THEOREM 6.7. If the first order linear differential system Au = f has 
a unique solution u which continuously depends on the data f € L?(Q), 
then there exists a positive constant m such that 


m|lullo < |]Aullo- 


Moreover, if the solution u € H! (Q), then there exists a positive constant 
M such that 
||Aullo < M |jull,. 


Let us suppose now that V, is a subspace of V which consists of 
piecewise polynomials of order r and the problem Au = f is well-posed. 
Then for u and u, we have 


(Au, Av) = (£, Av), Vv € V, 
(Aun, Ava) = (£, Avn), VVh E Vh. 


Particularly, we have also 

(Au, Ava) = (£, Ava), Vya E Vh 
from which, by subtracting, we obtain 

(A(u — ur), Ava) = 0, Yva E Va. 


Let now Hy u € V, be the interpolant of u. Then, from the above 
relation, we have 


|| A(u — ua) |[§ = (A(u — uz), A(u — ua )) = (A(u — uz), A(u — Tu) 
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+(A(u — u,), A(II,u — u,)) = (A(u — up), A(u — I,u)) 
< || A(u — ua)llo ]A(u — Mru) llo . 


By simplifying and from the above theorem, we get 
m |u — uallo < || A(u — ua)llo < | Au — Mru)llo < M lu — Thull,. 


Since R(u,) = Au, —f = —A(u — upg), from the above relation and from 
the form of the interpolation error we obtain 

THEOREM 6.8. If the problem (6.18) is well-posed and its solution is 
sufficiently smooth, then we have the estimations of the error 


|R(un)llo < Crh" uli» 
lu — wall < Cok? ul, 

This theorem ensures the convergence of the method and it does not 
matter what type the first order system is, elliptic, hyperbolic, mixed, 


etc. We remark that in the elliptic case we are able to give an improved 
result. If A is elliptic and coercive, 1.e., 


alivi < || Avllp, Yv E€ V = {v E€ H!| Bv =0 on r}, 


then we have the optimal estimation: 

THEOREM 6.9. If up is the solution generated by the LSFEM for 
the elliptic, coercive system (6.18), with piecewise polynomial of order 
r, then there exists constants Ci and Co independent of u and h such 
that 


lu = alls < Cih July» 


[u — uz llo < Coh" t! [Uy . 


2.3 Div-Curl (Rot) Systems 


We will present on such types of systems the use of the LSFEM. 
Suppose that Q C IR? is a bounded domain, with the piecewise smooth 
boundary [ = 1, UT» (one or another of the components may be empty 
but not both; if both are not empty, they must have at least one common 
point). We will denote by n the unit outward normal to the boundary, 
T a tangential vector to Į at a boundary point. 

We present, without proof, some technical properties. 

THEOREM 6.10. Let Q be bounded and convex in IR3. Then for every 
function u € H! (Q) satisfying n-u=OonT, and n xu = 0 on T2 we 
have 

jal? < IV -ull + iV x alls. 
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THEOREM 6.11. If Q is bounded simply connected in TR? and u € 
H+ (Q) satisfies 
V-u=0,V xu=0inQ, 
n-u=Oonl),,nxu=Oonl, 


then uw=Q in Q. 

THEOREM 6.12. (The Friedrichs inequality). Let Q be a bounded and 
simply connected domain in RÌ. Then for every function u € H! (Q) 
satisfying n-u=0 on Ty and nx u = Q0 on Pa we have 


Jul? < € (1Y -uà + Y x ull) 


where C depends only on Q. 
The above result shows that on the space 


H =] [H! (Q)|*| n-u=0 on Ti,n xu =0 on T3 
{ [a (2)]? | 


1/2 
the norms ||ulj, and (1v -ull + |Y x ulla) are equivalent (for Q as 


above). 
THEOREM 6.13. (The Gradient theorem). If g € H'(Q) satisfies 


Vg=0inQ, g=O0 onl, £9, 


then g=0 inQ. 

THEOREM 6.14. Jf u € H!(Q) and n x u = 0 on To Æ G, then 
n-Vxu=0 on [o. 

THEOREM 6.15. (The second Friedrichs inequality). Let Q bea 
bounded and simply connected domain in RÌ, with the smooth boundary 
T. For every u € H! (Q) we have 


2 2 2 2 2 
lula < C (lal? a + IY -ulla + IY x ullo + ln alyor) 
Let us consider now the 3D divergence-curl system 


Vxu=w, V-u=ping, 


n-u=OQonl;, n xu = 0 on T2. (6.22) 


The given vector w € L?(Q) must satisfy the compatibility conditions 
V-w=0ind, n-w=0onTs, | n- wil =0, (6.23) 
p 


and if T2 = 0, then p € L?(Q) must satisfy 


[ van = 0. 
Q 
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This system of four equations with three unknowns is not overde- 
termined. By introducing the dummy variable ¥, the system can be 


rewritten 
VI+VxXu=u, V-u=ping, 


n-u=0, vJ=Oonl), nxu=QOonls. (6.24) 


But, from Theorem 6.8, the first vector equation is equivalent with the 
system 


Vx(V0+Vxu-w)=0 in Q, 
V-(VI+Vxu-w)=0 in Q, 
n:-(V¥@+Vxu-w)=0 on Tj, 

)=0 


nx (VI+Vxu-w on [o. 


From the conditions (6.23), n xu = 0 on I% and Theorem 6.11, the 
above relations yield 


Av=0 in Q, 


3 =0 on l, ov = 0 onl, 
On 


thus ? = 01in Q and its introduction does not change the original system. 
In Cartesian coordinates, for u = (u,v, w)?, the system is written 


Ür + Wy — Vz = We, 
Üy + Uz — Wy = Wy, 
Ve + Ur — Uy = Wz, 
Ug + Vy + Wz = P, 


while in matrix form 


AiU,z+AoUy + AU, + AU =F, 


where 
00 0 1 0 01 0 We 
_| 00 -1 0 | 0001 _ | wy 
A=] oi 0 oJ? @=|-1000]7F= w, |? 
10 0 0 010 0 p 
0 -1 00 00 0 0 u 
10 00 0000 jv 
As=| o 9 o0 11 S°=|o0 000] Cr] wu 
0 0 10 0000 9 
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But the associated characteristic polynomial is 


0 -¢ n & 
det(A1£ + Aon + Ag) = det S : < 7 
€E n ¢ 0 


= (++ >0 


for all (£,n,¢) Æ 0 , thus the system is elliptic. We need two boundary 
conditions on each boundary. But ð = 0 and n-u = Q are two conditions 
on li while n x u = O implies that two tangential components of u on 
I are zero. 

Let us apply the least-squares method. We construct the functional 


I: VR, I(u) = |Y x u— wl? + |V -u -— oll? 
where 
V = {ue H' (Q)| n-u=0onTi,nxu=0 onl}. 


If the variation of / vanishes, we obtain the variational formulation in 
the least squares sense: find u € V such that 


(Au, Av) = (f, Av), Wve V (6.25) 


where 
(Au, Av) =(V xu, V xv)+(V-u,V-v) 


and 
(£, Av) = (w, Y x v) + (p, Y - v). 


From the Friedrichs inequality we obtain 


Z luli < (Au, Au) = (f, Au) < Julh (Hello + lollo) 


and then 
THEOREM 6.16. The solution of the problem (6.22) or (6.25) exists, 
it is unique and it satisfies 


alli <C (l|w||p + lello) . 


To apply the finite element method, we rewrite the equation (6.25) 
under the form 


(V x u—w, V xv) +(V-u-—p,V-v) =0, Wv EV. 
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With the hypothesis that all the functions are smooth enough, we use 
the Green formulas in the above relation and we get 


(Vx(Vxu-—w),v)+((V x u—w),nxv)p—(V(V-u-p),v) 
+((V:-u-—p),n:v)p=0, W EV. 
Taking into account 
VxVxu=V(V-u)—Au 
and the conditions satisfied by v on I’, the above relation becomes 


(—Au-V x w+ Vp,v) — (n x(V xu- w), v})p 
+((V-u—p),n-v)p, =0 


2 


(6.26) 


for all v €e V. Then the Euler-Lagrange equation and the boundary 
conditions become 


Au=~-V xw + Vo, (6.27) 
n-u=0,nx(Vxu)=nxwonly, (6.28) 
nxu=0, V-u=ponTly. (6.29) 





We remark that now the divergence equation does not appear on the 
domain 2. The solutions of the uncoupled Poisson system (6.27) with 
the mentioned boundary conditions automatically satisfy the divergence 
equation. In fact, if u is smooth enough, the variational problem (6.26) 
is equivalent to the original problem (6.22). 

We can now discretize the above problem by the finite element method. 
Let us construct the subspace V} C V of continuous, piecewise polyno- 
mial of order r > 1 functions and for the finite element solution u, € Vp 
we have 

THEOREM 6.17. The finite element method based on the equation 
(6.25) has an optimal convergence and an optimal satisfaction of the 
divergence equation, i.e., 


fu — ually < Cih"! Ulla ; 


[V -ua — pllo < Cah" luli, 41- 


Concluding, the application of the LSFEM to the original problem 
(6.22) is reduced to the application of the Galerkin finite element method 
(6.26) to the system (6.27, 6.28, 6.29). This system contains three un- 
coupled Poisson equations; the essential boundary conditions come from 
the original boundary conditions while the natural boundary conditions 
come from the original equations considered on the boundary too. 
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2.4 Div-Curl (Rot)-Grad System 


Let us consider now the second order elliptic boundary value problem 


-V -VŠ = f(z) in Q, 
®=Oonl, (6.30) 
where f € L?(Q). Here & could be a temperature, a potential, etc. 

Let us try to transform this problem into a first order divergence- 
gradient problem 


u—~VO=0, V-u=-—f ing, 


®=OQonl. (6.31) 


The variational form is obtained by multiplying the first equation by 
v € L?(2) and integrating, multiplying then the second equation by 1) € 
H}(Q) and integrating. 

The variational problem is to find the pair 


{6,u} € Hl (Q) x L?(Q) 


for which 
(u,v) — (V, v) =0, Yv € L?(Q), 
- (V4, u) = — (f,Y), Yy € H3 (9). 
But, by finite element discretization, the associated matrix is not positi- 
vely defined. 

By applying the least-squares method in the classical form to the prob- 
lem (6.32), which is not an elliptic system, we are led to a convergence 
which is not optimal. 

The optimal least-squares method is based on the system 


(6.32) 


V-u=-f, Vxu=0, V@-—u=0 inQ, 


®=0, nxu=Oonl. (6.33) 


Although the second equation could be obtained from the third and the 
second boundary condition could be obtained from the first, the presence 
of these relations is very important. 

In the two-dimensional case the system (6.33) consists of four equa- 
tions with three unknown functions. As in the previous section, by 
introduction of a dummy variable ¥, it will be shown that the system is 
well determined and elliptic. In the Cartesian coordinates, it is 





Ug + Vy = —f, —Uy tv, =0 in Q, 
6,—-8,-u=0, 0,+9,-v=0inQ, (6.34) 
$ = 0, Uny —vnz =O0onl. 
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The equations containing ¥ are equivalent to 
V -(-curld + VO —u) = 0inN, 
V x (-curl ð + V@ —u) = 0 in 2, 
n x (—curld + V —u) = OonP, 


where curl = ov _ 29 . But from the last two equations we get 
Oy Ox 
AJ =0 mQ, 
ð 
a = 0 on L, 


i.e., V is a constant and the introduction of it does not change the original 
system. In the matrix form we have 


A,U,+A,Uy+AoU = F 


where 
1000 0 1 0 0 
0 1 0 O —1 0 0 0 
Ai=| ooirio P 5| 0 00a 
0 0 0 1 0 0 1 0 
0 0 00 —f u 
0 0 00 0 Y 
Ao=] a o go of FT] o pUF|o 
0 —1 00 0 9 
But 
E n0 0 
_ -n € 0 0 O fe2 , 2 
det(A,é + Azn) = det 0 0¢ -n = (€ + 1°) > 0 
0 On & 





for every vector (€,7) 4 0. Consequently, the extended system is elliptic 
with four equations and four unknowns, therefore we need two boundary 
conditions. 

Let us study the errors. We will denote 





H = Hj(Q), S= {v € H (Q) nx v =0 on T}. 
The optimal least-squares method minimizes the functional 


I: Hx SR, 1(6,u) =|[V-utf|[2 + iV x ull? + [VS—ull?. 
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We remark again that the variable ð is indeed a dummy variable which 
has nothing to do with the numerical computation. 

If the variation of / vanishes with respect to ® and u, we obtain the 
variational formulation: Find U =(®,u) € H x S, such that 


(AU, AV) =(f, AV), YV = (y,v) EH xS 

where 

(AU, AV) =(V-u,V-v)+(V xu, V xv) +(VS—u, Vy-v), 

(f, AV) =(-f,V-v). 

The discretized by the finite element method problem is to find 

U= (Pn, up) E Hn X Sp, 
such that 
(AUn, AVn) = (f, AVn), VVn = (Yhn, vn) E An x Sh 


where 


(AUn, AV;,) =(V- un, V- Vh) +(V X up, VX Va) 
+ (Vo), — Up, Vin — Vh) ; 


(f, AVn) = (>f, V - Va). 
It can be proved that 
IAV S<CUVIL, AVio 2 e lVI], YV € H x s 


where 
2 2 2 
VIl = IKin + lalli . 





Consequently, A is continuous and coercive and therefore we have an 
optimal convergence. 


2.5 Stokes’ Problem 


Let us consider now the Stokes problem 


—Au4+Vp =f, in Q, 
V-u=0, in Q, 
ulag = 0, 
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where Q c IR? is a bounded domain with the sufficiently smooth bound- 
ary OM. We define the bilinear forms a(u, v) = (Vu,Vv) and b(p, v) = 
—(p, V-v), so the weak formulation of the above Stokes problem is 





a(u, v)+b(p, v) = (£, v), Vv € Hi, 
b(q,u)=0, Vqe Li, 


where the solution (u,p) is looked for in a suitable space u € H}, p € L3. 

To approximate this solution, we choose the finite dimensional sub- 
spaces H}, included or not included in H4 (Q), La C L?(Q) containing 
piecewise polynomial functions with respect to a simple decomposition 
Ta of Q (triangles, quadrilaterals, etc.). Of course, we require a con- 
servation of the elements shape condition during the refinement. In the 
discrete form, the Stokes problem becomes 





Qn(Upn, V_,)+0n (Pr, Vn) = (E, va) Vvn€ Ha, 
bn(Qn,un)=0, Van € Ln, 
where (ua, v,,) are looked for in Hy x La. 


The necessary and sufficient conditions for the existence and the con- 
vergence of the approximations (up, v;,) are 


inf |v — valla < ck” |lvllgm, Vv CE HNH™(Q), 
vu, CHy, 
inf \\g—qallp ch |lgllym-a, = VaeLOH™*(Q) 
qn€E Ly 


for m > 2 while for the stability (the inf-sup or Babuska—Brezzi condi- 
tions) are 


b 
min max hey) > 
gn€Lr vnc ivali larly 


fora 8 > 0 independent of h. 
Within these conditions we have the approximation result 


[u — wally +A llu — ull, +R llp—Pallo < ch? {lulla + [lll m1} 


In the literature many admissible pairs of finite elements spaces for 
velocities and for pressure are described. 

An interesting procedure to study the Stokes problem is the use of the 
u—p—w form together with the least-squares finite-element method. By 
introducing the vorticity w = V x u, the Stokes system may be written 
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in a first order form, namely 


Vp+Vxw=f, in Q, 
V-w=Q0, in 9, 
w — V x u=0, in Q, 
V-u=0, in Q. 


Although in this form we have eight equations with seven unknowns 
(in the 3D case), the system is determinated and elliptic. This fact 
may be remarked by introducing the auxiliary unknown @® satisfying 
Blan = 0, 


Vp+ V xw=f, in Q 
V-w=0, in Q, 

—w + VË +V x u=0, in Q, 
V-u=0, in Q. 


By introducing the third equation into the second, we find A® = 0 and 
thus ® = 0 on Q, i.e., the use of does not change the initial system, 
but now we have (in the 3D case) eight equations with eight unknowns. 

If we write the above system on the components, (u = (u, v, w), w = 
(Wr, Wy, wz)), we have 

















Op wz oy E OP Ow, OW, _ 
Ox + Oy = Fes By tz ðr fu» 

Op Owy Owe _ OW, Owy _ dwr 0 
ðz Ox dy 7 ðr Oy Oz 
wy + 22 4 Ow ov —wW _ 22 ðu Ow _ 4 
ars) dy ð 7 Y Oy ðz Ox” 
Ob Qu Ou ðu ðv Ow 
—Wy + — —- — = — —=0 


or, in matrix form 


U 
ĉn + Ay y AU + AU =F, (6.35) 


Ay 5; 
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where 

fz a 
fy y 
fz ” 
0 

F = 0 , U= | wr 
0 ay 
0 Wa 
0 p 


The associated characteristic polynomial satisfies 


det (A1 + Agn + A30) = (È +177 +E) >0 


forevery (£, n, C) Æ 0, which confirms the ellipticity of the system. Fur- 
ther, it is equivalent to the initial Stokes system. 

Finally, to the system (6.35) one applies the least-squares finite-element 
method, see [72]. 


3. Boundary Element Method (BEM) 


The boundary element method, developed especially after 1970, is 
a numerical method to solve boundary value problems. In fact, this 
method, using a solution of the homogeneous differential operator or a 
fundamental solution of the differential operator, associates to the given 
boundary value problem an integral representation which reduces solving 
of the differential problem to determining the solution of an integral 
equation on the boundary of the domain. 

By the numerical (or analytical) integration of these integral equations 
on the boundary, which could require both a boundary discretization and 
the use of some quadrature formulas, we obtain numerical values which, 
through the associated integral representation, allow the evaluation of 
the solution at any interior point of the considered domain. 

The integral equation on the boundary decreases by 1 the dimension of 
the problem to solve and, more, it incorporates the boundary conditions 
so that no other special relations are needed. Unbounded domains could 
be also treated without any special preparation, the conditions at infinity 
being incorporated into the respective integral equations. 

Of course, the price that one must pay for the above facilities is the 
necessity to construct an integral representation associated to the bound- 
ary value problem and an integral equation on the boundary, the two 
tools required by this method. For the first one, generally, it is neces- 
sary to have explicit solutions of the homogeneous associated equation or 
fundamental solutions for the given equation and this fact will restrain 
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the applicability of the method foremost to differential operators with 
constant coefficients. Concerning determination of the integral equa- 
tions on the boundary, different methods could be used, as for example 
passage to the limit in the associated integral representation when an 
arbitrary point “tends” towards a boundary point, or Green theorems 
or Somigliana identity or Betti theorems (for elasticity problems) etc. 
A unitary formulation, which is superior by its generality, could be ob- 
tained from the weighted residual formulation of the problem. 

In particular cases, like the bidimensional boundary value problems 
for the Laplace operator, using the formalism of complex variables and 
functions, construction of integral equations on the boundary could 
be avoided, obviously using supplementary hypotheses (the so-called 
CVBEM variant).’ 

The integral equations on the boundary, due to the diversity of the 
usually involved singularities, exceed the well studied Fredholm equa- 
tions frame. This fact explains the lack of a unitary mathematical theory 
for BEM. 

W.L. Wendland and his co-workers have obtained promising results 
in the construction of such a theory, situating BEM within the theory 
of pseudodifferential operators. 

In what follows we will sketch some basic elements of BEM, using the 
book [100] and then the variant CVBEM will be developed, a variant 
which gives a convergent procedure and an extremely practical working 
instrument in plane hydrodynamics. 








3.1 Abstract Formulation of the Boundary 
Element Method 


Let £ be a differential operator defined on a certain space of functions 
with its values in another (maybe the same) space of functions. Consid- 
ering then, on a domain Q with the boundary [’, the differential equation 
L£ (u) = b, where u and b are functions from the domain of definition, 
respectively from the codomain (range) of £ (functions defined on the 
same Q), to this equation one attaches, usually, a set of boundary con- 
ditions of the type S(u) = s on T1, G(u) = g on Pp where I = Ty UL, 
[i N To = 0. 

The operators § and G, defined on the same space of functions as £ 
with values in some space of functions defined on F1, respectively To, will 
correspond to the so-called essential boundary conditions, respectively 
natural boundary conditions (the essential ones having a determinant 


' CVBEM (Complex Variables Boundary Element Method). 
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role for the uniqueness of the solution of the problem). In fact, we get 
these operators S and G by defining, first, on the working spaces (the 
3) and the codomain of £) an inner (scalar) product, for instance 
(a, p) = a &ßdNQ. Then, if we integrate by parts the inner product 


(£ (u =] L(u)wdQ (w being a weight function defined on the 


same Q "lic to a space of functions which could coincide with 
that of u), until all the derivatives of the function u are eliminated, we 
will have for this inner product the “transposed” form 


f£ (u) wdQ = pu (u) dQ + fis (w) G (u) — G* (w) S (u)] dr, 
Q Q r 


S and G being the differential operators which appear after the integra- 
tion by parts. By definition S*(w) contains w terms resulting from the 
first stage of integration while S (u) contains the corresponding terms (of 
the same order of differentiability) in u. The operator £* is called the 
adjoint operator for £. If £=L* we say that £ is self-adjoint and then 
we have also G = G* and S = S*. 

The above writing of the inner product does not give only the possi- 
bility to appreciate whether or not the operator is self-adjoint but also 
two different types of boundary conditions as the operators S(u) or G(u) 
are given at the points of F. 

Of course the above form of the inner product anticipates that the wor- 
king space (the domain and the codomain of £} will be some subspaces, 
with some differentiability properties, of Z?(Q) or, more generally, of 
H™ (NQ), m corresponding to the order of the differential operator £. 
The “boundary values” of the functions u and of its derivatives at the 
points of Į (and, implicitly, those of the operators S and G) will be 
understood everywhere in the sense of the values of the trace operators 
Ts : H™(Q) > L? (I), operators which exist by virtue of the Trace 
theorem, and which, for u € C™ (Q), Tsu = D*ul, i =0,...,m—1. 

Let now up be the exact “punctual” solution of the boundary value 
problem and u an approximation of it belonging to the same space of 
functions. Obviously, corresponding to this approximation, we have el- 
ther a “residue” (“error”) joined to the equation fulfilment, 1.e., R = 
L(u) — b Æ 0, or the residues linked with the boundary conditions sat- 
isfaction, 1e., Ry = S(u)— s # 0 on Ty and Ry = G(u) —g #0 
on Ig. The purpose of any approximation procedure is to make these 
residues (errors) as small as possible. Depending on the manner of per- 
forming this task, we have different types of approximation. So, if we 
require R to be zero at certain points or subdomains of 2, we obtain the 
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points (on subdomains) collocation method which generalizes the finite 

differences method. If we consider a weight function w of a suitable 

space of functions, we could ask that the error R satisfy the requirement 

(R,w) = f RwdQ =0. This implies the “mean” satisfaction of the given 
Q 


equation and we are led to a weighted residuals method (the Galerkin 
method, respectively the moment method for w belonging to the same 
class as u). 

If both Rı 40 and Rə Æ 0 it is natural to have also (with respect to 
the weight function w), 


It is expected to use, instead of the given initial problem, as starting 
point in the construction of the approximation u, the unique “weighted” 
equation 


(R,w) = — (R1,G(w)) + (Ro, w}. 


In fact, this equation could be obtained from the equation (R, w) = 0, 
performing the integration by parts and, once the operators S and G 
have appeared, imposing on the approximation u the fulfilment of the 
conditions S{u) = s and G(u) = g. 

In what follows, in order to extend the domain of the possible approx- 
imations, we will try, first, to weaken the regularity conditions on the 
approximating function u (with the price of the corresponding “strength- 
ening” of the requirements on the weight functions w) and then, to get 
the exact satisfaction of the equation (or of its adjoint), with the price 
of losing the only approximative fulfilment of the boundary conditions. 
This way will lead, finally, to the boundary element method (BEM). 

Thus we obtain the weak formulation (a first reduction of the reg- 
ularity requirements on u) and the inverse formulation (the complete 
elimination of the derivatives of the function u to the obvious detriment 
of the function w which takes over the respective derivatives). Of course, 
any solution of the initial “weighted” equations will be also a solution of 
the weak or inverse formulation equation but the reciprocal statement, 
generally, is not true. 

We retain the requirement that the boundary element method will be 
correlated with the inverse formulation of the weighted equation. If in 
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the previous numerical methods (finite element method, finite differences 
method, etc.) we constructed the functions by approximating the desired 
solution on the domain Q while satisfying the boundary conditions on I, 
in BEM we act contrarily: we choose the exact or fundamental solutions 
for the differential operator (or for its adjoint) and then we try to satisfy 
approximately the boundary conditions. 

Basically, the working instruments of the boundary element method 
are, aS we previously stated, both an integral representation of the so- 
lution, associated to the boundary value problem on the considered do- 
main, and an integral equation on the boundary whose solving allows 
then, by the associated integral representation, the construction of the 
solution at any interior point of the considered domain. 

Let us suppose now, as an example, that the operator £L = V2, ob- 
viously a self-adjoint operator, and the boundary conditions joined to 
the equation V?uo = b in Q are uọ = ū on T} (essential), respectively 


qo (= fs | = @ on I% (natural). If the exact solution ug is approxi- 


mated by u and obviously gg by q = 5, we will have also, together with 
the residue (error) Ro = V2u—bin o'i ‘the boundary residues Ry = u- ù 
on l; and Rp = q—gon Tə. 

Considering then the weighted equation (R,w) = —(R,,G(w)) + 
(R2,w) which is synonymous with imposing on the approximation u 
the conditions u = ù on Ty and q = @ and Ts, we are led to: 

(i) the original formulation 


[ Pu-i) wan = f (q- guar f u- a) ar 
0) 


Fo ri 


(which represents the starting point in the genuine Galerkin method, 
when u and w belong to the same class, and in the weighted residuals 
method and implicitly in the finite differences method, when u and w 
belong to different classes); 

(ii) the weak formulation 


Ou Ow Ow 
————dQ— | bwdQ= | qud dt — u) dl 
| Trta / w fa r+ faw + fu u) a 
R [2 ry li 
(the starting point for the finite element method, for u and w belonging 


to the same class, and for the weak weighted residuals formulations); 
(iii) inverse formulation 
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| (V?w) udQ— | bwdQ = -J gwd — | qwdI + [% udr + 1% adr 


(the origin of the Trefftz method, for u and w belonging to the same 
space). 

Confining ourselves to the inverse formulation but in the case when 
u and w belong to different classes and V2w = 0 or V?w = On,—x5 
the inverse formulation will lead to a set of boundary relations which 
allow us to calculate the approximation wu by satisfying the boundary re- 
quirements and implicitly, the construction “a posterior” of the approx- 
imative solution at any point of the domain. Accepting, for instance, 
V2w = dz,-2 because f uðs, -rd = u(x) (for any function u with a 

Q 


compact support and continuous in a vicinity of x), the inverse formula- 
tion gives the so-called integral representation attached to the problem. 
Moreover, if in this integral representation we make z — € €T , by 
denoting the fundamental solution u* while q* = oe we will obtain an 


integral equation on the boundary of the type 


c(f)ulf) + J ulag" (E, 2)dr (a:i) = [ Aa Gear (a9), 
T r 


which represents, in fact, the compatibility condition of the boundary 
data and which could be the integral equation attached to the problem, 
an essential tool for BEM. 

Concerning the coefficient e(£), if we confine ourselves only to the 
bidimensional case, it will be equal to ~ if € belongs to a smooth portion 
of T, and it will be equal to m + ay — @ if € is a cuspidal point, framed 
by the smooth portions F and PFs of the boundary I whose outward 
normals form the angles a; and a2 respectively with the Oz, axis. 

We remark that both the integral representation and the integral equa- 
tion on the boundary are not uniquely determined. They could be ob- 
tained in different ways, but the principles of the BEM are the same, 
not depending on the used technique. 





3.2 Variant of the Complex Variables Boundary 
Element Method [112] 


In the sequel we will give a variant of BEM, the so-called CVBEM, 
which provides total satisfaction in the problems where the unknown is 
a holomorphic function, as many of the plane hydrodynamics problems 
are. In this case, the simple use of the Cauchy formula already gives an 
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integral representation attached to the considered problem. Moreover, 
the use of an appropriate system of interpolating functions allows us to 
avoid the boundary integral equation; the data on the boundary could 
be calculated by solving an algebraic system, without any approxima- 
tion of the boundary and without any numerical quadrature. It it also 
remarkable that CVBEM is a convergent procedure, within quite large 
conditions, 

Let then f(z) be a holomorphic function in the simply connected 
domain D, the outside of a Jordan rectifiable curve C. Suppose that 
f(z) is continuous on DUC and its real or imaginary part or even a 
combination of them being known on the boundary C. The Cauchy 
formula, that 1s 


(2) = so | Md +z € D, 
C 


( a = aim f(z) ) will be the integral representation of the envisaged 
z|- OO 


problem. Now we want to determine f(Ç) i.e., f(z){c. For that let us 
consider a system of nodes 29,21, .-- ,2n ( 2% = Zn ) on C, placed 
counterclockwise, separating the contour C into the arcs C; (j = 1,n), 
C}; being the arc joining the node z;_,; with z;. Considering then the 
approximation f(¢) of the unknown function f (¢), defined by f (¢) = 
Tt 


>) fj£;(¢) where f; = f(z;) while L;(¢) are the Lagrange interpolating 
j=l 


functions, constructed for every respective arc, 1.e., 


C- Zjįj—1 
Zj — žj—1 CEC}, 
L;(¢) = enn Ç E€ C; 
Zj — 241 i Avg+tlys 
, otherwise, 


the Cauchy integral becomes (up to a constant ag) 


FO =Y HL) 
j=l 


where 
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ey. l fil 
C 


1 Z — Zi] Z — 2; Z — 2544 Z — 2441 


2T \ Zj — Zj~1 Z — žj-1 Bj 24 z= 2; 


(we accept that the principal determination for the complex logarithm 
has been considered). 

Supposing now that f*(z) is evaluated at the nodes z, (k = 1,n), that 
is 


Tt Tt 
f” (2k) (= fe = uk tive) = X fils (ze) (=X fiir |, 
we are led to the algebraic system of n equations with nunknowns 
Tt Tt 
uk = y Mkjuj — y Nkjtj, 
j=l j=l 
n n 
vk = J, Mrjvj + }, Negus, 
q=l 4=1 


where Mj, +iNjk =Ljk (= Lj (zr) . 

By its solving we will obtain the approximation f (C) of the function 
f(¢) and implicitly, via the Cauchy formula, the solution at any point 
of the domain D. 

If the Jordan curve C has at the node z, a cuspidal point, the angle of 
the semi-tangents at this point being m — pr with —1 < p < 0, then the 
Cauchy formula is applicable again, the behaviour of f(z) in a vicinity 


V (zp) being given by f(z)—f (zo) = (z — zo) F h(z) with h(zọ) Æ 0, 1.e., 
£ =0|(z— zo) TE . In this case, the piecewise interpolation must take 


into account this behaviour in V (zp), which is performed by a similar 
approximation on C}, j Æ p,p + 1 while on Cp and Cy41 we will take 


~ fo + (fp-1 — fp) soa Ç E Cp, 
FO = ez ne 
fo + (fp41 — fp) a Ç € Cp+1- 
p+1 — 2p 


This choice does not change the structure of L;(z) for 7 # p- 1, 
p,p + 1 while for 7 = p — 1, p,p + 1 we have respectively 
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~ 1 — Zn — Zn — 
Éile) = | [2a og 2 Py (= )} 


201 | Zp--1 — Zp—2 Z — Zy-2 ary 


~ 1 — Zra — — 
Po = g flog r (A) r (E) 
p—1 l-a \2p—1 — 4p I~ \4p4+1 — 2p 


~ 1 — — — 
Lal) = 5 (A tog ZT p+? py py (== )} 


1 
where F(z) = f dt 
0 


Concerning the coefficients Ly; = Ly (23) for k Æ 3, they could be 
directly calculated from the expression of L; using, in the case k = j — 1 
and k = 7 +1, the equality 


jim (z — Zp) log(z — zp») = 0. 


For the case k = 7 we have 


Lj; = =~ log ——— 
I 272 ° aq — 27-1 
where we take again the principal determination of the logarithmic func- 
tion. 

We will consider now the convergence problem of this (CVBEM) pro- 
cedure. Precisely, we will determine under which conditions f(¢) > f(¢) 
holds and, more, when f*(z) — f(z) is valid. 

Definition. A grid d := 29, 21,...,2n (Zo = Zn) of the closed contour C 
is called “acceptable” if, for any ¢ € Cj, j = I,n , the condition 


max {|Ç — z|, |€ = 2j)-1|} < [zj — 2j-1]. 
is fulfilled. 
Let now d be an acceptable grid on the boundary C and let 6 = 


max |z; — z;-1] be the norm of this grid. Then we have the following 
theorems: 


~ n 
THEOREM 6.18. If f(¢) = >> f;L;(Ç) is a “piecewise linear” La- 
j=1 


grange approximation (i.e., constructed on each C; of the contour C, 
as above) of the function f{(¢), with respect to an acceptable grid d, of 
norm 0, then 
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lim f(¢) = f(¢), V6 € C 


é—>0 
and 


n ~ 
THEOREM 6.19. If f*(z) = >> fj Lj(z) is a “piecewise linear” La- 
j=l 


grange approximation of the function f(z), with respect to an acceptable 
grid d, of norm 6, then 


lim f*(2) = f(z), Vz € D. 


The proofs of these theorems are immediate, based on the uniform 
continuity of f(¢) [112]. 

Now we remark that this convergence of the Lagrange approximation 
should not surprise because it is an approximation on segments which 
is, generally, a spline function of first order. The result is still valid 
(based on the same remark) in the case when the “piecewise linear” 
Lagrange approximations are replaced, on every arc C;, by arbitrary 
powers of them [112]. This generalization will be important in the cases 
of contours with cuspidal points such as the case of profiles with sharp 
trailing edge. An application of this procedure will be given in the next 
section. 

Obviously, the solving of the finally obtained homogeneous algebraic 
systems needs supplementary conditions (like an “a priori” given circu- 
lation). More details can be found in [112]. 





3.3 The Motion of a Dirigible Balloon 


As a particular application, let us consider the fluid flow produced by 
the motion of a self-propelled dirigible balloon in a uniform stream of 
wind whose velocity is “a priori” given. 

We assume that both the dirigible motion and the velocity of the wind 
stream depend explicitly on time and the motion is plane and potential. 
Neither external forces nor the influence of the ground are considered 
(the dirigible being all the time at a sufficiently great distance from the 
ground). 

Suppose that the contour of the dirigible is expressed by an explicit 
equation of the type 





8 


9 k 
3 t- (1- ———7 
stltiv2—s-—s8?2 


This equation implies, besides the symmetry of the balloon vs. the 
real axis, the existence of a sharp trailing edge, located at the point of 


r+iy = —k, s€[—2,1], (6.36) 
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the abscissa r = k, and where the semitangents with the real axis are 
respectively kz. 
In fact, the above profile is of Karmann—-Trefftz type [69], the connec- 


tion between the parameter p of the above theory and the just introduced 
l-k 
parameter k being given by ini aaa ae In the sequel we shall use 


4 
the value k = —. As regards the stream of wind (the basic flow in terms 


of the previous theory), it will be defined by, for instance, the complex 
velocity 

wp(z,t) = ug — ivg = (2t + 1) — i3t?, 
while the displacement of the dirigible would be defined by I(t) = —3¢?, 
m(t) = t, where t = 0,1, ...(the successive time instants), see Figure 6.4. 


(l(t), m(t)) 





Figure 6.4. The balloon’s profile 


The value of the circulation will be established by considering, instead 
of the flow produced by the dirigible motion, the “dual problem”, 1.e., 
that of an opposite fluid stream of velocity (—I(t),—m/(€)) past our pro- 
file, cumulated with the velocity of the wind (ug,vg). The Jukovski hy- 
pothesis leads to the following value of the circulation, T = —6a(vg—m). 

Above we have taken into consideration the fact that the image of our 
z—-4/3  (Z-1 
z+4/3 (3 +1 


centered at (C50) of radius z and whose point Z = 1 corresponds to 





4/3 
profile through the mapping ) is a circumference 


the sharp trailing edge. 
The slip condition at the points of the dirigible contour will be written 


as 
v+up—m_ dy 





utup—l dr Oo. 
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where w = u — w is the looked for complex relative velocity of the fluid 
flow vs. the system of axes xOy rigidly linked to the profile. 

As regards to the nodes 21,...,239 (231 = 21) chosen counterclockwise 
on the contour of the dirigible, they are obtained by allowing the real 
parameter s of (6.36) to take the values —2, —1.9, —1.7, —1.4, —1.2, —1, 
—0.8, —0.6, —0.4, —0.2, 0, 0.5, 0.7, 0.9, 1. The leading edge is the node 
zı = —2.1379 while the trailing edge is the node zp = zig = 1.3333. 

By imposing also the additional conditions, which state the equality 
of the flow velocity at the sharp trailing edge zp and at its neighboring 
nodes, i.€., Up_j = UF = UF4, and vp- = UF = UF4, With F = 16 
(in order to avoid some logarithmic singularities in the calculation of 
Lr(zr-1) and Lr(zp41)), we are led to the solving of a linear algebraic 
system of 6042 (circulation condition) real equations with 56 unknowns. 

Since the slip conditions are written at all the 27 remaining nodes 
(J AF-1,F,F +1) and at zp-1 or zp4,, that means 


itp m _ dy j=1,..,30, j 416,17 
ujtup—I dx | 
and by the elimination of v; in the favor of uj, we are led again to an 
overdetermined nonhomogeneous system but this time of 62 equations 
with 29 unknowns. 
By solving this system we find its unique solution ie., we find u; — 
iv; = w(z;) at the node z; € C, for j = 1,...,30. We can proceed now 
to the determination of the unknown function 


w(z) = w* (z) = Luž 


This will be done at the mesh points of a squared neighborhood, of size 
[—5,5]x[—5,5] of the profile, both the g— and y— steps of the respective 


mesh being equal to 1 which means 961 points. Finally, the (absolute) 
velocity of the resultant fluid flow vs. a fixed system of axes will be 


determined by calculating the vector V (u +l,v +m) at the same mesh 
points and at different time moments. For details and figures, see [107]. 


3.4 Coupling of the Boundary Element Method 
and the Finite Element Method 


The complexity of the practical problems, the simultaneous presence 
of structures and systems which are much different by their properties, 
require a proper treatment, a special mobility to manage the computa- 
tional techniques, all in order to obtain solutions that are as accurate as 
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possible. Obviously, the envisaged numerical method should also take 
into account the computational effort, the economical efficiency, short 
computational time being an essential component for practical mathe- 
matical modeling. In this context, if the FEM distinguishes itself as a 
very good method, easily applicable, for example, in anisotropic prob- 
lems, it could not be used, without important losses of accuracy, for 
problems with geometrical singularities (cuts or concave breaks) as they 
appear, for instance, in the mechanics of “breaks”, being also uncomfort- 
able for unbounded domains or domains with stresses or fluxes concen- 
trations. Conversely, the BEM is recommended for the solving of these 
last types of problems, the boundary integral formulations containing 
both the data at infinity (for unbounded domains) and the possibility 
to model quite exactly and by a minimal effort (adopting a suitable 
elements system on the boundary with convenable nodes) the possible 
geometrical singularities. 

In what follows, we will sketch some problems of the “coupling” of 
these two methods, FEM and BEM, for the same practical problem, 
but involving regions with different properties which require the use 
of one or the other of the two methods’. Of course, the possibility 
to use boundary elements of higher order allows the “coupling” of the 
neighboring regions, distinctly treated by the two methods, without loss 
of continuity. Once the problems are approached in the distinct manner 
of the two methods, the resulting algebraic systems should be “fitted” in 
order to obtain a unique system (with the same unknowns). This could 
be performed either by transforming the FEM region into a boundary 
element, a real possibility in the case of the use of mixed finite element 
formulation or, conversely, by transforming the boundary element into 
an equivalent finite element. 

We will develop this idea, confining ourselves to a potential problem 
in a domain Q = Q! N Q?. We will study the problem by FEM in Q! 
and by BEM in 927, considering, on the common interface Tz, both the 
continuity conditions (the potentials evaluated at the same point of TI, 
by the two methods, in the domains Q! and 9? must be the same) and 
the equilibrium conditions (the fluxes, the derivatives of the potentials 
in the direction of the outward normal, evaluated at the same point of 
Iz, by the two methods, in the domains Q! respectively 07, must be 
opposite). 

Thus let us consider a potential problem in the domain Q with the 
boundary T = ri UP, governed by the Poisson equation Aug = b, with 


*This section follows the exposure from the book [100], p. 267. 
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the joined essential boundary conditions (up = w on Izy) and natural 
boundary conditions ( qo = g on Tg ). Constructing then the expres- 
sion of the weighted residual of this problem, with the supplementary 
requirement on the approximation u (of the solution ug) to satisfy iden- 
tically the essential boundary conditions (u = ū on Tzr), we will have, 
for the region Q! (with FEM), 


Ou Ow 

——dQ= | gq — 

Jz, Oe, J qwdI / bwdQ 
Q 


i 
(the weak formulation with w = 0 on T7) while for the region Q? (with 
BEM), 


[ (wu) udQ = - f awar- f qurars f agtar f ugar | bu'an 
QR T Q 


1 r2 Fi Ig 


(the inverse formulation with w = u*). 

If we remain for the moment, in the subdomain Qt, then if the weight 
functions w (in the weak formulation) are expressed with the same ba- 
sic functions as the function u, one may apply a finite element type 
discretization (and a corresponding interpolation) which will lead to a 
matrix system of the form KU = F + D. Here K is the global matrix 
of the system (a symmetrical matrix), U is the corresponding matrix of 
the unknowns (the values of the potentials at the nodes), F is the vector 


constructed with the integrals f gwdT and the vector D corresponds to 
V9 





the integrals — f bwdQ. 
Q 


Finally, if the above inverse formulation is used in Q2, we will obtain, 
on the boundary F of this subdomain, the integral equation 


cut f rudd = [waar + f uag. 


- 


r f 9? 

But this integral equation underlies a BEM in Q? and by its applica- 
tion we will come, finally, to a matrix system of the form HU = GQ+B 
where the unknowns are grouped into the vectors U (the nodal boundary 
values of the potential) and Q (the nodal boundary values of the deriva- 
tives of the potential with respect to the outward normal, the fluxes). 
Concerning the known matrices H and G, their form depends on the 
fundamental solution and the chosen interpolating functions space while 


the vector B is constructed starting from the integrals f bu*dQ. 
n2 
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In order to “match” the distinct algebraic systems obtained in Qt, 
respectively in 22, to assemble them into a unique system, we will trans- 
form the region Q? into an equivalent finite element. In other words, we 
will try to rewrite the matrix system obtained for Q? in a form identical 
with that of the system obtained for Qt. 

Remarking that the vector F was obtained by multiplying the given 
fluxes by the interpolating functions used for the weight, one could al- 
ways find a matrix N, called the distribution matrix, so that F = NQ 
where Q is the vector containing the unknown values at the boundary 
nodes of the flux (the derivative, with respect to the outward normal, 
of the potential). If we write then the system HU = GQ + R in the 
form G~'(HU — R) = Q and we multiply both sides of this equality by 
the distribution matrix N, the result could be written in a form, specific 
to Q1, that means K!U = F'+D! where K!'= NG“!H, D!= NG“'!B, 
F'— NQ. Unfortunately, as regards the computational efficiency, the 
matrix K! is no longer symmetrical as the matrices K associated to the 
FEM, are. If we choose to “symmetrize” the matrix K! (ki) by replacing 


it with a symmetric matrix K?( ki. ), we could proceed, for instance, 
by a simple “error diminishing” technique. Thus, let €;; be the error —- 
due to the asymmetry — measured by the deviation of the nondiago- 
nal coefficients ki; and kj; versus the corresponding coefficients k; j (yet 


unknowns)) and equals to €;; = 5 (is — k} ) + (kis — ki.) | 
toe e 4 + ‘ + + 2 
Waiung the necessary condition for the minimization of e}; (kij), we 
ge 


2 
a(d) a yt ea 
Ok;; 23 a7 Ji ’ 


which means the coefficients kj; are given by kij = 3 |k} + ki, , so that 
the symmetric matrix K? is K? = § [K'+ K!7]. 

Correspondingly, the system K!U = F'U+D! is rewritten under 
the form K?U = F?+D? which will be assembled into a usual manner 
(ensuring the compatibility and equilibrium conditions on the interface 
I’, ) with the system, of the same type, from Qt. 

A direct procedure to obtain the symmetric matrix K? could be the 
so-called “energetic onset”. Starting from the expression of the energy 
in the domain where the BEM for the potential problem is applied, 1.e., 


ji 
T = 5 f adr- f quar — f tuag, 
Q 


T lo 
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the equilibrium requirement leads to 


ÔT = : I + ôqu)dI — [ quar — [ véuac = 0. 
T lo Q 


But the integral equation which gives the solution of the problem, 
once one knows the values of u and g on the boundary, is 


u+ | q'udr = [waar | wag, 
Q 


r r 
and then, by replacing into the above relation, 


ðu o ; ‘ ‘ 
a(=5¢) = 5 - f quar + | ugar + f budo 
Q 


we get, in a matrix form and after the introduction of the interpolating 
functions for u and q, the system 


sur £ (NCU + C NTU) -F — D} = 0. 


But this leads necessarily to a system of the form KU = F + D where 
K is a symmetric matrix given by K = 5 (NC + CNT), i.e., to a 
system which could be assembled with that obtained by FEM. Here we 
denote by N the matrix formed by integrating the interpolating functions 
and by C the matrix that links Q and U (Q = CU). 

Another coupling procedure of FEM and BEM uses the so-called 
approximative boundary elements or the so-called Sommerfeld relation. 
In order to illustrate this technique we will consider, for simplicity, the 
case of the Laplace equation for the domain Q with the boundary T 
whose weighted residual expression (in the inverse formulation) is 


f (vu) uae = firar- E 
Q r 


T 

Assume that the domain Q is the outside of a body, which means it is 
an unbounded domain. Due to some known reasons we apply the FEM 
only in a finite domain, the outside of the body limited by a spherical 
interface [yz while in the exterior of Fyr, the BEM will be applied. As 
the fundamental solution of the Laplace equation is u* = ta the above 
inverse formulation shows that at any point of the interior region we 
have 
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fegar = [ waar, 


Ty Di 


[ee [rae 
r ân \r 
ri li 


This last relation establishes the link between the boundary values of 
u and q and it could replace the boundary integral equation within the 
use of the BEM in the exterior of I'r. But the result of the application 
of this integral relation will be a system of equations with a “non-band”’ 
matrix. If we choose the radius R of the interface I’; large enough that 
the above integral relation, written under the form 


which means 


Qa 27 

1 Ou 1 > 
[fase “(a sin pdédy = 0, 
0 0 


could be approximated by r Su +u = 0onTI,, using also the above 
link between u and q at the points of Fz, we will come to a system of 
equations with a “band” matrix as in the FEM. 

The above approximate relation, at the points of Pz, is a relation 
of Sommerfeld type. The establishment of such relations is important 
especially for problems with complicated fundamental solutions. Thus, 
if we consider, in an unbounded domain Q, the Helmholtz bidimensional 


equation V2u + k?u = 0 with the fundamental solution u* = 4 (D (kr) 


(where HY is the Hankel function), the integral Sommerfeld equation 
on the boundary is obviously difficult to manage. But, concurrently, 
the Sommerfeld relation on the boundary [ with radius R large enough, 


is ne — iku = 0 which essentially simplifies the calculations. 


Chapter 7 


THE FINITE VOLUME METHOD AND 
THE GENERALIZED DIFFERENCE 
METHOD 


The finite volume method is, probably, the most popular discretiza- 
tion method used in CFD. It is similar, in some aspects, to the finite 
differences method while the discretization procedure is linked to the 
finite element method. More precisely, the discretization is performed 
by transforms joined to the physics of the studied phenomenon and con- 
serving some quantities during numerical computations. For this, one 
uses often the integral formulation of the conservation laws. 

The physical domain is considered divided into cells. Between the 
time instants tp and ¢,4, the variation of some physical quantity, for 
example of the mass, in a cell Cj, denoted by 





mass; = vol(C;) * density; 


is given by the sum of the flow fields flua;, between Cj and the neigh- 
boring cells Ck, namely 


mass\"+?) = mass\” + ~^ flux jp. 
) 


keV(j 


The total mass conservation is ensured by the conditions 


fluzjk = —flurg; 


The finite differences method allows high order approximation schemes 
with a reasonable computing effort. However these schemes are difficult 
to apply on domains with a complicated geometry or complicated bound- 
ary conditions. 

The finite element method works very well on domains with complex 
geometry and has a well founded theory but it needs more calculations 
for the same accuracy. 
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The finite volume method combines the simplicity of the finite dif- 
ferences methods with the local accuracy of the finite element method. 
It allows the use of a flexible mesh with small geometrical errors. The 
computational effort is greater than in classical finite difference methods 
and less than in the finite element method for a similar accuracy. At 
the same dimension of the discretized problem, the accuracy is higher 
than with finite differences and nearly the same as with finite elements. 
The theory is elaborated, the variational form of the problems connects 
the theory and the algorithms of finite element and finite differences 
methods. 





In 1953 R. H. MacNeal used integral interpolation methods to estab- 
lish difference schemes on irregular networks. After many years, A. M. 
Winslow and other researchers (1967, 1973) employed the linear finite 
elements to construct difference schemes on arbitrary triangulations, us- 
ing the circumcenter dual grid and also the barycenter dual grid. At 
the end of 1970 some computational fluid researchers (S. V. Patankar 
[99] among others) proposed to apply the difference method on irregular 
networks to the computation of compressible and incompressible fluid 
flows. Due to its many advantages this method developed rapidly, be- 
coming one of the most efficient methods for fluid computations. The 
researchers called it the finite volume method (FVM) or finite control 
volume method, indicating that it 1s a discrete approximation of the 
control equations in an integral form. 





In 1978, R. Li, using finite element spaces and generalized character- 
istic functions on dual elements, rewrote integral interpolation methods 
in a form of generalized Galerkin methods and thus obtained the so- 
called generalized difference methods (GDM). This method 1s basically 
an extension of the finite volume method (.e., with piecewise constant 
and piecewise linear elements the two methods are, in fact equivalent) 
and provides a useful theoretical basis for it. 





1. ENO Finite Volume Schemes 


ENO (Essentially Non-Oscillatory) schemes are high order accurate 
schemes designed for problems with piecewise smooth solutions contain- 
ing discontinuities. The use of the finite volume method to construct 
numerical schemes for nonlinear conservative equations allows the gen- 
eralization of the classical difference schemes to arbitrary grids. 


The key idea is to use a nonlinear adaptive procedure to automatically 
choose the locally smoothest stencil and avoid crossing discontinuities 
in the interpolation procedure. ENO schemes are quite successful in 
computational fluid dynamics especially for problems containing shocks. 
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In the sequel we will shortly present some ENO finite volume schemes, 
following [137]. 

These schemes are based on interpolation of discrete data, by using 
algebraic polynomials.Traditional finite volume methods are based on 
fixed stencil interpolations. For example, the interpolation for the cell 2 
uses the cells 2—1, 2,2+1 to build a second order interpolation polynomial, 
1.e., the cell ¿ plus one cell to the right and one cell to the left. This 
works well for globally smooth problems but it 1s oscillatory (the Gibbs 
phenomenon) near a discontinuity and such oscillations do not decay in 
magnitude when the mesh is refined. 

Earlier attempts to eliminate or reduce these spurious oscillations were 
mainly based on the explicit artificial viscosity and limiters. The arti- 
ficial viscosity must be large enough near discontinuity to reduce the 
oscillations but small elsewhere to maintain a high-order accuracy, so it 
is problem dependent. The limiters eliminate the oscillations by reduc- 
ing the order of accuracy of the interpolant near the discontinuity but 
the accuracy degenerates also near smooth extrema. 

ENO schemes were first introduced by Harten, Engquist, Osher and 
Chakravarthy in 1987 [62]. Today their study is very active and most 
of the problems solved have solutions containing strong shocks and rich 
smooth region structures, so that lower order methods usually have dif- 
ficulties. 








1.1 ENO Finite Volume Scheme in One 
Dimension 


Let us consider the one-dimensional conservation law 
? u(x,t) + Č fiule, t) = 0 (7.1) 


with suitable initial and boundary conditions. We will discretize only 
the spatial variable x and will leave the time variable ¢ to be continuous 
for the moment. 

The computational domain is a < x < b. We consider the grid 


a = 21/2 < 43/2 Stt < fN-1/2 < Ln 41/2 = b (7.2) 





and we define cells, cell centers and cell sizes respectively by 


1 
I, = [£i—1/2 Ti41/2] , = 9 (Zi-1/2 + Ti+1/2) » h= Ti+1/2 — Ti—1/2 


for ¿ = 1,2, ..., N. We denote the maximum cell size by h = max, hi. 
tA 





We assume that the values of the numerical solution are also available 
outside the computational domain whenever they are needed (this is the 
case, for example, for periodic or compactly supported problems). 
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First of all we must solve the following problem (reconstruction): 
Problem 7.1. (One-dimensional reconstruction) 
Given the cell averages of a function v(x) 


Li+1/2 
Ji = — J v(f)dé, i=1,2,..,N (7.3) 


Lj—1/2 


zJ- 


find a polynomial pi(x), of degree at most k —- 1, for each cell I;, such 
that it is a k-th order accurate approximation to the function v(x) inside 
li, 1€., 

p(x) = v(x) + O(h*), sE, i=1,...,N. (7.4) 
In particular we obtain approximations to the function v(x) at the cell 
boundaries 


Ui 41/2 = Pi(Xj41/2); Ui 1/2 = PilTi—1/2), a= 1, wey N. 


In order to solve this problem, we consider a cell J; and an order of 
accuracy k. We choose a stencil based on r cells to the left, s cells to 
the right and J; itself (r,s >0,r+s+1=k), 


S(i) = {Ii-r; + lips}. 
There is a unique polynomial p(x) of degree at most k—1 = r+s, whose 
cell average in each of the cells in S(i) agrees with that of v(x), 
Uj4+1/2 
1 i, . 
i P(E)dE=¥;, JHi~7,...,74+8. 
Uj—1/2 
This polynomial p(x) is the approximation we are looking for, as long 

as the function v(x) is smooth in the region covered by the stencil $(#) 


(see the complete proof in [137]). 
Consequently, given the k cell averages 


Vi-r, sey Vi-r+k—-1; 


there are constants c,; such that the reconstructed value at the cell 
boundary 24172; 
k-1 


Vi41/2 = X CrjUi-rjs 
j=0 


is k-thorder accurate 


Vi41/2 = v(Xi41/2) + O(h*). 


The Finite Volume Method and the Generalized Difference Method 401 


For a uniform grid (h; = h), the coefficients cp; do not depend on 7 or 
h and we have, for example, for k = 4 and r = 1, 


1 T T ] 


Vi41/2 = ~ TQ Yin! + Ip + Ta Viti — T3 vit2: 


The second problem to solve is how to choose the stencils. We are 
interested in the class of piecewise smooth functions, 1.e., functions which 
have as many derivatives as the scheme calls for, everywhere except for 
at finitely many isolated discontinuity points, where the function v(z) 
and its derivatives are assumed to have finite left and right limits. 

For piecewise smooth functions v(x), a fixed stencil approximation 
may not be adequate near discontinuities. If the stencils contain a dis- 
continuous cell for 2; close enough to a discontinuity, the Gibbs phe- 
nomenon happens and the approximation property (7.4) 1s no longer 
valid. The basic idea is to avoid including the discontinuous cells in the 
stencil Gf possible), by using an adaptive stencil, 1.e., the left shift r 
changes with the location zi. 

Let us consider the primitive function of v(x), 





V(x) = J v(E)dé 


— 00 


(where the —oo limit can be replaced by any fixed number) and we have, 
obviously, 


į;  Vi+1/2 i 
Vle) = E J v(Q)dé = S> Tjhj. (7.5) 
JH- Wp," 19 j=— o0 


Thus we know exactly the primitivefunction V(x) at the cell boundaries. 
If we denote by P(x) the unique polynomial of degree at most k, which 
interpolates V(x;}1/2) at the & + 1 points 


Li —r—1/29 +++) Vi+s841/2) 


then its derivative is the above polynomial p(x). 
Let us define the 0-th degree divided difference of the function V(x) 
by 





V [zi—1/2] = V (z£i—1/2). 
Then, the j-th degree divided differences, for 7 > 1, are defined induc- 
tively by 

V [z412 e Bitj=1/2} — V [Ei-1/2 Ti+j-3/2] 


V[Ei—1/2 +) Fitj—1/2] = ~O ga iaz 1/2 — Ti—1/2 i 
— t— 
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Similarly, the divided differences of the cell averages v (7.3) are defined 
by 


and in general 


— Vi Lis wees Lipil — VIG, ..., Ls ;—1 
UG, Lipi] = Peco Sieg] Te Set) 
t+] i 
But from (7.5) we have 
V (£ip172) — V (£i—1/2) 
Ti+1/2 — Li-1/2 


V[zi-1/2, Zi+1/2] = = Vj 


so that we can write the divided differences of V(x) in terms of v and 
completely avoid the computation of V. 
The Newton form of P(x) is 


k j-1 
P(x) = SV [2i-r—1/25 vey Bip yj 1/2] I] (x -7 Zi-r}m-—1/2) 
q=0 m=—0 


so that 
k j-1 j-1 
p(z) = P(x) = S V [i r12 s Bi—r+j—1/2] > I] (x — Ti—r+1-1/2) . 
j=0 m=0 (zor 
7 


(7.6) 
Of course, we can express p(x) completely in terms of v. 
An important property of divided differences is 


y(i) (£) 
J! 





V [z;-1/2, vey Cig 5-1/2] -7 


for some £ € (£i—1/2, Tipj-1/2) as long as V(x) 1s smooth in this stencil. 
If V(x) is discontinuous at some point inside the stencil, we have 


1 
V [£i—1/2, se, Li4j—1/2] = 0 (5) . 


thus the divided difference 1s a measurement of the smoothness of V. 
Finally, the ENO reconstruction procedure 1s the following : 
Algorithm 7.1. (ENO reconstruction) 

Given the cell averages {v;} of a function v(x), we obtain a piecewise 
polynomial reconstruction, of degree at most k — 1, by 
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1. Computing the divided differences of the primitive function V(z), 
for degrees | to k using v; 
2. Starting in the cell J; with a two-point stencil 
S(t) = {241 /2) Zi+1/2} 
for V(x) (which is equivalent to a one-point stencil S,(¢) = {7;} for v; 
3. For l = 2,...,k, assuming 
Sit) = {541/90 Lj41-1/2} 


is known, add one of the neighboring points to the stencil following: 
—if 


[V [£;-1/2, vey BG 41-1/2] < [V [2544/25 +5 25 4141/2] | 


add %;_1/2 to the stencil Si (i) to obtain 


Si41(i) = {£j 1/2 = i41-1/2h; 


—otherwise, add x34;41/2 to the stencil S; (i) to obtain 


Sali) = {2544/2 5) Ejh 


4. Use (7.6) to obtain p;(x) and use it to get the approximations at 
the cell boundaries 


Ui41/2 = pilTi+1/2), v12 = pi(Ti-1/2), 


The finite volume schemes are based on cell averages so we do not 
solve (7.1) directly but its integrated version. If we integrate over I; we 
obtain 


Salaat) ~ -5 (F (Ul£i+1/2, t)) — f (u(2i-1/2,#))) (7.7) 


where 
Ti+ /2 


an= f ed 
Ti—1/2 

is the cell average. We approximate the equation (7.7) by the conserva- 

tive scheme J 


_ l ¢> ~ 
ay uilt) =i (F2 — fi-1/2) (7.8) 
where @;(£) is the numerical approximation to the cell average u(2;,t) 
while the numerical flux f,41/2 1s defined by 


fisap2 =h (uza u12) i (7.9) 
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Here the values u 
tion). 

The above function A is a monotone flux, satisfying: 

- h(a,b) is a Lipschitz continuous function in both arguments; 

- h(a, b) is a nondecreasing function in a and a nonincreasing function 
in b; 

- h(a,b) is consistent with the physical flux f, 1.e., h(a,a) = f(a). 

Some examples of monotone fluxes are: 

1. Godunov flux 


a jo are obtained by Algorithm 7.1 (ENO reconstruc- 


min, f(u) if a<b 

—} asu . 

hla,b) =$ Max flu) if a>b ` (7.10) 
b<u<a 


2. Engquist—Osher flux 


h(a,b) = | max(f’(u),0)du+ | min(f O)du + f(0); (7.11) 
| fo 
3. Lax—Friedrichs flux 
h(a, b) = 5 (F(a) + F) — a (b — a)], (7.12) 


where œ = max|f’(u)| is a constant and the max is taken over the 
u 


relevant range of u. 
Consequently, an ENO finite volume scheme is the following 
Algorithm 7.2. (ENO finite volume scheme) 
Given the cell averages {%;}, 
1. Follow Algorithm 7.1 to obtain the k-th order reconstructed values 


Us ije and ut 1/2 for all 7; 


2. Choose a monotone flux and use (7.9) to compute the flux f: +1/2 
for all 2; 

3. Form the scheme (7.8). 

The time discretization of an initial value problem for the system (7.8) 
can be performed by various methods, like Runge-Kutta or multi-step. 
Another way to discretize the time variable in the equation (7.1) 1s by 
the Lax—Wendroff procedure. 

We start from the Taylor series expansion in time 


u(x,t + At) = u(x,t) + Atu 


J; (x,t) + —-—su(z,t)+---. (7.13) 
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Then we use the original equation (7.1) to replace the time derivatives 
by the spatial derivatives 


ð o i ð 
5 ult #) = Tg JF (ule, t))=—-f (u(z, t)z ul, t), (7.14) 


2 


ð if ð 2 
OR u(x,t) = 2f'(u(z, t)f"(u(z, t)) (seule 0) 


+ (f'(u(z, t)))* Sule, t). 


We substitute now these derivatives into (7.13) and discretize the spatial 
derivatives of u(x,t) by an ENO finite volume scheme, for example. 

Actually, we first integrate (7.1) 1n space-time over [£;i J2, Zi+l j2] x 
[tn, tn+1] to obtain 


A tn+1 tn+1 
art — =u; — hi J f (ulazistye, t))dt — f f(u(aj—1/2,t))dt 
tn tn 


Now we use a Gaussian quadrature to discretize the time integrations 


tn41 
1 
At J f (u(2ji41/2, t))dt = 2, wel (ulti tn + a, At)) 


tn 


where wą and a@g are respectively the Gaussian quadrature nodes and 
weights. Finally we replace each 


f (u(2iz1/2, tn + a At)) 


by a monotone flux 
A(ulzz 1/2 tn + a, At), ICANT tn + apAt)) 
and use (7.13) and (7.14) to convert 


ul oe tn + ap At) 


i4+1/2)> °°" 


to u(x tn) and its spatial derivatives also at tp. The derivatives can 


+ 

i+1/2? 
be obtained by using the reconstructions p(x) inside J; and J;,1. We 
remark that each derivative of p(x) is one order lower in accuracy but 


this is compensated by the presence of At in front of it in (7.13). 
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1.2 ENO Finite Volume Scheme in 
Multi-Dimensions 


In this case we consider the 2D conservation law 
ô u(x, y, t) + ô flule, y, t)) + 2 (ulz, y,t)) =0 (7.15) 
Ot b] Y, Or , Y, ay? 3 Y, ~~ . 


with initial and boundary conditions. Of course, most of the considera- 
tions are also valid for higher dimensions. 

First we describe how the reconstruction and approximation are gen- 
eralized to higher dimension spaces. Now we have two cases: 

a) structured meshes, where the computational (spatial) domain 1s a 
rectangle [a,b] x [c,d], covered by the cells 


I; = [tii /2, Bi41/2| X [Yj—1/2 Yj+1/2] , I<i<Nr, 1<3J<Ny 


where 


a = 21/2 < X3/g < t < Ln,-1/2 < TN, 41/2 = 9, 
C= Y1/2 < Y3/2 < t < Yn,—-1/2 < YN,+1/2 = d. 
The centers of the cells and the grid sizes are 
] 1 
(Ti Yj), Ti = 5 (£i-1/2 + Zip1/2); Yj = 5 (Yj-1/2 + ¥j41/2) > 
ATi = Ti41/2 7 Ti-i/2 t= 1,..., Nz, 
Ay; = Yj+1/2 — Yj-1/2, J= 1,- Ny. 


We denote as above the maximum grid sizes by 


Ar = max Az; Ay= max ^y; A=max(Az,A 
max Avi, Ay = max Ayy (Az, Ay) 
and assume that Az and Ay are of the same order of magnitude during 
refinements. 
b) unstructured meshes, where the computational (spatial) domain 1s 
covered by a triangulation with N triangles (for example) 


{Ag, Ay,..., An } 





where we denote by |A,/ the area of the triangle A; and we use again 
A to denote a typical “length” of the triangles, for example the longest 
side of the triangle. 
The corresponding reconstruction problem in the rectangular case 1s: 
Problem 7.2. (Two dimensional reconstruction for rectangles) 


The Finite Volume Method and the Generalized Difference Method 407 


Given the cell averages of a function v(2,y), 


1 Yj+1/2 Ti+1/2 
Vij = Ar;Ay; / J v(£,n)dédn, i=l, No, j =1, suey Ny, 


Yj-1/2 Ti-1/2 


find a polynomial pj;(xz,y), preferably of degree at most k — 1 (in each 
variable), for each cell I;;, such that it is a k-th order accurate approx- 
imation to the function v(x, y) inside Ij;, 


Dis (2, y) = u(x, y) + O(A*), (£, y) € Iij, Vi, j. 


In particular, this gives the approximations to the function v(x,y) at 
the cell boundaries 


Viertjay = Pij (Zi41/2, y), Vi vay = Pij(Zi-1/2) y), 


1=1,...,Nz, Yj-1/2 sys Y541/2) 


Vs j+1/2 7 Pij (£, Yj41/2)s Vp j-1/2 = pij (£, Yj—1/2); 


j = 1, wy Ny; Ti—1/2 <T Ti+1/2> 


which are k-th order accurate. 

In order to solve the problem, if we consider a location J;; and the 
order of accuracy k, we again choose a stencil S(i, j) based on k(k+1)/2 
neighboring cells and we try to find a polynomial p(z,y) of degree at 
most k — 1 whose cell average in each of the cells of S(2,7) agrees with 
that of v(xz,y). We remark that in 2D there are many more candidate 
stencils than in the 1D case and, unfortunately, not all the candidate 
stencils can be used to obtain the polynomial p (neither existence nor 
uniqueness automatically holds). 

For rectangular meshes, however, we can proceed as in 1D, using the 
tensor product stencils 


Srs(i, J) 
={Imli-r-1l<l<i+k—-r—-1,j-s-l<m<j-—s-1+k}. 
Then we introduce the primitive 


y T 


vey) = f f vlé ndgan 


—00 — 00 
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and, obviously, we have as in the ID case, 


j i 
V (£i41/2; Vj 41/2) = > >, VimALAYm; 


m=—00 [=~ 00 


1.e., with the knowledge of the cell averages 0 we know exactly the prim- 
itive function V at cell comers, 
Now, on each tensor product stencil 


~~ 


Srs(t,J) = (2141/2 Ym+1/2) 





~-r—-l<Il<i-r—1+k, 
g—s-lem<j-—s—-1t+k J’ 


there is a unique polynomial P(x,y) of degree at most k in each variable 
which interpolates V at every point in S,,(i,7). Finally, we get the 
solution of Problem 7.2 


0° P(z,y) 


plz, y) = Dandy 


Practically, we first perform a 1D reconstruction (Problem 7.1) in the 
y direction, obtaining one-dimensional cell averages of v in x direction 
and then we perform the reconstruction also in the x direction. Of 
course, the cost of this kind of reconstruction is very high. If the cost 
to perform a 1D reconstruction is c, then for nD reconstruction we need 
ne per grid point. 

The reconstruction problem in the triangular case is 

Problem 7.3. (Two dimensional reconstruction for triangles) 

Given the cell averages of a function v(z, y), 


_ 1 J 
Ti = — | vlé, ndédn, i=1,...,N, 
al J (£, n) 


find a polynomial pi(x,y) of degree at most k — 1, for each triangle A; 
such that it is a k-th order accurate approximation to the function v 
inside Aj. 

In particular, p gives approximations to the function v at the triangle 
boundaries, which are needed in forming the finite volume schemes. 

The general procedure to solve this problem is the following. Once 
given the location A; and the order of accuracy k, we first choose a stencil 
S(i) based on m = k(k + 1)/2 neighboring triangles and then we try to 
find a polynomial p(x, y) of degree at most k — 1, whose cell average in 
each of the triangle in S(i) agrees with that of v(x, y). If the given m xm 
linear system has a unique solution, S(z) is called an admissible stencil. 
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Of course, the reconstruction is performed using only such admissible 
stencils and this procedure 1s essentially two dimensional. 

In the sequel we describe the ENO finite volume schemes for the 2D 
conservation law (7.15). Again, we do not solve directly this equation 
but we focus on its integrated version. 

For a structured mesh, we integrate (7.15) over the cell [;; to obtain 


dt; (t) 
dt 
Yj+1/2 Yj+1/2 
1 
~~ Ax Ay; f Huleisasy tay - J f (u(£i—1/2, Y, t))dy 
j—1/2 Yi—1/2 
Ti+1/2 Ui+1/2 
+ f oeste- | guey] (r16) 
Ti1/2 Ti—1/2 


where u;;(£) is the cell average. We approximate this equation by the 
conservative scheme 

dti;; (t) 1 ~ 

a = Ari (Friz — fi-1/23) — hy (Gi g4+1/2 — Ji j— 1/2) - 


Here, again, the numerical flux f: +1/2,j 18 defined by 


f — — + 
fi+i/2j = > Wah (uay abaan Yzy phan) (7.17) 
a 


where wa and a are respectively Gaussian quadrature weights and 
nodes for approximating 


Y3+1/2 


ALL a ’ t d 
3 J Folenn ds 
j—1/2 


and ux i+1/2,y are the k-th order accurate reconstructed values obtained 
by the following ENO reconstruction. 

ENO reconstruction. We use the one-dimensional ENO reconstruc- 
tion Algorithm 7.1 on the two-dimensional cell averages in the y (or 
x) direction to obtain one-dimensional cell averages in x (or y). Then, 
using again the one-dimensional ENO reconstruction in the x (or y) 
direction, we recover the function itself. 

We remark that the superscript — implies the values obtained within 
the cell J;; and the superscript + implies the cell Jj,1,;. 
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The flux g; ;41/2 is defined similarly, 
Gi,j-+1/2 = S wah (Uz, ps anj U$ pcdeig-+1/2) (7.18) 
Q 


for approximating 


Li+1/2 





= J g(ulx, Yj+1/2:t))dz. 

Ti—1/2 
Here the k-th order accurate ENO reconstruction values ux 41/2 
obtained as above and h is a one-dimensional monotone flux such as 
(7.10), (7.11) or (7.12). 

Consequently, the ENO finite volume procedure, given the cell av- 
erages {ū;;} and the one-dimensional monotone flux h, could be the 
following: 

Algorithm 7.3. (2D ENO finite volume scheme for rectangular mesh) 

l. Follow the above ENO reconstruction procedure to obtain the 
values 


are 


Ui 1/2 ta Ay U5 + Baa j-+1/2 

at the Gaussian nodes; _ 

2. Calculate the flux fj,1/2,; using (7.17) and the flux Ji j+1/2 using 
(7.18); 

3. Form the scheme (7.16). 

The time discretization works as in the 1D case. If the geometry 
cannot be covered by a Cartesian grid, the computational domain can 
be mapped smoothly to a rectangle by the transforms 





E=€(2,y), n=nlz,y) 


leading to 
Vr = Veér + Unna 


for example. The smoothness of €, and ny, guarantees a high order 
approximation to vy and the above scheme 1s still conservative. 

Unfortunately, this 2D ENO finite volume scheme for rectangular 
mesh 1s very expensive and this 1s why multidimensional finite volume 
schemes of order of accuracy higher than 2 are rarely used for a struc- 
tured mesh. Finite difference versions of such schemes are much more 
economical for these cases. 

One advantage of the ENO finite volume method is that it can be de- 
fined on arbitrary meshes, provided that an ENO reconstruction on that 
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mesh 1s available. Consequently, adaptive algorithms can be formulated 
and therefore the cost could be greatly reduced. 

Let us discuss now the case of unstructured meshes, using a two- 
dimensional ENO reconstruction. ‘Taking the triangle A; as a control 
volume, the sem1i-discrete finite volume scheme for the equation (7.15) 


IS 
dult) 1 
. nds = 
T +a | Ead 0 
OA; 











where @;(t) is the cell average, F = (f,g)? and n is the outward unit 
normal of the triangle boundary 0A. 

The line integral is discretized by a g-point Gaussian integration for- 
mula 


q 
JF -nds = |I,| S| wjF(u(G;,t)) -n 
r j=l 
where F(u(G;,t))- n is replaced by a one-dimensional numerical flux 


in the n direction, any of (7.10), (7.11) or (7.12). For example, the 
Lax—Fniedrichs flux yields 


1 — 
JF -nds X 5 (E(u (Gj, t)) + F(u?(G;,t))) -n 
Dk 
— Q (ut (Gj, t) —u (Gj, t)) | 
where œ is an upper bound for |F’(u)-n| . Here u~ and ut are the 


reconstructed values of u inside the triangle and outside the triangle 
(inside the neighboring triangle) at the Gaussian points, see [1], [138]. 


2. Generalized Difference Method 
In the sequel we will shortly present the GDM, following [83]. 


2.1 Two-Point Boundary Value Problems 


We will illustrate the principle of this generalization of the finite vol- 
ume method by studying the simple case of a two-point boundary value 
problem. Consider the problem 

d, d d 
Lu = ~—(p—) +q— +ru=f, rel= (a,b), 
dx” dz dx (7.19) 


u(a) =0, ul(b) =0 


where we have both natural and essential boundary conditions. Here we 
will suppose p € C! (a,b), p > po > O and q,r, f E€ C(a,b). As we know, 
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by multiplying the equation with 
v € Hy(a,) = {v € H'(a,b)| v(a) = 0} 


and by integrating by parts, we obtain the variational problem to find 
the functions u € Hi (a, b) such that 


a(u,v) = (f,v), Vv € Hp(a, >) (7.20) 


where 
b b 
a(u,v) = J (pu'v' + guy + ruv) dz, (f,v) = J fudz. 
a a 


If the solution of the variational problem (7.20) u € C4[a, b] NC? (a, b), 
then u is also a classical solution. 

The Galerkin method consists in choosing a finite dimensional sub- 
space Up of H} (a,b) and solving of discrete problem of finding up € Un 
such that 

alun, Un) = (F, Un), Vu, E Un. (7.21) 


The finite element method constructs U; as a space of piecewise poly- 
nomial functions. For the finite volume method the type of problem 
(7.20) 1s generalized as follows. 

Wediscretize [a,b] by the grid 


a = £o <L L1 L < Tn =b 


and we call, as above, the subintervals J; = [z;—1, z;| elements. We will 
denote I? = (x;_,,2;) and T = {Ij,1 <i < n}. Let P, be again the set 
of the polynomial functions of order less than or equal to r and 


SẸ’ (a, b) = fo E Lo(a, b)| v| ro E Pr, i= Luan} 


the set of the piecewise polynomial functions with respect to T. Gener- 


ally, we denote 
S) (a,b) = U sr 


the space of the piecewise solynomial functions of order less than or 
equal to r on (a,b). 

The essential boundary condition v(a) = 0 is imposed by choosing the 
subspaces 


SẸ} (a, b) = fv e $a, b)| v(a+) = o}, 
S (a,b b) = USF ala b) = V. 
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As above, we multiply the original equation by v € se ) (a,b) and we 
integrate by parts on (a,b), obtaining 


(Lu, v) = > / 
i=1 "T 


or, shortly, 


Ti n — 
(pu'v’ + qu'v + ruv) dx — > pu'u i = (f,v) 
1 i=1 i 


i 


ar(u,v) = (f,v), WwEeVv 


where 


Thus we obtain the variational problem to find u € H} (a,b) NH? (a,b) 
such that 
ar(u,v) = (f,v), Ww EV. (7.22) 


Of course, if u is a solution of the problem (7.22) and u € Cfa, b] N 
C? (a,b), then u is also a classical solution of the problem (7.19). 

In the sequel we will simply denote a(u, v) = ar(u, v). Also, we denote 
o(x) the Heaviside function 





o(z) = 


0, «<0 
1 z>0 ’ 


and ĝ(x) the Dirac distribution, which is also the derivative of ø and we 
use the “formula” 


B 
J g(z)ó(x)dz = g(0), a<O0< 8 


for all smooth functions g. The piecewise polynomial function v € V can 
be expressed as the sum of a continuous function v; and a step function 


v2, 





n—1 
v2 = ` [u(r] ) — v(a )| olz — zi). 
i=] 
Consequently, for the functions u € H?(a,b), or for functions u with 
u’ continuous, the above formulas will be interpreted in the sense of 
distributions. Of course, in the case of a function v € Hk (a,b), ar is 
reduced to its original definition. 
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Let us present now the principle of the finite volume method. We will 
construct the grid Th, 


a = zo <2, <L- <2, =b 
and the dual grid T% 
a = To < £1/2 < T3/2 < +++ < En-1/2 < In = b 


where 
r: _ Zitti L] 2n 
t—1/2 5 ) p My reg io 
We will denote Ij = (xo, £172}, Tf = [£i-1/2; Fig1/2| and In = [En-1/2 
£n] the cells of the dual grid. We will choose the trial functions from the 
space Up C U = H L(a, b) as the space of finite elements with respect to 


the grid Tp and the test functions from the space V, C V = Sa, b) as 
piecewise polynomial functions, of low order, with respect to the dual 
grid T*, from the space sv) pla, b). The discretized form of the vari- 
ational problem by the finite volume method is to find up € Up such 
that 

A(Un, Vh) = (f, Un); Vur E Vh. (7.23) 


Different choices of Uh, Vp lead to different schemes. Let us describe 
some particular cases. 


2.1.1 The Linear Case 
Let us consider the problem 


d , du 


Lu =~ (pS) = f, z € (a,b), 


u(a) = 0, u'(b) = 0 


where p € C! (a,b), p(x) > po > 0 and f € La(a, bd). 

We will discretize the interval [a,b] by the grid Th as above, where we 
will denote h; = zi — x;_,; and h = maxh;. We suppose that the grid 
satisfies a requirement of the type h; > ph, i = 1,...,n, for a constant 
u > 0, which does not allow the generation of very small cells compared 
with the others. 

The space Uy, will be chosen as the space of the piecewise linear func- 
tions, corresponding to the grid Th. It consists of the functions up which 
are continuous on [a,b], un(a) = 0 and up is linear on each J; and thus 
it is uniquely determined by the values at the ends of the element. Ob- 
viously, this is an n-dimensional subspace of H ila, b). 
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As for the finite element method, a basis in Up 1s formed by the 
functions 








Li — E 
1 — » Ti- LT XL Ti, 
®;(x) 7 l=- *, Ti LT L Li+ds 
hist 
0, ZS Ti—1, T 2 Li+l- 


Then up € Up 1s expressed as 


where u; = u(x). On the element J; we have 
£ — Ti- £ — Lj-1 
Un(Z) = ui- (: - ea) + u— y, 
i 
/ Ui — Ui—1 
ulz) = — 
hi 


We will now construct the dual grid Tř, as above, and we will choose 
Vp as the piecewise constant functions space. It contains all the functions 
vp E Lofa, b) such that v(x) = Ofor x € Jj and vp is a constant on each 
[r,t = 2...” 

The basis for this space consists of the functions 


l, rely, 


V(x) -{ 0, cgi, 


and then every va € Vn 1s expressed as 
n 
vp(2) = X utila) 
i=l 


with v; = vp (zi). 
We will discretize now the variational equation (7.23). We will look 
for 


such that 
alun, Vj) = (f, Uy), J =1,..,7. 
In the case of our equation, 


b 
alum Y) = | puh [8 — 25-1/2) ~ Sle = zj+1/2)] d 
a 
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= Pj—1/2Up(£j—1/2) — Pj+1/2Uh(£j+1/2) 


uj — Uj—1 Uj+1 — Uj 
= Pj-1f2——__,___ — Pj4i/2- a m 
j—1/ hj j+1/ hi4 
for 7 = 1,2,... n — 1, and 
Un — Un—1 
a(un, Vn) = Pr-ip2—j 
n 


The unknowns u; can be determined from the system 


T: 
J J I+ J _ 
Piaf ~ pjp PA = fee), 
J j+1 Tj—1/2 


43 = 1,... n — 1, up =Q, 


Tn 
Pn-1/2 = j f(x)dz. 
n Tn—1/2 
We remark that the left-hand side of the system coincides with that 
obtained by the classical finite differences method, if we approximate the 
integrals from the right-hand side with fjh;, respectively fnhn/2. The 
matrix of the system is symmetric, tridiagonal, 1.e., 


24 2 P3/2 

hi p2 pa Mps p 

-È 12 2 
he he h3 h3 


An-1 An-1 Rn hn 
n- Pn- 5 
An hn 


As regards the convergence of the algorithm, if u € H*(a, b) then 
ju— unl, < Chul, 
(we notice that the seminorm ||, and the norm {j{j, are equivalent in the 
space H} (a, b)). 


2.1.2 The Quadratic Case 
Consider now the problem 


d, d 
Lu = -—(p—-) + qu = f, x € (a,b), 
T aF (7.24) 


u(a) = 0, u'(b) = 0, 
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where p,q € C+ (a,b), p(x) > po > 0, q > 0 and f € L2(a,b). 

We will choose now Up as the subspace of functions that are piecewise 
polynomial of second order, with respect to the grid Th. ‘Thus any 
function up € Up must be continuous, satisfying un(a) = 0 and being on 
each element J; a second order polynomial, determined by its values at 
the ends and the midpoint of J;. Obviously, we obtain a 2n-dimensional 
subspace of U = H} (a,b). 

We find a basis if on each element we look for quadratic functions 
which take at the three nodes associated to the element (the ends and the 
midpoint) the successive values 1,0,0, respectively 0,1,0, respectively 
0,0,1. So that, the basis elements will be 


ne D _ | ((zi—x)hi—1), Ti- S< a, 

i 

2; (2) (=i) | ((2 — zi) hig, — 1), Ti S T L Ti+, 
igs 


T S Ti-1, © > V4 


and 


L-Lj-1\ ©— Lji-1 
At 1- ——*— | ————, 3-1 <24< 7; 
( h; ) h; 7 -1 > — t3) 


0, LS Ti—4, T 2 Ti 


for 2 = 1,...,n. 
Then, any up € Up can be expressed as 





un(x) = y` ues) + u,_10,_1(2)| 


i=1 
where uj = up (zi) and u; = Un(2;_1). On each element I; = [x;_-1, x;] 


we have 


Un = uj_1(2é — 1)(€ —1) + du,_1€(1 — E) +u (2E — 1)é 








2 —4 2 Ui-1 
= (8,61) | -3 4 -1 ]( u J, 
ji 0 0 Ug 
4é — 3 4-8 4€-1 
A FS l 
up = Ui-1 h; + uil h; + ui h; 
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where € = ==. 

We will choose the dual grid T;* (which generates a space V, of the 
same dimension) as 


a = To <1 <3 K+ LT, 3 <sz 1 < Zn =b 
4 4 


ua n 


k = Li — E hi, k= 1,3, i= 1,2,... n. The functions v will be 


where gz, 


also chosen piecewise constant, and form a 2n-dimensional space spanned 
by the basis 


, <T< T; 
T(x) = L ti} ST o titi 
0, otherwise 


and 


l, z, 3 ISTIT, 
pild b Srst 
0, otherwise. 





Then any va € Vn is represented as 


n 


Vh = ` [vj t;(2) + vjl j-4(2)| . 


j=1 


We can now discretize the problem. The discrete variational problem 
is now to find the function up, € Up such that 


(7.25) 





respectively, 


aluh, Y, 


Bo] 
eee” 
| 
3 
S 
lco 
z 
I> 
8 
a 
| 
Jajoo 
Mnre” 
| 
S 
Rand 
l 
j= 
& 
= 
8 
F 
Haji 
+ 
o> 
8 
a 
K 
& 
= 
8 
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In all these expressions wg = 0 and for 7 = n the quantities on the 
right-hand side of b must be dropped. Similarly, we make the convention 
that Panti = 0 and n41 = En. 

From the quadrature formulas 

£T 4. 1 h; + h , 

/ ua gu,dz = ——_— Itl gjuj, 
T 1 4 


i-4 


T._] h. 
T. 


2 
i-4 
we obtain the system 

op a Tuji -2p rhe: ui hj thy [> fdz 
—1 ji juj 

J hj It] hj+ı 4 E 

4 

U, 1 — Uji Uj — U, } T. 

I-% J J jJ—-3 , nj i-4 
2p,_3 i 2pj_1 > +F G-1Uj-1 = a fdz 

j- 


If the unknowns are arranged in the order 


ul, ul; u3, U2; -e Unt, Un, 
then the coefficient matrix of the system is also symmetric tridiagonal 
and of the form 
ao0 401 
Gio G11 &12 




















a21 422 
where 2p; 2p h, 2p? 
aoo = h + Th + 931 G1 = 210 = hh 
a1 "P "P: fa + he aa, @12 = Q21, = maa 
hy ha 4 ho 
2ps 2pt h 2p7 
a2 = a T m tg 423 = a32 = — hz 
a33 = “P3 "P; ha + hs op, a34 = a43 = _ 7 ; 
hə hg 4 hg 
and so on. 





As regards the convergence, we have the following result. 
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THEOREM 7.1. If u € H?(a,b) is the solution of the problem (7.24) 
and up is the solution of the discretized by quadratic element problem 
(7.25), then 


ju— ual, < Ch? jul, . 


2.1.3 The Cubic Case 


Let us consider the more general problem 


d , du du 
— (p m) +r +qu= f, z € (a,b), 


u(a) = 0, u'(b)=0 


Lu = — 


where p € C! (a,b), p(x) > po > 0, q,r E€ C(a,b) and f € Lo(a,d). 

We will choose now Up as the space of the piecewise polynomial func- 
tions of third order with respect to the grid Tp. Thus any function 
up © Up, must be continuous and differentiable, satisfying u,;,(a) = 0 and 
on each element J; it 1s a cubic polynomial determined by its values and 
derivatives at the ends of J;. We obtain a (2n + 1)-dimensiona]l subspace 
of U = H} (a,b) O H? (a,b). 

We construct a basis looking for cubic polynomials P which verify 


P(0) = 1, P'(0) = P(1) = P'(1)=0 


respectively 
P'(0) = 1, P(0) = P(1) = P'(1) =0. 


In the first case, P(s) = (1 — s)? (2s +1) while in the second case P(s) = 
cs(1 — s)? where e will be separately determined on each element. By 
the changes of variable s = ar respectively s = %5, we obtain the 
corresponding expressions of P on the elements J;, thus we have 





o 2 
(1-7 z) (hi (zi —- 2) +1), m1 LES ai 








(0) h 
P: (xz)= — Ti 
i (2) (1-5 =) (2hi41 (£ — zi) +1), zi < £< Tipi 
t+] 
0, otherwise, 
Ti — T ? 
( T -1) (£ — Ti), 1S roy; 
i 
pl} x)= — Ti ? 
i (2) (5 = 1) (£ — zi), Zi SEL Tipi 
heyy 
0, otherwise. 
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Any up € Up could be represented as 
urls) = Y [uc (x) + ufo (@)| 
i=0 


where ug = 0, u; = up (zi), u; = uh (Zi). 
On each element J; = [x;_,, x;] we have 


uh = Uj—1(1 — €)7(2E + 1) + wl’ (3 — 2E) + - 
+ul_,hi€(1 — €)* + ujhi€?(E — 1) 


2 —2 1 1 Ui-1 
—-3 3 -2 -lI Uj 
— 3 ¢2 t 
= (£ ,& „é, 1) 0 0 1 0 hiu! ; (7.27) 
and > g2 
6£* — 6 6E — 6 
+u; (3E? — 4€ +1) + uj (3€7 — 2€) 
—6 3 3 ot 
=(@.61){ 6 -4 -2 ui (7.28) 
0 1 0 u; 
where € = =, 


We will choose the dual grid Tý (which generates a space Vp of the 
same dimension) as 


a = Lo < T1 Stas TEn 1 < Tn =b 


` T: . + . . 
where 2,01 = rd The functions vp will be chosen now piecewise 
2 


linear, from a 2n-dimensional space with the basis 


vw) (x) — 1, Tii <T Til 
0, otherwise 
and 
£t — Ti, tii LT LT 
0, otherwise. 





Then, any va € Vp is represented as 


Uh = 3 ita) TA (z)| 
i=0 
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where vo = 0, v; = vp(zi) and v; = v, (zi). 

Let us discretize the problem. The discrete variational problem is now 
to find the function up € Up such that 
Bp) 
gp) 


, g=Hl,..,n 


on (7.29) 


( 
t, 
a(un, Y; 1) )) = G, gl 


Let us study here only the dominant term from a(up, vh), 1.€ 


b 
blun) = | Por p OT 
Q 


f 
. — 1) u. 
j-3 P+ j+5 


3 Uj+1 — Uy 
abi- > OL Pil a OO 
2 172 h; 2793+37 hi+1 


—-p;j_1uj— +i Pj41 — P; 1) +p 1th, J=l,..n-1 
4 i-z 171 ' 4 Eits j- 4 its J+i 


3 1 
= ~GPj-3 (uj — uj-1) — grits 1 (Uj41 — uj) + gP 5-3) uj 


+ (p, 4 hy41 + pjah) u; + ae Gti 4 [° in punds. 
j- 
We will approximate the integral by 
fejti pude = punla? — Jet} p'undz 
S P54 5545 T Pj-4"j-} NIP 545 ~P;-1) 


from which we obtain 


1 1 
blun WS) == 3P; (uj = ya) = FP pps (Mind — uy) 
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1 , 
TF (py ya his + p;_3h5) Us j=Hl,...n-1 


and for the endpoints 


1 1 
b(un, wt) = gps haus ~ Pim, 


1 ji 
blun, yi) = —7Pn-} (un — Un—1) + qPn—shnun- 


2 





Therefore the approximate bilinear form for b(upj, va) is 


! ! ! | ! 1\T 
bn (Un, Va) = (V0, V1, Up, -3 Un, Un) A (Up, U1, UZ, ---) Un, Un) 
where A is a Symmetric matrix of the form 


a200 Qol 
Gio @11 Q12 Q13 G14 
a2; Q22 Q23 
4&3} @32 Q33 @34 @35 436 


a4, O 043 G44 G45 


We remark that it 1s a sparse matrix, with a band of the same width as 
for the corresponding finite element method but easier to obtain. 

As regards the accuracy order of the method, we have 

THEOREM 7.2. Suppose that the homogeneous problem 


a(u,v) =0, Wv € H} (a,b) 


admits only the trivial solution and that the solution of the problem 
(7.26) satisfies u € H*(a,b). For the solution up of the problem (7.29) 
we have the evaluations 


lu — url < Ch? jula, 
lu — urllo < Chê |uly, 


7 
lu — urllo oo < CR? lulla, 


for a sufficiently small h. 

The above result shows a good accuracy and a uniform convergence 
of the approximate solutions to the exact one. In some cases we have 
also a superconvergence. 

THEOREM 7.3. Suppose that the solution u of the problem (7.26) 
satisfies u E€ H}(a,b) N H°(a,b) and the grid T, is a uniform grid. 
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Then for the approximate solution up of the problem (7.29) we have the 
estimation 
nu — nll, < Chf lulls. 
This result shows that at certain nodes the accuracy could be in- 
creased with respect to the optimal one. 


2.2 Second Order Elliptic Problems 


Let Q c IR? be a bounded domain with piecewise smooth boundary 
OQ and let us consider the boundary value problem 


{2 fa eM 4 aot) 4 9 fant Ou tqu=f, ing 
ðr az 23y j T dy 2157 022 Jy qu = J, ID 3%, 


of elliptic type. This means that a;; (x,y) and q(x, y) are smooth enough 
and they verify 


2 


Sais (2, WEE; >E, al g(x,y) > 0, V(é1,é2) E IR’, V(x,y) €2 


i j=1 i=1 


where y > 0 is a constant. We also suppose f € Lo(Q). 
The associated variational problem is to find u € U = H§(Q) such 
that 
a(u,v) = (f, v), Yv E€ U 


where 


a(u, v) 
=f a t y ay ot) 4 la OU o ao EN a ouv) dad 
= Jo ugy 2y An ar 22 py dy quu| aray, 
v) = fo fudrdy. 


In order to discretize the problem, let Up and V, be finite dimensional 
spaces (of the same dimension); the discretized problem is to find Up, € 
U, such that 

aluh, Vh) = (f, Uh); Vur E Vh (7.31) 

The case Up = Vp leads to the standard Galerkin method. In the 
finite volume method we choose, generally, Vp #4 Up and even Vpis not 
included in U. It is defined by a dual grid and the equation (7.31) is 
considered in the distribution sense. Different choices of U; and Vp 
generate different schemes and the representation of up by a basis of Up 
leads to a system of algebraic equations for determining the coefficients. 
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We will present the case of a triangular mesh. The case of quadrilat- 
eral elements is treated similarly. 

Suppose that Q is a polygonal domain which will be divided into a 
finite number of triangles. These have no overlapping internal regions; 
a vertex of any triangle does not belong to a side of any other triangle, 
it may coincide only with another vertex. Moreover, each vertex of 02Q 
is a vertex of a triangle. 

Each triangle is called an element and each vertex is called a node. 
All these elements constitute a triangulation Th of Q where h is the 
maximum length of all the sides. 

Let us construct the dual grid Tý. Given a node Pp let Pj, t = 1,2,... 
be the neighboring nodes and M; the midpoints of the sides Pp P;. Choos- 
ing a point Q; on each element Po P;P;,1, we will connect successively 
MıQıM2Q2-.. to form the polygonal region Kp, (obviously, the polygo- 
nal line is closed after a finite number of segments). The polygon Kp, 
is the dual element of Po and all the dual elements constitute the dual 
decomposition of 2. 

For concrete problems the following dual decompositions are the most 
important. One case is to choose Q; as the barycenter of the triangle 
PoP;P;.; and the other is when Q; is the circumcenter of the same 
triangle. 

Of course, the triangulations must be quasi-uniform, corresponding 
to the relation (6.16), i.e., 





Crh? < So < R? 


for any node Q of the dual grid Tř. The two above important cases for 
the choice of the nodes Q; also implies the relation 


Coh? < Sh, < Osh? 


for every node Po of the grid Th. Here Sg and Sp, are respectively 
the area of the element from T, containing Q and the area of the dual 
element Kp,- 

The space Up can be chosen as the space of the piecewise linear func- 
tions generated by Th. Therefore, the functions up should be continuous; 
they satisfy uplgqg = 0 and on each element K from Th, up is a linear 
function with respect to x and y, determined by its values on the vertices 
of the triangle. Consequently, Up C U = Hi (Q). 

The expression of these elements with respect to a basis in U;, is made 
as in the formula (6.17). 

Concerning the test functions space, these will be chosen piecewise 
constant with respect to Tř. The spatial basis is constructed as follows. 
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For any interior node Py we choose the function 


I, Pe Kt 
Pm (P) = { 0, otherwise. 


Then any va € Vp is expressed as 


Vh = X on(P)Sp 


P 


where P belongs to the set of the interior nodes. If w € U = H (Q) and 
Tw =) w(P)Op 
P 


is the interpolant on Vp, we have the estimation 
jw — Hwy < Ch |w]. 


With these discretizations, the numerical problem is reduced to find- 
Ing up E Up for which 


alun, Vh) = (f, Vh), Vun E Vh 


or 


alun, PpP) = (f, ®p,), VPo € Q, (7.32) 


where 92;,1s the set of the interior nodes from Th. Here 


aluh, Öp) = -j [w cos (n, £} + wi?) cos (n, v)| do 


OoK* 
f 
K 


and n is the outward normal to the boundary of the element and 


qu,dzdy = -f W dy +/ WO dx + qu,dxrdy 
aK, aKt : 


* 
Po Po K bo 


D a E g apl WO = ag E g ap UH 
W, a-g + aig Dy’ W, a21 -57 + a22 By 
The integrals can be calculated by different quadrature formulas. 
Let us illustrate the method on the simplest case of the Poisson equa- 
tion 





—Au= f, 
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for which 
aluh, Pp, ) 


=- | de = — ~ | (Zit ay - Fac) 
OK», M;Q;M. i+1 ð 


Now Oh and Oh are constant on each element, thus the integrals do 
not depend on the location of the nodes Q;. We obtain the system 


b? —c?—a? 2_ 42 
(unda) = >> (ur, — ure) HE + (rigs Ure) SS | 
AUR, 2 Po) = 
= fdxdy 
Kh 


where Fi+ıPo = a;i, PiPo = bi, Pini Pi = ci. 
In the case of a uniform triangulation (see Figure 7.1) the discrete 


P aj 


A 7. 
pee 
VA 


P.. 
1j-1 


Figure 7.1. Uniform triangulation 


428 BASICS OF FLUID MECHANICS AND INTRODUCTION TO CFD 


system reduces to 
4uij — Ui-1,j — Ui41,j — Uijl — Vago = f fdzxdy 
K* 
Po 


where u;i; represents u(P;;). In fact, this is the standard five points 
scheme. 

But we could consider an equilateral triangulation, with the sides 
PoP; = h from where QiQi+ı = h/ V3 (see Figure 7.2) 





Figure 7.2. Equilateral triangulation 


In this case the discrete system becomes 


Of course, in all the above formulas, the last node i + 1 coincides with 
the first (for instance, Pẹ+1 = P,). 

As regards the errors, we have the following estimation. 

THEOREM 7.4. Let u be the solution of the problem (7.30) and up 
the solution of the problem (7.32). If u € H?(Q), then 


lu — wall, < Chul, . 


The Finite Volume Method and the Generalized Difference Method 429 


This estimation could be improved by choosing better spaces Up. The 
presented methods could be extended for quadrilateral meshes, to high 
order elliptic equations or to nonlinear equations. 





2.3 Parabolic Equations 


Let us consider now the mixed problem for a parabolic equation 


up + Au = f(x,t) LER, 0<t<T, 
u=0, reo, 
u = uox), cE, t=0, 


where Q is a bounded domain in IR” with a Lipschitz continuous bound- 
ary and A is a second order elliptic differential operator, 


Ab 
m=-5> E (ag) + Loge + 


The corresponding variational problem is to find a function u = 
u(-,t) € H§(Q), 0 <t <T such that 


(unv) + a(u,v) = (f,v), Ww € HA(Q), t> 0, 


u(z,0) = uoz), LER. (7.33) 


Here 


~ ðu Ov 
alu, v) = J. So KERIT Eog an)” + cuv | dx 
i, j=} 


and we suppose 
a(u,u) >a lull? , Vu € HE(Q). 


In order to discretize this problem we will construct a quasi-uniform 
grid and dual grid on Q, together with the spaces U, C H}(Q) and Vp C 
L2(Q). The discrete problem is to seek a function up = up(-,t) E€ Up, for 
0 <t<T, such that 


ð 
(sumer + a(un,n) = (J vh), Yun E Vh, t > 9, 


un(zx, 0) -= uon(2), TERN 


where ug, 1s the interpolation projection of ug in Up. 
If ;(x), j =1,...,.m, respectively Y;(x), j =1,...,m, are bases of Up, 
and Vp, the above problem could be expressed in the following form: 
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find up = J j; ¢;(t)®;(z) such that the coefficients ¢;(¢) verify 
m |de;(t , 
S [EO (a. tald | = (6), i= tym, t> 0 


c;(0) = aj, 7 =1,...,m 





where aj are the coefficients of ugh, 


m 
ugh = 5 Qj ®,. 
j=1 
If we denote the matrices 


M = (maj) = ((®;, Yi), K = (kij) = (a (®;, Y:)) 





and the vectors 


u=(c(t)), F=((f,¥;)), a= (a) 


for 1,7 = 1,...,m, the above system can be rewritten in matrix form 


du 
M—+Ku=F 
dt rau 


(7.34) 
u(0) =a 


which can be solved by specific methods. We remark that M is nonsingu- 
lar thus the differential system has a unique solution for any f € La(Q). 
As regards the error estimation we have 
THEOREM 7.5. If u, respectively up, are the solutions of the problems 
(7.33) and (7.34), then 


t 
lu — walle <C fiuo — uonllo + 22 luo + f lek ar| ) | 


ju — wally 


1 
t t 5 
<C tno = saa +h [foal + f burlar + ( f Jurliar i}. 


In order to obtain numerical solutions for the problem (7.33) we must 
also discretize the differential system (7.34). 

Let us denote by At the time stepsize and by t, = nât, u? = up(tn). 
At the moment tp, we will discretize the time derivative by a backward 
finite differences formula 

d ur — ype! 


Pat 


dt” At 
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Thus we obtain a fully-discrete scheme (backward Euler): 
find uy € Un, n = 1,2,... such that Vu, E Vp, 


(ut, un) + Ata(ul, vp) = (ur! + At f(tn), vh), 
u? = UOh: 


If we choose other discretization type for the time derivative, for 
instance 
1 Tl — n—l 
2 Uh Yh 


u, x- h 
h ā © QAR’ 


d 

dt 

then we obtain also a fully-discrete scheme (Crank—Nicolson): 
find uy E€ Un, n = 1,2,... such that Yun € Vh, 


n ynt n pu?! t tn— 
(£ i m) oc joy) = (LOT Dion), 


u? = Uph. 


Both methods are implicit and the coerciveness of a guarantees the 
existence and the uniqueness of the solutions uj for a given up? 


As regards the error estimation of the fully-discretized schemes, we 


have the following results: 
THEOREM 7.6. Let u and uj} be the solutions of the problem (7.33) 
respectively of the backward Euler scheme. Then 


\|u(tn) — up llo 
tn tn 
<C { luo — uorll +h? vol + | Jul de sarf luulot}, 
0 


ult) = ull, < C luo — orl 
t t 2 2 
+Ch [luo + Je" lull de + (full) * 
1 
+CAt (o lurli dt) f 


forn=1,2,.... 
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THEOREM 7.7. Let u and u% be the solutions of the problem (7.33), 
respectively of the Crank—Nicolson scheme. Then 


lulta) — uz llo 


tn tn 
< C fluo = uonllo +A? [luola + fl ae] + ae f Jullo de}, 
0 


lulta) — ually < C lluo — uonlh 


1 
+Ch ually +f ella dt + (fe ef ae) * 


1 
+CAt? (fo lulii at) 


for n=1,2,.... 

The above schemes were the most simple, with an accuracy of order 
h. In the sequel we will discuss a high order scheme. 

Let us consider the mixed problem 


ot + Lu =f (a,2), x E (a,b), 0<t<f, 
u(a, t) = 0, au =o, (7.35) 


u(x, 0) = uo(z), 


“= ae \P ae "arn 2" 


with p E€ Ct (a,b), p > po > 0, q,r € C(a,b), f € Le(a,b) with respect 
to z. 

We will choose the grid Th and the (barycenter) dual grid Tř on [a,b]. 
We take as Up the space of the piecewise cubic polynomial functions 
related to Th, belonging to Ct and satisfying the boundary conditions, 
and as V the space of piecewise linear functions related to T% , belonging 
to C. 

The semi-discrete problem is to find up (-,t) € Un such that 


where 


0 
(Sten) + (Lup, va) = (f uh), Von E Vh, O< Et <T, 
(7.36) 


un(x, 0) = uon(z) 
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and we have the following error estimation result. 


THEOREM 7.8. If u, respectively up, are the solutions of the problems 
(7.35) and (7.36), then 


ju — ually 


t t i 
<C fz — Uonlly +h? ie + J lur lla dr +h (| lurli ir) | 


If we consider a fully-discrete Crank—Nicolson scheme, 


(s — yr n) , (z (a m) _ (Ls + f (tn—1) on) 
T ? D ? 9 J 7 


0 _ 
Up = Uh) 
Vun € Vap, we obtain 


THEOREM 7.9. Let u and u} be the solutions of the problems (7.35) 
respectively Crank—Nicolson scheme. Then 


lulta) — unl 


1 
< C Í luo = uonll +A? (luola + Je" lel, de + A ( fp" ull at)* |b 


1 
+C lav ( Jo” erreti? at) i 


forn =1,2,... . 

Similar results could be obtained for hyperbolic problems. 

As a conclusion, we can see that for accuracy and robustness similar 
to the finite element method, the finite volume method is more efficient, 
with less computing effort. 


2.4 Application 


Let us consider now as an application of the GDM the numerical 
simulation of underground water pollution. Underground water is often 
contaminated by the chemical fertilizer and pesticide in agriculture, for 
example, which seep into the ground with rain or irrigation. ‘These 
solutes in the water perform a convective motion (with respect to the 
underground water) and a diffusive motion due to the density diffusion 
of the water molecules. 

A mathematical model describing the contaminated water (or the wa- 
ter with any chemical solute), 1s the following equation of the solute 
density C: 


ð (mC) 
ot 





f 
= div (mD grad C) — div (VmC) — CW on Q C IR?. (7.37) 
n 
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Here m is the saturation thickness (depending on z,y), Vis the known 
Doz Dey 
Dry Dyy 
W is the amount of the water flooded into (positive) or pumped off 
(negative) from a unit area of water-bearing formation. In particular, 
if the water goes in or out through a well Po(xo, yo), ie., Po is either a 
source or a sink, then W = Qô(x — 20, y — yo) where Q is the amount 
of water and ô the Dirac distribution. Finally, C” is the density of the 
solute, known for a source and unknown for a sink. Obviously, initial 
and boundary conditions are also considered. 

Let us consider now a triangulation Tp = {K} and its barycenter 
dual grid T* = {K*}, see for example Figure 7.2, where a node Po 
together with its neighboring nodes and its dual element are depicted. 
The sources and the sinks must be taken as nodes and, moreover, if 
the coefficient of the diffusion term is discontinuous on a line L, then LZ 
should be cut into several line segments by some nodes and such that 
each segment is a side of an element. 

We assume that C is continuous when crossing such an L (CT = C7) 
and the flow of the solute 1s also supposed to be continuous, 


velocity of water, D = ( is the diffusion coefficient tensor, 


(m(D gradC) -n)* = (m(D gradC)- n)” 


for nthe unit outer normal vector to L. 

The trial function space Up is the piecewise linear function space re- 
lated to T} with the vertices of the elements as the nodes while the test 
function space is the piecewise constant space corresponding to T;. 

Let us integrate the equation (7.37) on Kp. We obtain 





J ð me) dxdy = / div (mD grad C) dxdy 
K py K Po 
, C 
— J div (VmC) drdy — f 


K* K* 
Po Po 


tł 





wW dxdy. 


Tt 


By Green’s formula and using Ch € Up instead of C, we have 


J div (mD grad Ch) dxdy = J m (D grad C},) - nds, (7.38) 


K Po OKp, 


f div (VmC},) dzdy = J mC}, (V -n)ds. 


Kp, OKs, 
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Working now in the triangle Ag, with a barycenter Q; (see again 
Figure 7.2) and using the linearity of up € Up, we evaluate the above 
line integrals piecewise on the fold line segments obtained by intersecting 
the integral line with Ag,. 

For example, in Ag, we have 








J m (D grad Ch): nds (7.39) 
MıQı M2 
= / m grad Chr : Dn; ds + f m grad Ch: Dno ds 
MıQı Qı M2 


where, denoting by (xp, yp) the coordinates of a point P, 








1 
grad Ch = An. ((yP, — YP2) Co + (YP, — YP) C1 (7.40) 
Q1 
+ (yp — ¥P,) C2 + (Zp, — £P) Co 
+ (£P — TP) Ci + (xp, — £P) C2), 
and 
m= (ya, — YM; — (Za, —#Mi)) (7.41) 
(MQ 
ny = (YM: — YQ T (EM — TQ,)) l 
[Q M| 
Similarly, 
J mCh (V - n) ds 
MiQiM2 
= f m Ch (V - ni) ds + / m Cr (V - no) ds. 
MıQı Qı Mo 


Here, on the line segment Mı Qı of equation 


— YM 
y = ym, + 2 fz- rm) 
LQ, — TM: 
we have 
LQ; — T — YM 
Ch, = 17 Oy, 4 HIM on 


LQ, ČMI YQ: ~ YM, 
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while on Q; M2 of equation 


YM — Y 
Yy = Ya, + hb IRL (T — ro) 
TM, — LQ, 
we have yy 
EMs — T 
C,=—= Co, Q1 Cyn. 
IM, — £M, YM — YQ: 
Moreover, 
1 1 
Ca, = 3 (Cp, + Cp, + Cp), CM; = 9 (CP + Cp, ) . 


Concerning the source term of the equation (7.37), if Po is not a well, 
then it is directly computed, while if Po is a well, then 


W = Q(z T EPY T YP») 
and, in this case, 


C" (Po) Q(Po) 


C"Q 
“Y S(x- — yp )dzdy = 
J n d(x T Po: Y YP) Lay n(Po) 


K* 
Po 


| (7.42) 





Finally, we discretize the derivative with respect to ¢ on the left-hand 
side of the equation (7.37). Let At be the time step size and let us take 
the nodes th = kât, k = 0,1,...,K. Using, for example, the Crank— 
Nicolson method, we obtain 


1 
At J (mitch — m*Ch | dxdy 


Kp 

_ - J div (mk+1/2p grad (ci + okt) ) dxdy 
Kp 

-i J div (VE+/2 mbH)? (cf + ck+)) dxdy 
K», 


1 f WF 
K 5, 


The above equations with initial and boundary conditions give the 
GDM for the problem (7.37).This scheme could be easily extended to 
tetrahedral, cuboid or triangular prismatic grids on a 3D field. 
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Unfortunately, in the computation of contaminated underground wa- 
ter, one often encounters problems where the diffusion coefficient 1s much 
less than the convection speed. In such a case, the above method fails 
to approximate accurately the transitional band that results from the 
diffusion and undesirable oscillations appear. Upwind schemes are often 
used to eliminate these oscillations. 

Let us consider a simpler two-dimensional solute transfer equation 


a = div (D grad C) —div(VC) +1 (7.43) 
where the diffusion tensor D and the convection speed V are known. 
The source term is I = C'Qô(x — x0, y — yo) at a well and we have also 
initial and boundary conditions. 

As above, let T, = {K} and T = {K*} be a triangulation and its 
barycenter dual grid. Let U, be the piecewise linear, globally continuous 
function space and Vp the piecewise constant function space. Denote by 
II}, the interpolation projection operator from Un to Vp, 1.e., for given 
Ch E Un, we have MCh € Vp, and (Ch) (P;) = Cah (PB). 

If we integrate the equation (7.43) on Kp, for example, taking C = 
Chn E€ Un and replacing Cy, in the convection term by H} Cp, then we 
obtain 





ah dy = f ain (D grad Ch) dedy 
Kp, Kh 
— J div (VIG Ch) dedy + J Idzdy. 
Kh Ki, 


Now, the diffusion term is calculated according to (7.38), (7.39), (7.40) 
and (7.41) with m = 1, while the source term is calculated according to 
(7.42) with n = 1. The convection term is treated as follows. 

We apply Green’s formula 


/ div (VII; Ch) dedy = J (V -n) I} Chds, 
Kb, OK Po 
denoting by Tog = Q;Miis, where l = 1,2,...,5 and 6 = 0,1 (see Figure 
7.2) and we define 
Bos = | (V-n)ds, 


Vos 
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(OK},) =4 LU Paslit <i <5, 6=0,1 >, ie., flow in, 
Bois <O 

(OK},)* = U Tow | <1<5, 6 =0,1 >}, ie., flow out, 
Bois >0 


Bois = max {Bois O} ; Bors = max {— Bors, 0} . 


Then we have the approximation 


J (V:n) }Chds œ X {Bg 5Ca(Po) — Bus Ch(P)} - 
TA 1<1<5 


Finally, using the Crank—Nicolson method (for example) to discretize 
the time we obtain the scheme 


> | (ckH — ck) dedy 


= ; J div (D grad (Cf + cnt) ) dxdy 
Ky, 


-t J div((v*** + V* II; (c$ + Cht!) |dacdy 


1 
+5 J (H +1*) dzdy, 
Kp, 
where the right-hand side is calculated as above. Applying it to the 


equation (7.43) the oscillations disappear and the density front becomes 
narrower with a more accurate position [83]. 


Chapter 8 


SPECTRAL METHODS 


The spectral methods approximate the unknown functions by trun- 
cated series of orthogonal functions e,, for example Fourier series for 
periodic problems or Chebyshev or Legendre polynomials for nonperi- 
odic problems, that is 


N 
un(2) = X ke; 
k=0 


where the values tẹ are the unknowns. The specific way to determine 
these unknowns, characterizes the spectral method. 
For example, in the case of the problem 


Lu = f,x € (a,b), 
u(a) = u(b) = 0, 


the Galerkin method consists of the vanishing of the residue Ry = Luy— 
f “in a weak sense”, 1.e., 


b 
f wRnepdz = 0, k= 0,1,..., N, 
a 


where w is a weight function associated to the orthogonality of the func- 
tions ep. 

The Galerkin method works when the functions e, satisfies homoge- 
neous boundary conditions. This happens for the trigonometric systems 
where periodic conditions appear but it does not for the orthogonal 
polynomial systems. For these cases the Galerkin method is modified 
by reducing the weak vanishing of the residue Ry equations only for 
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k = 1,...,N — 1 and by adding the boundary conditions 


N N 
X Grela) =0, X  Gex(b) =0 
k=0 k=0 


thus obtaining the tau method. 

Another possibility to calculate the unknown coefficients 1s to require 
that the given equation is satisfied at a certain grid, together with the 
boundary conditions, 1.e., 


Lun(zk)— f(z) = 0, &=1,...,N—-1, 
un(a)=90, un(b)=0, 


obtaining the collocation method. From the interpretation of the ex- 
pression of uy (x) as a Lagrange interpolation polynomial at the nodes 
Tk, 


N 
un (xz) = ` un (xp) Lp(a) 
k=0 


where L,(xj) = ôkj, the unknowns to be determined are, in fact, the val- 
ues un(z;). These methods use also relations which express the deriva- 
tives of uw at the nodes implying the values of uy at the same nodes, 
relations deduced by differentiation of the above relation. 

The spectral methods are very attractive, due to the fact that the 
distance between the exact solution u and the approximative solution 
un is of order 1/N°%, that is 





lu- usl << 
where s depends on the regularity of u(x) (the highest derivative order 
that u(x) admits). Therefore, for a sufficiently large number of grid 
points, the accuracy is determined by the regularity of the exact solution. 
Particularly, if the solution u(x) is infinitely differentiable, the error 
tends towards zero faster than any power of 1/N, which means a spectral 
accuracy. This behaviour is better than that of the finite differences or 
finite element methods where the accuracy is fixed, of order O (1/NP), 
depending on the approximation scheme. 
In the previous sections two principal numerical methods were pre- 
sented. The first one, the finite differences method (and its variants), 
replaces the function u by its values 


uj = U(X), -Um =- u(Lm) 
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on a given grid. The derivatives of different orders of the function are 
then approximated on the same grid, by processing the discrete values. 
The second one is the finite element method (and its variants) which 
replaces the function u by the coefficients of its development with respect 
to a given function’s basis, 


Its derivatives are calculated directly from the above expression and 
then they are rediscretized with respect to the same basis, so that the 
derivative coefficients are obtained as functions ofthe original coefficients 
Uj. 

The great advantage of the finite differences method consists in the 
simplicity of the relations which discretize a differential problem, for a 
required (possibly high) accuracy. But 1f the computational domain has 
a more complicated geometry, this advantage 1s lost. 

The finite element method adapts very well to computational domains 
of any admissible form, it allows the local refinement of the mesh depend- 
ing on the gradient of the approximated solution, it allows an increasing 
accuracy depending on the complexity of the discretization formulas. 
However, this accuracy is limited by the qualities of the basis functions 
used for the discretization. 

Both above discretization methods lead to solving of algebraic sys- 
tems. Another of their advantages is the fact that the obtained linear 
(or linearized) algebraic systems have sparse matrices, which requires 
a reasonable computing effort even for a very large dimension of the 
systems. 

The discretization by developing the function with respect to a prop- 
erly chosen orthogonal system of basis functions has, moreover, the great 
advantage that the approximation accuracy depends on the smoothness 
of the function to be approximated: the higher smoothness (the func- 
tion has higher order derivatives), the faster decaying of the coefficients 
sequence u;. This means that smooth functions could be very well ap- 
proximated by a very small number of (development) coefficients. Of 
course, the matrices of the systems obtained by this type of discretiza- 
tion are now “full”, but their small dimension could compensate this 
drawback. 

This section, following [13], presents such a type of discretizations. 
They induce a linear transformation between u and its coefficients se- 
quence (%);=1,..., between the physical and the transforms space, called 
the finite transform of u. If the basis system 1s complete, this transform 
could be inverted and the function u can be described either through its 


442 BASICS OF FLUID MECHANICS AND INTRODUCTION TO CFD 


values in the physical space or through its coefficients in the transforms 
space. 

The coefficients t; depend on all the values of u in physical space. But 
a finite number m of coefficients could be calculated, with an accuracy 
depending on the smoothness of the function u, from a finite number of 
values of u on a properly selected grid. This defines a discrete transform 
between the set of the respective values of u and the set of respective 
approximate (discrete) coefficients. It is important to remark that this 
discrete transform could be performed in many cases by fast procedures 
with a number of operations of order mlog,m instead of m? usually 
required by the matrix-vector multiplications. 


1. Fourier Series 
1.1 The Discretization 
It is known that the set of functions 


pkl) = e7, k = 0,41, 42... 
is an orthogonal system in L9(0, 27), i.e., 
20 . 
1AE Tadre] 8 JFK 
0 bj (2) bx (x)dx = Qn, j=k. 
The Fourier series of the function u € L2(0, 27) is 
CO 
u= X tds 
k=—00o 
where 


2 
Ur = =j * ula)e-i*? de 
20 0 


are the Fourier coefficients of u, the series being convergent in L(0, 27). 
An important problem is to approximate u by the truncated Fourier 
series 





m/2—1 
Pmulz) = S Types? 
k=—m/2 


Since from the Parseval identity we have 
1/2 


lu- Pmul= {22 >> AP), 
k<—m/2, k>m/2 
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a result 1s that the approximation error depends upon how fast the 
Fourier coefficients decay to zero when |k| — œo, which means that it 
depends on the smoothness and the periodicity of u. 

Indeed, if u € C'(0, 27), we have 


—1 l on l —ik 
> n A O oa ik£ q 
20 Uk x [u(2r—) — u(0+)} + J u (x)e £, 


thus @ = O(kt). Ifu' € C}(0,27) and u(2r—) = u(0+), then 
ti, = O(k7?). Iterating, if u € C?(0, 27) and u) is periodic for } < p—2, 
then tg = O(k~™), k = 0, +1, £2,.... Particularly, if u is infinitely differ- 
entiable and periodic with all its derivatives, then its Fourier coefficients 
üg decay faster than any power of 1/k, a property called spectral accu- 
racy. Of course, this property can be only “asymptotically seen’, 1.e., 
for |k| > ko large enough. 

For applications, the truncation of the Fourier series 1s not sufficient. 
Another adjacent problem will be to approximate the remaining Fourier 
coefficients. 

For an even N > 0, let us consider the nodes 

s; = 27d p= 0,1,..,N —1 (8.1) 

j N 9 J FU, Ly eee . i 
The discrete Fourier coefficients of the function u corresponding to this 
grid are 


N-1 
~ 1 iken N N 
Uk = y 2 u(zjje", =y Skea (8.2) 
7=0 
The above relation can be inverted and we have 
N/2-1 
ulz) = XO tie, 7 =0,1,..,N -1. (8.3) 
k=—N/2 
Consequently, the trigonometric polynomial 
N/2-1 
In(z)= X 4y (8.4) 
k=-N/2 


interpolates u at the nodes (8.1) and it is called the discrete Fourier 
series of u. 

We remark that the N coefficients u; correspond by a one-to-one 
mapping with the N values u(z;) of u on the grid, a mapping which is 
called the discrete Fourier transform and is described by the relations 
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(8.2) and (8.3). The calculations can be accomplished by the fast Fourier 
transform (FFT). 

The relation between the discrete Fourier coefficients ùg and the exact 
ones % is given by the formula 


00 
~ ~ ~ N N 
Uk = UR + S Uk+Nm, Kase Th 


m=—oo, m0 





which shows that the Fourier terms with the frequencies k+ Nm, behave 
on the grid (8.1) similarly with the terms corresponding to the frequency 
k and they are indistinguishable at the considered nodes. Therefore we 
have the formula 





Inu = Pyu + Ryu 


where Ry represents the aliasing error. Its influence on the accuracy of 
a spectral method is of the same order as that of the truncation error. 

Another phenomenon which could deteriorate the approximating qual- 
ities of the method is the oscillatory behaviour of the truncated or dis- 
crete Fourier series in a neighborhood of a discontinuity point (the ends 
of the interval in the case of a non-periodic function, are also included 
here). One remarks that Pyu has oscillations of order O(1) in a neigh- 
borhood of order O(~) of the discontinuity point. The convergence 
speed of Pyu towards u is also reduced to an order O(4) even when u 
is smooth, excepting this discontinuity point. A similar behaviour can 
be observed also for the interpolant Iyu. 

This phenomenon is called the Gibbs phenomenon and its reduction 
is very important for both theoretical and practical considerations. Its 
source is the slow decay of the Fourier coefficients in the case of discon- 
tinuous (or non-periodic) functions, thus its attenuation can be obtained 
by damping the high order modes. Of course, all the Fourier coefficients 
carry information about the discontinuity so that this damping must be 
carefully done. 

Concluding, a practical mode to attenuate the Gibbs phenomenon is 
to replace Pyu (or Iyu) with the smoothed series 


N/2-1 


Syu = ` oppe? 
k=-N/2 


where og must be real non-negative numbers and oj; 1s a decreasing 
function of |k]. 
Some usual choices are: 
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- Cesaro smoothing, 
k 


ztl 


which eliminates the Gibs phenomenon, preserves the bounded variation 
quality of the function but generates a heavy smearing of u, modifying 
its values outside of the neighborhood of the discontinuity; 

- Lanczos smoothing 





sin anh 
— N_. 
Ik = Irk 
N 
- raised cosine smoothing 
1 + cos nk 
ok = —— y N 


The last two types of smoothing attenuate the Gibbs phenomenon and 
approximate well the function u outside of the neighborhood of the dis- 
continuity. 

Figure 8.1 shows these types of smoothings for the function 


f1, r/2<a4 < 30/2 
u(z) = l 0, otherwise. 


Here 
N/2 
Pyu(x) = 0.5 + 2 ` OpUk cos kr 
k=1 
where 


(cos (kx — 1)) sin £7 


2 
= k = 1,2, ..., N/2. 
Uk kr 3 3 J } / 


1.2 Approximation of the Derivatives 

The most important problem for the discretization of differential and 
partial differential equations is the approximation of the derivatives of 
the unknown function. This depends upon the representation of the 
function in the physical or transforms spaces. 

The differentiation in the transforms space is very simple. If 


0G 
u= >> kok 


k=—00 
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unsmoothed Cesaro 





Figure 8.1. The attenuation of the Gibbs phenomenon 


is the Fourier series of u, then Su! = X`? _., iktix¢y is the Fourier series 
of the derivative u’. Shortly, (Pyu) = Pyu’ and it is called the Fourier- 
Galerkin derivative of u. If u € H'(0, 27) both the series are convergent 
in L2(0,27). The differentiation and the truncation commute. 

The differentiation in the physical space which starts from the values 
of u on the grid (8.1), evaluates the discrete Fourier coefficients by the 
formula (8.2), then these coefficients are multiplied by ik in order to 
obtain the discrete Fourier coefficients of the derivative and, finally, the 
values of the derivative on the grid are obtained using the correspond- 
ing formula (8.3). This differentiation procedure leads to the Fourier 
collocation derivative D yu of u. 

So that we have Dyu = (Inu), Dyu # Pyu and, generally, the 
differentiation and the interpolation do not commute. 

This transform of the values of u on the grid to the (approximate) 
values of the derivative u’ on the same grid could be performed using a 
derivative matrix Dy, 1.€., 


N—1 


(Dnu), = 5 (Dn )1; uj» 
j=0 
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where 

N/2-1 . _3 l 

(Dy); = i ŞO ike2iKl-a)x/N — l 5(—1)'Netg pe , LAF) 

k=—N/2 0, [= J. 

(8.5) 
If N > 32, the following formula is recommended: 
N/2~1 
(Dyu),= XO ape "N, | =0,1,...,N-1 

k=—N/2 


where 
_ tk pees -vkjr/N p N Na 
a = y dD we ; = Tg y T 
j=0 
and the calculations could be performed using FFT. 
Concerning the truncation and interpolation errors, we have the result 


lu — Prul irio pr) < ONO ™ ul™ 








La (0,27) 


forall u € Hp’ (0, 27) where m > 0 and 0 <1 < m. Here Hp (0, 27) is the 
subspace of the functions belonging to H™ with the first m—1 derivatives 
being periodical. A similar formula exists also for the interpolant Iyu. 
Particularly, 


|u — (Inu 


)' llran) < CNI ™ Jum) 





L2(0,27) 


2. Orthogonal Polynomials 
2.1 Discrete Polynomial Transforms 


Let us denote by P y the space of the polynomials of at most N degree. 
Let us choose a system of polynomials pẹ with degree equals to k, for 
k = 0,1,... and orthogonal with respect to the weight w over (—1, 1),1.e., 


f Pe(2)Pn(z)w(a)de =0 for n # k 


The Weierstrass theorem implies that this system of polynomials is 
complete in L2w(—1,1). Then, any function u of this space could be 
expanded in a series with respect to the system pk, that is 


OO 


ae, 
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where the coefficients are given by the relations 


—1 


Wolly = (f væ) w(e)de K 


We also define, in this case, the truncated series 


ii = TA | somava) 


and 


N 
Pyu = Y` tape. 
k=0 


In the sequel the nodes of different quadrature formulas will be im- 
portant. We have the following results: 

Gauss integration. Let xo,..., xy be the roots of py: and let wo,..., wN 
be the solution of the linear system 


N 1 
(x;)* wj = J t*w(x)dz, 0<k <N. 
j=0 -1 


Then w; > 0 for j = 0,...,.N and 


N 1 
> P(2;)w; =f p(z)w(z)dr, Yp € P2N41- 
j=0 -1 


In this case the roots are all inside of (—1,1). In order to include one 
end point, we will consider the polynomial q(x) = pp41(z) + apy (zx) 
where a is calculated such that g(--1) = 0. 

Gauss—Radau integration. Let —1 = 29,2%},...,un be the roots of q 
and let wo,...,w~ be the solution of the linear system 


N 


1 
X (z;)Ă wj = J rëw(sjdr, 0O<k <N. 
j=0 =i 


Then 


N 1 
> ple;w = | ple)w(e)de, Yp € Paw. 
j=0 -1 


Similarly, in order to include both ends of the interval in the grid, con- 
sider r(x) = pnii(z) + apy (£) + bpy—1(x) where a and b are calculated 
now such that r(—1) = r(1) = 0. 
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Gauss—Lobatto integration. Let —1 = £0, £1,... gN = 1 be the roots 
of r and let wo,...,wy be the solution of the linear system 


N 1 
` (x4)* wj = J t*w(x)dz, 0<k<N. 
j=0 -i 


Then 
N 1 
X pl(zjjwj =f p(z)w(x)dzr, Yp € P2y-1. 
j=0 -t 

We will suppose that the weight function w is given together with the 
corresponding orthogonal polynomials pg. For a given N, let £0, £1,..., EN 
be the nodes of the above quadrature formulas and let wo,...,wy be the 
corresponding weights. 

Let us consider now a smooth function u on (—I, 1) and let u; be its 
values at the above grid points, uj = u(z,;). Let Iy(u) be the inter- 
polating polynomial on these nodes, i.e., Iy(u) € Py and Iyu(z;) = 
u(z;), j =0,...,N . Since it is a polynomial, it could be represented as 





N 
Iyu(z) = > tape (a) 
k=0 


and then 
N 
u(xj) = $ > txpe (zy) (8.6) 
k=0 
We have also 
N 
ük = — X _u(zj)pk(z;)w (8.7) 
j=0 


where 
N 
Yk = X Pie 25) wy. 
i=0 


The relations (8.6) and (8.7) relate the physical space of {u(x,;)} with 
the transforms space of {u}, a transformation which is similar to that for 
the Fourier series and which is called the discrete polynomial transform 
associated with the weight w and the nodes 2,...,2n. 

The relation between the discrete and continuous polynomial coeffi- 


cients 1S 
N 


ae 1 pN 
tik = te + — X (Pr pr) ni 
Yk i>n 
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where 


N 
(u,v)y = ` u(x;)v(2;)w,; 
j=0 


is the discrete inner product. Therefore, Iyu = Pyu + Ryu where Ryu 
is the aliasing error. 

We will present in the sequel some details about two types of polyno- 
mials, much used in CFD. For more informations see [13] and [144]. 


2.2 Legendre Polynomials 


The Legendre polynomials L(x), k = 0,1,... are the eigenfunctions 
of the Sturm—Liouville problem 





((1— z?) Li(x)) + k(k + 1)Ly(x) = 0 
on the interval (—1, 1) with the weight w = 1. Usually they are normal- 


ized such that £,(1) = 1. 
The expansion of a function u € Le(—1,1) with respect to Lẹ is 


u(x) = ` UnL, (2), 
k=0 





where the expansion coefficients are 


i, = (: + 5) J l u(x) L,(2)dz. 


Concerning the discrete expansions, the three types of grids and the 
corresponding weights are: 

Legendre-Gauss. £j, 7 = 0,..., N, are the roots of Ly4i1 and the 
weights are 


2 
w= j = 0... N, 
(1-2?) [Ere] 
1 
Vk = kao K<N. 


Legendre—Gauss—Radau. xj, 7 = 0,...,N, are the roots of Ly+1 + Ly 
and the weights are 
1 1 1— zj 


wo = ———5, Wj = — I = 1, N, 
(N+1)?? (N41)? [Lulz 
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= ,k<N 
Yk k+i > 
Legendre—Gauss—Lobatto. x9 = —1, 2; , J = 1,..., N —1,are the roots 
of Ly , æy = 1 and the weights are 
2 i . 
9? J = 0,...,.N, 


“1 N(N +1) [Ly (29) 


1 2 
= k <N, = 
k +3 INN 
The differentiation in the transforms space consists in calculation of 
the derivative coefficients with respect to the given function coefficients. 
If u = $ ko Ue Ly is smooth enough, then u’ could be represented as 








ul = Po it”) D(x) where the derivative coefficients are 
OO 
ai!) = (2k + 1) 5 üp. 


p=k+1, p+k impar 


For the second derivative we have 


o0 oo 
(2 ~(2 1 ~ 
w =$ ap Lee), aP =(k+5) DO P+) - A(R + 1) 
k=0 p=k+2, p+k par 


Here,unlike for the Fourier series, the differentiation and the trunca- 
tion do not commute, (Pyu) 4 Py_1(u’). The result of this type of 
differentiation is called the Legendre—Galerkin derivative. 

The differentiation in the physical space is performed starting from the 
values of u of one of the above grids, then constructing the interpolating 
polynomial Jyu and evaluating its derivative on that grid. The result, 
Dyu = (I NUY, is called the Legendre-collocation derivative of u and 
generally it is different from the Galerkin derivative (Pyu)’. 

The calculation could be performed by multiplication of the vector of 
the values of u on the grid by a derivative matrix, 


N 


(Dyu) (21) = >> (D ,1=0,...,N, 
j=0 
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where, for the Gauss—Lobatto nodes (for example), we have 








L ji . 
nlzi) - lj, 
Ly (xj) TI — Tj 
(N+1)N l=j=0 
(D ) = rn ne =J=rV, 
ws N'+1)N 

aan, l=j=N, 
0, otherwise. 


For the differentiation by Legendre polynomials we have also some 
estimations for the truncation and for the interpolation errors, precisely 


[u — Pr tll prt(— 1,1) < CNY? N? ell arm (1,1) ? 


for all u € H™(-1,1), where m > 1 and 1 <l < m. A similar formula 
also exists for the interpolant Jyu. Particularly, 


jul — (Inu <CN*/2~m ell pm (—11) - 


AAEE 


2.3 Chebyshev Polynomials 


The Chebyshev polynomials T(x), k = 0,1,... are the eigenfunctions 
of the Sturm—Liouville problem 


i 2 
(vi — 2T4(2) + Glue) = 0. 


The weight function is now w(x) = Fat: If we normalize, as usual, by 








the relation 7,(1) = 1, these polynomials become 
T(z) = cos(k arccos x), k = 0,1,... . 


Therefore, by the transform x = cos@ many results (and, implicitly, 
fast computing possibilities) from the theory of Fourier series could be 
adapted for Chebyshev polynomials. 

The expansion of a function u € Loy(—1,1) with respect to Tk is 


u(t) = X G%Th (x) 
k=0 





where the coefficients of the expansion are 


ük = — u(x)Tk(x)w(x)dz 
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f2 k=0 
“RV 1 k21 


It is interesting to remark that by the change of function u(@) = 
u(cos 0), the above series becomes a cosine Fourier series 


for 





OO 
u(O@) = ` üp cos kð. 
k=0 


If u(x) is infinitely differentiable, then u(@) is also infinitely differen- 
tiable and periodical together with all its derivatives. In this case, the 
Chebyshev coefficients u, decay to zero faster than every power of 1/k. 
For the discrete Chebyshev series we have the following nodes and 
weights: 
Chebyshev—Gauss 
(2j +1)a r 


Tj = Cos DNL?’ Wj =~; j =0,..., N. 


Chebyshev—Gauss—Radau 





t 

2n 9N 4. 1? J= 3 

Ly = COS 3 j = ar 

2N+1 1<7<N 

2N +2’ is 

Chebyshev—Gauss—Lobatto 
T 
] DAT? l] = 0, N ’ 
Ly = cos <2., wi = An 
N Nr l<j<N-1 


‘Taking into account also the boundary conditions, the most used are 
the Gauss—Lobatto nodes. The transformation from the physical space 
to the Chebyshev transforms space (8.7) could be performed by multi- 
plication by the matrix 


2 mik 
C . —_ 
"i Naa ON 
where 
. | 2 jg=0,N 
É 1 1<j<N-1, 


while the inverse transformation (8.6) is performed by multiplication by 
the matrix z 
-i TI 
(C ) jk = COS NW 
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We remark that both transforms could be efficiently performed by the 
FFT. 
We have again the aliasing error 


Up = UR + ` üj. 


j=2mN +k, J>N 





The differentiation in the transforms space is represented by 


oO 
u = ` aT, 
k=0 
where 


a(1) _ 2 < 
uk = ` pup 
p=k+1, p+k impar 


while for the second derivative it is 


1 g - 
q=— E ply? -#)a, 


p=k+2, p+k par 


The above coefficients could be also iteratively obtained, by using the 
relations 


pO? = HA, +2(k + 1a”, OS k<N-1, q=1,2... (8.8) 


where ai!) =Ofork>N. 

The above derivative is the Chebyshev-Galerkin derivative, (Pnu)’. 
The Chebyshev-collocation derivative Dyu = (Ipu), in the physical 
space 1s efficiently obtained starting from the values of u on the Gauss— 
Lobatto nodes and calculating the discrete Chebyshev coefficients from 
the relation (8.7). Then the differentiation in the transforms space is 
made by the iterative formulas (8.8) and finally we transform it back to 
physical space with the values of the derivative on the grid. All these 
calculations could be performed by FFT, so that for orders N > 32 this 
way is much faster. 

Of course, the Chebyshev—collocation could be described also in a 
matrix form, as in the above section. We have 


(Dyu) (21) = Lvs u(z;), 1 =0,...,N 


Spectral Methods 455 


where, for the Gauss-Lobatto nodes we have 


Cj Tı — Tj’ i 
——=~, 1<l=j<N-1, 
(Dy), = 2(1 ~ x4) sic ss (8.9) 
wy 2N? +1 
; l=j=0, 
2N 1 . 


We haye also the following estimations of the truncation and interpo- 
lation errors for the discretization by Chebyshev polynomials, 


u — Py tll yt (1,1) < CNH? N? ™ lull pm (3,1) 


for all u € H™(—1,1), where m > 1 and 1 <l < m. A similar formula 
takes place also for the interpolant /yu. Particularly, 


ju — Ave) Tl, (aay SON Mlle (aay: 


3. Spectral Methods for PDE 


We will illustrate the spectral methods on some classical problems. 
Consider, first, the Burgers equation 


att “dn Va? 9 (8.10) 





with a corresponding boundary condition. We should define the trial 
space Xy where the discrete solution will be looked for, the test space 
Yn,where “the best” satisfaction of the partial derivatives equation 1s 
demanded and, obviously, the discretization scheme for this equation. 


3.1 Fourier—Galerkin Method 


We will look for periodical solutions on the interval (0,2). The space 
X yn will be chosen as the space Sy of the trigonometric polynomials of 
degree at most N/2 and the approximate solution of the problem will 
be inr the form of a truncated Fourier series 


N/2-1 
uN(a,t)= X alte. 


k=—N/2 
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If we require that the residue of the equation (8.10) be orthogonal to 
any test function from Yy = Sy, we obtain 





27 N N 2,,N . N N 
| Ou nêu u e *tde=0, k = —-—,...,—-—1 
0 Ot Ox Or? 2 2 
thus, the coefficients u(t) must verify the differential system 
J; ( i) + Bvt 0, k ae 
where ee 
N 1 2T N 
(uw) = — uN? ike ay (8.11) 
Or), 2x Jo Ox 


and with the initial condition 


The formula (8.11) 1s a particular case of a nonlinear term which could 
be treated in different ways. For instance, 


(uv), = z) uve *® dr = ` wv 
0 


g+l=k 


which 1s a convolution sum. 


3.2 Fourier-Collocation 
Again within the periodicity on (0,2) hypothesis, we consider now 
that u% is represented by its values on the grid gy; = 2rj/N, j = 


0,..., N — 1. We will require that the equation (8.10) is satisfied at 
the grid points, 1.e., 





——— - 1 m =0,7=0,1,..,N—-1 
The unknowns are the functions of t, u% (x,,¢), which verify the above 
system and the initial conditions 


u` (xj,0) = uo(x;). 
If we denote by U the vector of these unknown functions, the system 
could be written as 
oU 


Ar +U © DynU —vDi,U =0 (8.12) 


Spectral Methods 457 


where Dy is the Fourier-collocation derivative matrix (8.5) and © rep- 
resents the pointwise product of the two vectors. 

We remark that the Burgers equation could also be written in the 
conservative form 


ðu 10 
— —v~ > = 0. 
a + 20r U) T Og 
Applying to this form the Fourier-collocation method, we find the dif- 
ferential system 


ji 
U -Dy (U ©U) - vDį4U =0 (8.13) 
Ot 2 
which is not equivalent to (8.12). We also remark that for the Fourier— 


Galerkin method there is no difference between the two discrete systems. 





3.3 Chebyshev-Tau Method 


Let us look for the solution of the problem (8.10) on Cl, 1) with 
the boundary conditions u(—1,t) = u(1,t) = 0. We seek the discrete 
solution as the series 


N 
N (x,t) = tig (t)Th (2) 
k=0 


and again we require that the residue is orthogonal to polynomials of at 
most N — 2 degree 


1 N N 2,,N 
Ou n Ou o-u LO 
[ (Gt on T v Gar ) Tela) (1-2) dx = 0, 
k = 0,...,N — 2. This leads to 
Our OuN ~(2) O 
z + (ww 2 Fa =), —vu,’ =0, k=0,1,...,N — 2 (8.14) 


where 


and it could be calculated by the formula 


(uv), = = 2f uvTh (x) ( (1 — x”) -3 dz = D Gjo + ` wU. 


2 ie k |j—i|=k 
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To these relations we join also the boundary conditions u% (—1,t) = 
u^ (1,t) = 0 which are transformed to 


N N 
Sot = 0, X (-1)" % = 0. (8.15) 
k=0 k=0 


The relations (8.14) and (8.15) give a system of N + 1 differential 
equations for the functions u(t) with the initial conditions 


~ 2 : a 
ük (0) = Ten  volz)Tk (z) (1—2°) ? dr, k=0,...,N. 


3.4 Chebyshev-Collocation Method 


N 





Now the discrete solution wu is represented by its values at the grid 
points x; = cos 4, j = 0,...,.N and the equation should be satisfied at 


the same points, 1.e., 


du your uN 
—— —v 


a ar Ox? 





To these relations we also join the boundary conditions 
u (-1,t) =u (1,t) =0 
and the initial conditions 
u (23,0) =uo(zj), 7 = 9,...,N. 
In this case the vector of the unknowns is 
U = (u™ (21,2),...,u% (en_1,t))’. 


The Chebyshev-collocation derivative matrix Dy (8.9) applies to a vec- 
tor of N + | dimension (components), with the first and the last com- 
ponent zero. This means, in fact, the deletion of the first and the last 
column of Dy. But the partial differential equation is discretized with 
respect to x only at the interior nodes 21,...,¢%y— 1, the values of the 
derivative at the first and the last node being not used. This means the 
deletion of the first and the last row from the derivative matrix. 

Concluding, in the presence of the boundary conditions u%(1) = 
u (—1) = 0, we could work with the matrix Dy given by 


(Dy) 5 (Dy); j. i,j = 1,..,N—1 
tJ 
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which performs the first order differentiation at the interior nodes and 
with 


(58), = (Di), ,.47=1,.,N-1 (8.16) 


which perform the second order differentiation at the interior nodes. The 
matrix form of the discrete system is thus 


3 ~ ~ 
© +U © DyU -VDU =0. 


3.5 The Calculation of the Convolution Sums 
In the Burgers equation and in other equations from fluid dynamics we 
should discretize also some nonlinear quadratic terms ofthe form w(x) = 
u(x)v(x). In the physical space this reduces to a simple multiplication 
of the values at the nodes, while in the transforms space this leads to 
the calculation of a convolution sum 
A AA N 
Wk = uj, |k| < —. 
j+l=k, |j ii| <N/2 


The direct calculation requires O(N?) operations (and much more 
in the spaces of higher dimension). This computational effort can not 
be accepted, taking into account that in the physical space only O(N) 
operations are needed. We have seen that in some cases the direct or 
converse passing from the transforms space to the physical space could 
be performed by FFT which needs usually (in similar conditions) only 
O(N log, N) operations. 

The idea is to pass from the coefficients of u and v from the transforms 
space to their values at the nodes, U; respectively Vj, in physical space, 
to make the required sum in the physical space, 1.e., 


W; =U;V;, 7 =9,...,N 





and then to calculate the coefficients of w in the transforms space. The 
total operations amount in this way is of order O(N log, N). 

However we must remark that these transforms between the physi- 
cal and the transforms spaces introduce aliasing errors too, so that the 
methods using such type of evaluation of the convolution sum are not 
genuine spectral methods. They are called pseudospectral methods and 
there are some techniques to decrease these aliasing errors. 
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3.6 Complete Discretization 


In the above examples, only the spatial discretization was performed, 
leading to a semi-discretized form of the given problem 


ðU 
a F(U), t > 0, 
U(0) = Up 


a procedure which is called the method of lines. 
In the study of the stability of these methods the linearized system 


OU 
Ot 
interferes, where L is the Jacobian of F at the respective point. 


If L is a diagonalizable matrix, by a change of variable, the linear 
system could be decoupled into independent equations of the form 


= Lu 








where A; are the eigenvalues of L. 

The numerical integration method for the differential system 1s asymp- 

toticly stable if for small enough time stepsize At, the product of At by 
any eigenvalue (possibly complex) belongs to the stability region of the 
respective numerical method. Thus, it 1s important to know the eigen- 
values of the derivative matrices of first and second orders. 
For the operator Lu = du on the interval (—1, 1), in the presence of the 
boundary condition u(1) = 0, the Chebyshev-collocation discretization 
becomes to the multiplication of the vector U = (u(zj),...,u(zy))? by 
the matrix 





(Dy). 5 (Dn); 55 iJ =1,..,N 

where Dy is the derivative matrix (8.9) and x; = cos z are the Gauss— 
Lobatto nodes. The spectrum of this matrix, for different values of N, 
is represented in Figure 8.2. 

The MATLAB program is 

for p=3:6 n=2"p; 

k=0:n;x=cos(pi.*k./n) ;c=ones(nt1) ;c(1)=2;c(n+1)=2; 

for i=1:(nt+i) for j=1: (n+1) 

if iv=j d(i,j)=c(i) ./c(j).*(-1).7 Gi+j) ./ (x (i) -x(j)); 

elseif i==1, d(1,1)=(2*n*n+1)/6; 

elseif i==nti, d(n+1i,n+1)=-(2*n*n+1)/6; 

else d(i,1)=-x(i) ./2./(1-x(i)°2); end end end 

di=d(2:nt1,2:nt1); l=eig(d1); subplot(2,2,p-2); 
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imaginary = 


—k 
© 


imaginary g 
D 


~100 Q 
—40 -20 © -100 -50 0 





Figure 8.2. The spectrum of the Chebyshev-collocation first derivative matrix 


plot (real(1) ,imag(1) ,’.') ;title( (‘N= ,num2str(n)]); 

xlabel (‘real’) ;ylabel (‘imaginary’); end 

We remark computationally that every eigenvalue has a negative real 
part and their magnitudes satisfy [A] = O(N?). Moreover, the first 
derivative matrices are very sensitive to round-off errors as we can see 
in the cases N = 32, respectively N = 64. 

Concerning the second derivative matrix, for the operator Lu = dy on 
the interval (—1, 1), in the presence of the boundary conditions u(1) = 0, 
u(—1) = 0, the Chebyshev-collocation discretization leads to the mul- 
tiplication of the vector U = (u(x}),...,u(xy_1))" by the matrix DË 
given by (8.16). The eigenvalues are real negative and it can be shown 
(theoretically and numerically) that there exist positive constants cı and 
c2, independent of N, for which 


O<c <-A<cN%. 


The numerical calculations show that about two-thirds of the eigenval- 
ues approximate very well the eigenvalues of the second order derivative 
operator with the prescribed boundary conditions. Only the upper-third 
of the discrete eigenvalues show a very strong growth together with N. 
This fact influences the stability of the spectral numerical methods for 
differential systems and imposes the use of some unconditionally stable 
procedures which often are implicit. However, the very good accuracy 
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of spectral methods allows the use of some coarser grids than for other 
methods and this fact reduces essentially the computing effort. 


4. Liapunov—Schmidt (LS) Methods 


An efficient method, which can be used for different types of boundary 
value problems is the Liapunov—Schmidt (LS) method, elaborated in the 
years 1906-1908 and reformulated in a modern language by L. Cesari 
after 1963 [17]. This method applies to some nonlinear equations of the 
type 

Lu = Nu, (8.17) 
for instance u” (x) = f (x,u (x), u' (x)), in the presence of some bound- 
ary conditions, considered on the domain of the linear operator L. 

Let X and Y be real Banach spaces and let F be an application 





F:XxR-Y 


satisfying 
F(0,A)=0, VA € Rand FEC’. 


We are looking for nontrivial solutions of the equation F(u, A) = 0. 

The value Ag is a bifurcation value (or (0, ào) is a bifurcation point) 
for the above equation ifevery neighborhood of (0, Ag) in X x R contains 
nontrivial solutions of it. The following important result holds. 

THEOREM 8.1. If the point (0, ào) is a bifurcation point for the equa- 
tion F(u,A) = 0 then the Fréchet derivative F,,(0, ào) cannot be a linear 
homeomorphism of X to Y. 

In the sequel we will consider so-called Fredholm operators. A linear 
operator L : X — Y is called a Fredholm operator if the kernel of L, 
ker L, is finite dimensional, the range of L, imZ, is closed in Y and the 
co-kernel of L, cokerL, is also finite dimensional. Concerning Fy,(0, Ao) 
we have: 

THEOREM 8.2. Let F,,(0,A9) be a Fredholm operator with kernel V 
and co-kernel Z. Then there exists a closed subspace W of X and a 
closed subspace T of Y such that 


X=VOW, Y=ZeT. 


The operator F,(0,Ao)|w : W —> T is bijective and has a continuous 
inverse, hence it is a linear homeomorphism of W onto T. 
We may decompose now every u € X and F: X — Y uniquely 


u = ui +u, wEV, we W, 
F=F,+ fo, Fh: X32Z4, Fo: X >T, 
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hence the equation F(u, A) = 0 is equivalent to the system of equations 


F (uj, u2, A) = 0, 
F(u, u2, À) = 0. 


If we denote by L = Fa (0, ào), using a Taylor expansion we have 
F(u, A) = F (0, ào) + Lu + N (u, A) 
and, consequently, the considered equation becomes 
Lu + N(u, A) =0 


or 
Luz + N(uy + ug, A) = 0. 


Let now Q:Y > Z and I—Q: Y — T be projections determined 
by the decomposition. Then, the above equation leads to 


QN(u, A) = 0, (8.18) 
uz + LTI — Q)N (u1 + uz, A) = 0. (8.19) 


The equation (8.19) is a fixed point equation. If ug can be determined 
as a function of u, and À, the equation (8.18) becomes an equation in 
a finite dimensional space for the finite dimensional uy. 

Although used mainly for the theoretical demonstration of existence of 
the solutions of such a problem, including the branching of Navier-Stokes 
solutions for example, the above LS method (or the alternative method, 
following Cesari) is also very useful for the effective approximation of 
these solutions. We will present, shortly, a constructive variant of the 
LS method, illustrated by some examples, following [145]. 

Let S be a real, separable Hilbert space, L : D(L) C S > S a linear 
operator and N : D(N) C S > S a nonlinear operator. We impose the 
following assumptions: 

a) L is a closed operator (1.e. £n > x and Lz, > y imply zx € D(L) 
and Lx = y), self-adjoint, D(L) is dense in S and the dim Ker (L) = 
p > 0 is finite, 

b) L has the eigenvalues Ay = --- = Ap = 0,Ap4i > O,... such that 
Ai4+1 2 à; and A; — œ when 7 — oo; the corresponding eigenfunctions 
®,,0,... determine an orthonormal complete system in S, 

c) there is a subspace S’ of S which is complete with regard to a norm 
p and D(L) C S; for every x € D(L) its Fourier series 377° , (x, By) Oy 
converges in the norm p too and {u (®,z) /Agbesp € 1°. Additionally 
we admit that there is an œ > 0 such that for every x € S’ we have 
|x| < ap (x), 
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d) D(N) NO D(L) # 8, D(N) Cc S', D(N) is closed vs. the norm p, 

e) for every R > O there is r > O and bpr > O such that for all 
x,y E€ D(N) with u(x) < R, u(y) < R we have p(Nx—Ny) < Bru(x—y) 
and (Nz) < bp. 

Our purpose is the study of the existence of the solutions of the equa- 
tion (8.17) in D(L) O D(N), their numerical approximation and the 
evaluation of the errors. 

Let m > p and 


Sm = sp{®;, tng Pm}, So = {0}. 


Obviously, Sm C D(L). We define the operators Pm : S > Sm and 
Hy: S — S by the following: 





y OO 
u ES, u= X (u, Ox) Ör, 
k=1 
then 
m 00 
Phu = ` (u, Pk) Pk, Anu = ` (u, Dy) Ök. 
k=1 k=m-+1 


It may be proved that Hm is well defined and for all u € S we have 
Hmu € D(L) while Hm = (L sa). Further, from HHm!| = 1/Am+1 
and y(Hm) < ao(m), where 


TE 


k=m+1 


1/2 


and p(Hm) = SUPu(u)=1 u(Hmu), we have limm—+oo (Hm) = 0. At the 
same time we have H,,Lu = (I — Py)u. 

Let us suppose, additionally, that 

f) R(Hm) C DIN), Sm C D(N) and D(N) is a subspace of S’. 

Let now u € D(L) N D(N) be a solution of the equation Zu = Nu. 
By applying the operators Hm and Pm to this equation, we find 


u = P,u+ H,Ni, (8.20) 
called the auxiliary equation of the problem, and 
P,, (Lu — Niu) = 0, (8.21) 


called the bifurcation equation of the problem. Conversely, every solu- 
tion of the system of (8.20) and (8.21), belonging to D(L) AN D(N), is 
also a solution of (8.17). 
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The auxiliary equation is, in fact, afixed point problem. For its study, 
let a > 0,6 > 0 and ug be an “approximating” solution of the equation 
Lu = Nu. Let u* € Sp, u* = Yop, ce Px be such that p(u* — uo) < a. 
We denote 


St, = {u € D(N) |Pnu = u*, (I — Pm)u < b}. 





We also define the operator T°. : Sè, —> S by 
T?, (u) = u* + HmNu 


for all u € St.. We can show that for a sufficiently large m, T®. becomes 
a contraction with respect to the metric space S®, so, according to the 
Banach fixed point theorem, the operator T°, admits a unique fixed point 
y(u*), called the associate element for u* and which can be got by the 
method of successive approximations. So, we define another operator, 
TÈ : Sm > D(L) A SŁ by 72,u* = HmN (u* + 72,u*). Consequently, for 
every u* € Sm, the associate element, y(u*) = u* + r? u* i.e., it fulfils 
the auxiliary equation. 
This element also satisfies the bifurcation equation if 


Pr (Ly(u*) — Ny(u")) = 0 
i.e., if u* fulfils the system 
(Agu* — N(u* + 7?,u*),®,) =0, k=1,2,...,m (8.22) 


called the system of determining equations. This is a system on R” for 
the coefficients ck, k = 1,...,m of u*. So, we have the theorem: 

THEOREM 8.3. If b,m are sufficiently large, then the equation (8.17) 
admits a solution @ if and only if the system of determining equations 
(8.22) admits a solution u* and then @ = u* + Tè u*. 

Consequently, the study of the existence of the solutions of the equa- 
ton Lu = Nu can be reduced to the study of the existence of the solu- 
tions of the determining equations and, more, their approximation into 
R” leads to the approximation ofthe solutions of the equation Lu = Nu 
into S’. Summarizing, the approximating algorithm is: 

a) We are looking for an approximative solution of the equation Lu = 
Nu of the form 





m N 
u = Sch Ox + ` che, 
k=1 k=m+1 


where 0< m< N. 
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b) By fixing u* = $`}; Ck®g, we generate the associate function y(u*) 
performing the iterations 


N 
you, yT =u + HmNy' = u* + ` CZ%,, s=0,1,...,S. 
k=m-+1 


c) With y = y°+! as an approximation of the associated function, we 
can write the system Lu* = P,,Ny of the determining equations, with 
the unknowns ¢j,...,¢m. This system of the form F'(cj,...,¢m) = 0 is 
then numerically solved, by a suitable method, for instance by Newton’s 
method. Every evaluation of the function F means reiteration of the b) 
step. Finally, thus determined u* generates, also by the b) iterations, 
an approximation of the solution of the equation Lu = Nu. 

We remark that in the case of Galerkin’s method, the approximat- 
ing solutions are looked for in the form u* = er Ck, where the 
coefficients cek, k = 1,...,N are determined from the equations (Lu* — 
Nu*,®,) =0,k =1,...,N 1e. 


(Agu* — Nu*,®,) =0,k = 1,..., N. 


These equations are derived from the determining equations for m = N. 
If m = 0 the system of the determining equations disappears. The 
associate function to a certain u* satisfies the equation y = L~1Ny, so 
the algorithm reduces, 1n this case, to the transformation of the equation 
Lu = Nu into a fixed point problem. Obviously, this case arises only 
when there exists the inverse L7! and L7!N is a contraction. 

In the case of the Navier—Stokes equations, the nonlinear Galerkin 
method [37], as a variant of the LS method, is based on the decomposition 
of the velocity u into low, respectively high, frequency components 


u=yr+z. 


If we can express the pressure p with respect to u, the Navier-Stokes 
system becomes 


ðu 9 
mp UV u + B(u,u) =f 


where 


B(u, u) = (u- V)u + grad p(u) 
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is a bilinear form. Projecting this equation on the modes y and z we 
obtain the equivalent system 


ð 

a ~vV*y + PB(y + z,y +2) = Pf, 
Oz 9 

UY z+QBliyt+z,y+2)=Qf 


where P, Q are the corresponding projectors. 
If z is small compared with y, the second equation reduces to 


ð 
S ~vV*z+ QB(y,y) = Qf 


which appears as an interaction between the low and high frequency 
components. We deduce 


z = ply) = (V°) Q(Bly,y) -f) 
and replacing this expression into the first equation of the system, we 


find 
oy —vV*y + PB(y + oly), y + ¢ly)) = PE. 


This equation appears as a bifurcation equation 


1 


PLu* — PN(u* + HNy(u*)) =0 


for the NavierStokes system, if in the z equation we neglect the terms 
B(z, 2), B(z, y), B(y, D, i.e., here we approximate y(u*) ~ u*. 

The advantage of the LS method consists of the important reduction 
of the dimension of the nonlinear system to be solved (m is, generally, 
small) together with the possibility to oversee the approximating errors. 
This advantage can be remarked in the following example [116], [117], 
which presents an application of the LS method for the Burgers equation, 
which means for 





Ou Ou ðu 


First, we will analyze the steady state case 





Urr = Uus — f, z E€ (—1,1), 


u(—1) = u(1) =0 (8.24) 


where, forinstance, f(x) = 2x* —2xr+42 is chosen such that u(x) = 1- z? 


is an exact solution of this problem. 
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Using the above notation, in our case Lu = Ugg, Nu = uuz — f, 
S = L*(-1,1), D(L) = D(N) = {u € C*(-1,1)NC[-1, 1, u(-]) = 
u(1) = 0} endowed with the uniform norm p. The spectral problem 


Une = AU, 


u(—1) = u(1) =0 


admits the eigenfunctions (x) = sin AZ (a +1) and the eigenvalues 
àg = —(kn /2)? satisfying the needed conditions. 
We look for the solution of the problem (8.23) as a truncated Fourier 


series 
N 


k 
u(x) = Sk sin (a + 1). 
k=l1 
Let 1 <m <N .Then 
dk kr 
u = Pmu = Noe sin (7 +1) 
k=1 
and o 
4. kr 
Hmu = — ` Ck T272 sın a + 1). 
k=m+1 


The coefficients of the development of f with respect to this system 
are 


192 k 

tg kr kõr?’ even 

fe= | (2x ~ 2g + 2) sin (2 + Ida = ; 

~1 
_ k , 
keg? odd 

In this case we have 
M ant jr jn 
Nu = ` c; sin PA% + 1)cj =y cos z2 + 1) 


i, j=1 


y rk 
— > fesin (a + 1) 
k=1 


from which the Fourier coefficients for Nu can be obtained at once: 


N . 1 . , 
B jn an jn __ kr 
Ck = X aat | sin —(x + 1) cos z (2+ 1)sin- (s + Ida — fy 


2 
ij=1 -i 
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at k—-1 N—k 
= 4 So jejek-j —k ` CiCk+i 
j=l j=1 


Consequently, the iterations which lead to the associated element for 


u* are 





i k-1 N-k 4f 
, k 
citt = oo X jeseg_, —k Cha 5 | + T272 (8.25) 


fork = m + 1,..., N . Obviously, the elements c1, ...,Cm are fixed. Re- 
iterating for s = 0,1,...,9, when the desired accuracy is obtained (and 
for sufficiently large m it necessarily happens), 


m N 
u-tt — N kD + ` CPO, 
k=1 k=m+ł 


represents an approximation of the associated function U(u*). 
The determining equations become 


knr\? kn\? 
a(S totam 


which means 
Jk = Ck — Cham = 0, k=1,...,m. (8.26) 


When the equation (8.24) has a solution then, for sufficiently large m, 
the system (8.26) will also have a solution which can be approximated. 
Such a procedure using the data c1,...,¢m computes gj,...,gm by the 
above iterative process (8.25), and on the base of the obtained results it 
will improve the initial data ¢1,..., €m. The cycle is recomputed until the 
requested accuracy 1s achieved and the associated function of the final 
iteration represents an approximation of the solution of the problem 
(8.24). 

In the sequel we will consider the unsteady problem 


Urz = Ut + Uug — f, x €(-1,1),t>9, 
u (x,0) = u(x), xe (-l, 1), (8.27) 
u(—1,t) =u(1,t) =0, t>0, 


where, for numerical computations, we will take 


f(x,t) = (1 — x”) cost + 2sint — 2z sin? t + 22° sin? t 
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so that the problem has the exact solution u(z,t) = (1 — z?) sint. 

The main difference with respect to the previous case consists in the 
structure of the operator N where now the term u; 1s involved. Suppos- 
ing we have calculated the solution uj at the time level ¢;, the auxiliary 
equation becomes at the time level ¢,41, 


S 
u, — uj 
O yu, ysti — 9% s j+i J _ 
uy = uputi = ugya + Hm (Naja + s; J501 


where ĝt is the time step. If m is sufficiently large, the above itera- 
tions converge towards the associated function ỌU (u}};). This would be 
a solution of the problem (8.27) if 
2 
Oru U4 _ 
Ox? 


In this case the coefficients of f (x,t) are 





Out 
= PrNU (uj) + = lists - (8.28) 





32 
5-3 cost + sint k odd 
fk(t) = 199 
een) sin? t k even. 


Since 


the equations (8.28) represent a system of differential equations with re- 
spect to the unknown functions c; (t), ..-, €m (t), with the initial conditions 
cı (0) = 0,..., em(0) = 0. 

To the system (8.28) of the form u’ = F(t, u), one could apply differ- 
ent numerical procedures in order to get an approximate solution. For 
instance, a predictor-corrector procedure involves 


Uj41 = uj + OCF (tj, uy), 


up = uj + F [F (ty uj) + F (tj, T+) 


where the corrector can be recalculated. The result of the numerical 
integration represents u* at the time level ¢;,1. The associated function 
for uj +1 is then an approximation of the solution of the problem (8.27) 
at the time level t;j+1- 

The algorithm of this procedure is then the following: 

One knows the approximative solution at the time level t; , its coef- 
ficients being By,..., BN, 
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1. We evaluate 


kr\? 1 
Fk(t;, B1,.--> Bm) = — (F) Bk -j uuz@,dx + fx(t;); 
-1 





2. We calculate the predictor 
Ck = By + Oty (tj, B1, Bm), k =1,...,.m 


3. We calculate the associated function U (Ñū*) for ¢,...,G@m as the 
limit of the sequence 





ut! = T" + Hml Nu — f(tj41)) — kin? Er 


k=m+1 


P 





where the iterations stop at a convenient rank $; 
4. We evaluate 


kr\? l 
Fy, (t341, €1, wus Em) = — (=) Ck -J UU,O,.dx + Fr(tj+1) 


fork =1,...,m 
5. We calculate the “corrected” ¢1,...,¢m, 


ot 
= B+ = z Fkt B) + Petje, c) k=1,.. m 





The steps 3,4,5 are veneated if necessary; 
6. We calculate the associated function for ¢1,...,¢m as the limit of 
the sequence 





* — Bk 
ust} = u +- Hy (Nu' — F( tj+1)) -5 — Si 5 P, 
k=m+1 


where, again, the iterations are stopped at a convenient rank S. In 
C1,- Cy we now have the coefficients of the approximate solution of the 
problem (8.27) at the next time level £;44; 

7. The values obtained through the new eg enter into Bk, k = 1,...,N 
and step 1 is repeated for a new level of time. 

In what follows we will present some numerical results, taken from 
[116]. The problem (8.27) was also solved, for comparison, by the finite 
difference method (Crank—Nicolson for uz; and forward Euler for wuz), 
that is 

















j+1 j+1 j+1 j+1 Í _ 9,5 j J nð 
Ue ke Ue Yk-1 _ “k+ Zu, + Uki yd “kti — "k +f) 
ôt 2x2 dx? 2x? 26x" k ôx k 
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Table 8.1. The errors for the Burgers equation 


j finite diff LS Euler LS pred-corr 
1 0,009 0,00027 -0,00011 
2 0,017 0,0008% -0,00025 
3 0,023 0,6016 -0,00042 
4 0,027 0,0028 -0,00061 
5 0,031 0,0040 -0,00082 
6 0,035 0,0053 -0,00100 


and by the LS method using the Euler method in (8.28) and predictor- 
corrector as described in the algorithm. 

Table 8.1 contains the maximal errors with respect to the exact solu- 
tion, for the above three algorithms at time levels t; = jn/32,j = 1,...,6 
and for m = 2, N = 16. While growing m in order to accelerate the 
convergence of iterations the phenomenon of the instability of the nu- 
merical calculation is remarked, but by diminishing the time step size dt 
the stability is kept up. 


5. Examples 
5.1 Stokes’ Problem 


We will shortly present in this section, following [14], the particular 
treatment of the Stokes problem by a spectral method. We will use the 
representation in primitive variables — the velocity and the pressure -— 
due to their capability of extending towards 3D problems for which the 
other formulations are less applicable. So, let us consider the problem 


qut+Aut+Vp=f, in R, (8.29) 
V-u=0, in Q, 
Ulan = 0, 


where Q is a bounded domain in JR?. The term yu from the first equation 
may be derived, for instance, from a time discretization of a unsteady 
Stokes problem and in this case y > 0. 

We are looking for a solution in the spaces 


ucV = {(u1,u2)|ui E€ Hg (Q),i = 1,2}, 
pe Q= pe rO] f par =o} 
Q 
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based on a variational formulation. For that, we will introduce the 
bilinear forms 


elu, v) = f (yuv + VuVv)dz:V xV > R, 
9 


dv.) =- f (V-v)adz:V xQ >R 
Q 
and the linear form 
(fv) = | fvdz:V >R 
02 


and the problem (8.29) may be reformulated as 
e(u,v) + d(v,p) =(f,v), WE V, 
d(u,q)=0, EQ 
with the unknowns u E€ V and pe Q. 
The discretization of this problem may be made by decomposition of 


Q into spectral elements and by using a space of polynomial on spectral 
elements functions 


Pyn = {qlq E€ Pn on each element from Q}. 


We will use the finite dimensional subspaces Vy C V respectively Qn C 
Q and the (linear) and bilinear approximative forms 
EN : Vn x Vn —> IR, 
d,:VxQ—7>R, 
(Jv): Vn OR 
based on the Gauss quadrature formulas. The discrete Stokes problem 
becomes 
en (Un, V) + dn(v,pn) = (f, V)N, Vu € VN, (8.30) 
dn(un,4q) = 0, VaeE Qn 
with the unknowns uy € Vy and py E Qn. 
In a matrix form, the above system can be written 
Enu + Gyp = fy: (8.31) 
Dyu = 0, 


where Gy is the discrete gradient matrix and Dy = Gt, is the discrete 
divergence matrix. 
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The sufficient conditions for stability and consistency of the above 
scheme are (/nf-Sup conditions) 


Jay : en(v, M > an liv? , Vv € Vn, (8.32) 
Jpn : sup WD > By iigl,, Vae Qv. 
veys lvl 


These conditions are also of practical interest, as they influence the 
convergence of the discrete solutions toward the exact solutions as N —> 
oo or the solvability of the Stokes discrete problem for a fixed N. 

Indeed, one may show that 


C . C 
ju—uylly < (+£) inf |u- wẸyly +— iaf |lp—qnllg, 
QAN] WNEKN QN INEQN 


C\ C 
Ip — pwll < (+ an) wth lu- wally 





N 
NBN an int |p- q ly 


where 
Kyn = {v € Vynidn(v,q) = 0 Yg E€ QN}. 


The constants ay,@n indicate, if they are small, the non-optimality of 
the discrete method. 

But the system (8.31) may be reduced to a scalar equation for the 
pressure (Uzawa method) 


DyE;xG yp = DyEy’ Íy- (8.33) 


The proper eigenvalues of the discrete Uzawa operator DyEx'G N : 


Qn > Qh Satisfy 
Amax m C 


Amin 7 an Be, 
and small values for ay, 8n again indicate a poorly conditioned operator, 
hence a slow convergence of the iterative methods used to solve the 
problem (8.33). 
We remark that for most of the existing schemes, ay 1s independent 
of N but By depends on N by the interaction of the pressure modes 
with the velocity field. If we fix q € Py and require 





dn (v, 
Bn(q) = sup an vd) > 0, 
vevy IVily lallo 


then By = infgeg, Bn (q). We have three possible situations: 
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a) Bn (q) = 0. Such a ype of pressure, called spurious, must be elimi- 
nated from Qy in order to satisfy the condition (8.32). 

b) Bn(q) = CN—°as N — oo, for some s > 0. These are weakly- 
spurious modes and yield By + 0 as N — œ. 

c) Bn(q) = O(1) as N > oo. These are the essential pressure modes, 
the “good” ones, with respect to the conditions (8.32). 

Concluding, we can state that 





Pn = Sn @WSn BEN 


and the discrete pressure py belongs to a subspace Qu C Pw so that 
Qn Sn = 0. 

We remark that the above variational formulation may be extended 
also to the cases in which Gy £ Di, by using Inf-Sup generalized con- 
ditions. 

Let us illustrate the above numerical algorithms on the computational 
domain (—1, 1) x (-1, 1) and look for uy € (Py(Q))? and py E€ Py(Q). 
Both the momentum and the continuity equation are collocated on a 
Gauss—Lobatto grid in each direction GLy 8&GLy. This method, called 
(Py, Py) leads to V -uyn = 0 but also leads to the appearance of the 
pressure spurious modes 





Sy = span {Ln (2), Ly(y), Ly (2) L(y), Ly (£) +2)Ly (yl ty)} 


within a seven-dimensional space, together with the constant mode. For 
3D problems, we have dim Sy = 12N + 3. 

These spurious modes must be filtered. One of the possibilities is the 
reduction of the dimension of the space where the pressure is approx- 
imated i.e., py € Py_2(Q). The momentum equation is collocated as 
above but the continuity equation is collocated on GLy_2 ® GLy_o, 
obtaining the so-called (Py, Py—2) method. It is possible to use a single 
grid, where the continuity equation is collocated on GLA, ® GL*,, with 
GL*, = GLy \ {+1}, see [6]. Now there are no spurious modes for the 
pressure but V -uyn #0. In this case, the numerical calculations indicate 
Bn = O(N-1/8). 

Let us use the (Py, Py—2) method for the unsteady Stokes problem 





OU _ ut Vp=f, in Q = (-1,1), 


Ot 
V-u=0, in N, 
ulan = 0, 
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where u = (uj,ug). By time discretization using the backward Euler 
method (for simplicity), we find 


yrti — yn 
— T Vout! 4 Vpttt = grt in Q = (—1, 1)”, 
Veu™t=0, in RQ, (8.34) 
u"t lag = 0, 
for n = 0,1,.... 


Let N be an eyen natural number and PY the space of the polynomi- 
als of degree N satisfying the homogeneous Dirichlet conditions on the 
boundary +1. We will approximate the velocity components by poly- 
nomials from P9, and the pressure by polynomials from Py_2. We will 
use the Chebyshev-collocation discretization, whose derivative matrix 
D € RN+1N+1 is defined in MATLAB. 

By eliminating the boundary conditions, we obtain 


u!(x;) = (D°u) j=1,..,N-1 


J 7 
where u = (u(21),..-,u(@n-1))?, £j = cos i, j = 1l, N — 1. The 
matrix D? e IRN—-1N—1 is obtained from the matrix D by eliminating the 
first and the last rows and columns. Similarly we discretize the second 
derivative by the matrix D? and, considering the boundary conditions, 
we also obtain 





u" (xj) = (D*°u) j=1,...,N—-1. 


3 3 

In order to avoid the interpolation between different grids, we will 
use for the pressure discretization the same nodes x;. The derivative 
operator is now defined by constructing the interpolation polynomial p 
for these N — | nodes, then by differentiating and taking the derivative 
values on these nodes. So we obtain a new derivative matrix D, for 
which 


p (zi) = (Dpp);, g=1,..,N—-1 
and this does not use boundary conditions at +1. The elements of Dp 
are 


2 
22; i, 
(D,), = — Dij + 5 i j» 1,7 = 1, yg N — İ. 
J 1- l — 2; 
In the two-dimensional case, the discrete derivative operators may be 
expressed by tensorial products. Let us consider the mesh (2;,y;),7,7 = 


1,..., N — lwhere x; = cos i, Yj = COS k and let us represent u(z;, y;) 
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by the matrix (u);,;. If we reassemble the matrix u into the column 
vector u, built by the columns of u written one by one, the derivative 
matrices for the components of the velocity become 

D? = kron(I, D°), Dy = kron(D®,1), 

D?, = kron(I, D?®), Diy = kron(D*®, I), 

D A =D nt +D yy 
of dimensions (N—1)? x(N—1)?, where J is the unit (N—1) matrix. Here 
kron(A,B) is the Kronecker tensorial product of the matrices A and B 
1e,, a matrix built by taking all the possible products of the elements of 


A and B. For instance, if A is a 2 x 3 matrix, then kron(A, B) will be 
the matrix 


For the pressure we will have 
Dz = kron(I, Dp), Dy = kron(Dy, I). 


The discretization of the Stokes system (8.30) is 


1 
(- DÌ +1) ult) + Dgp”* er uae 
ji 1 a, 
(-8 + ait) a n+l y Dyp"* = fir + Ay (U2 = an 


Dur + Dust! =0, 


where upt! = untt = 0 at NQ. From the Uzawa decoupling, by ex- 
pressing the components of the velocity from the first two equations and 
replacing them into the last equation, we obtain the following equation 


for the pressure 
Ap”! — pre (8.35) 


where 


—1 —1 
1 
A= D? (- + xi!) Dz + Dy (-2 + xi!) Dy 


and 


~ 1 N7! 1 Aa 
PH = De (-D3 + at) fati + Do (- -DÅ + x1) ale 
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After the calculation of the pressure p”*!, from the first two equations 
we may compute the components of the velocity. We remark that if A 
has a single zero eigenvalue, the discrete problem does not allow spurious 
modes for the pressure. The constant mode, which is present in the 
continuous case too, where the pressure may be calculated within an 
additive constant, may be eliminated by imposing either f p"t'dx = 0 
or, more practically, the vanishing of p”+! at a mesh node. 

The case of the steady state Stokes problem may be obtained as the 
above by considering At — oo and then 








Astat = —D° (DÌ) Dz — D? (DÌ) Dy. 





This matrix has, besides one zero eigenvalue, only real, positive eigenval- 
ues and it is very well conditioned. This allows us to solve the pressure 
equation (8.35) by direct methods (for a small N) or iterative, like the 
conjugate gradient method (for large N). 

The numerical solution of a particular problem, such as 





Pr — Au = 2+ «cos (nx) sin (ry), in Q = (-1,1) x (-1,1), 
py — Av = r sin (rz) cos (ry), in Q, 
Uz + Vy = 0, in Q, 
ulan = vlan = 0, 


whose exact solution is u = v = 0, p = 2x + sin (wx) sin (wy), may be 
performed by the MATLAB code 
n=16; 
[x,d,dd,dp]=derceb(n) ; 
f1=2+pi*cos(pi*(x(2:n)) *sin(pi*(x(2:n))); 
f2=pi*sin(pi*(x(2:n)))*cos(pi*(x(2:n))); 
I=speye(n-1) ; 
dx0=kron(I,d(2:n,2:n)) ;dyO=kron(d(2:n,2:n) ,I); 
dde10=kron(dd(2:n,2:n) ,I)+kron(I,dd(2:n,2:n)); 
dx=kron(I,dp) ;dy=kron(dp,I); 
dmi=inv(-ddel0) ; 
A=zeros((n-1)72+1, (n-1)°2); 
A=dx0*dmi*dx+dyO*«dmixdy;A((n-1)72+1, ((n-1)°2+1) /2)=1; 
Fi=reshape(f1,(n-1)°2,1) ;F2=reshape(f2, (n-1)°2,1); 
F=dx0«dm1*F1+dyO*dm1*F2;F((n-1) ~2+1)=0; 
P=A\F; 
U=dm1i«(Fi-dx*P) ; V=dmi*(F2-dy*P) ; 
u=reshape(U,n-1,n-1) ; v=reshape(V,n-1,n-1); 
p=reshape(P,n-i,n-1); 
uex=zeros(n-1) ; vex=zeros(n-1) ; 
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pex=sin(pi*(x(2:n))’)*sin(pi*(x(2:n)))+2*x(2:n)’*... 
ones(i,n-1); 
surf (x(2:n),x(2:n) ,abs(u-uex) ) ; pause; 
surf (x(2:n) ,x(2:n) ,abs(v-vex) ) ; pause; 
surf (x(2:n),x(2:n) ,abs(p-pex)); 
which uses the following subprogram to calculate the derivative ma- 
trices 
function [x,d,dd,dn,dp]=derceb(n) 
k=0:n;x=cos(pi.*k./n);c=ones(nt1);c(1)=2;c(n+1)=2; 
d=gallery(‘chebspec’,n+1,0); 
dd=d*d; 
dp=zeros(n-1,n-1); 
for i=i:n-1 
for j=i:n-1 
dp(i,j)=(1-x(jt1)72)/(1-x(it1) 72) #d (iti, j+1) ; 
end; 
dp(i,i)=dp(i,i)+2*x(it+1)/(1-x (it+1)*2) ; 
end; 
As N is small, the algebraic system may be directly solved and the 
computational errors for the velocity are of the order 0.8 x 107!° and for 
the pressure of the order 3 x 107?°. 


5.2 Correction in the Dominant Space 


We will now present, following [146], [118], [119], an improved algo- 
rithm for the numerical calculation of the solutions of some differential 
systems, coming from the spectral discretization of certain fluid dynam- 
ics equations. We will consider equations of the type 

Ou . d 

Rp = bets in 22 x [0, 1], NCR 
with joined suitable boundary and initial conditions. Here L is a dif- 
ferential operator with respect to spatial variables; the given function f 
and the unknown function u are assumed to be sufficiently smooth for 
the following calculations. 

By spectral discretization with respect to the spatial variables, with 
N; nodes on each dimension, we obtain a differential system of the form 

oV 
OE + F(t,V),VE R“, 
where F : R x IRN > RN, N = N; x---x Na. That system is large and 
stiff, so a numerical integration by particular implicit methods should 
be necessary, in order to avoid the strong restraint on the time step size 
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imposed by the stability of the calculations which arises in the case of 
many explicit methods. The improvement of the algorithm consists in 
the use of implicit methods only for the dominant directions (associated 
to eigenvalues of the largest magnitude), while the system is explicitly 
integrated. 

We will describe the method for the bidimensional diffusion equation 





Ut = Uge + Uyy, in Q = (—1,1) x (-1,1), t > 0, 


ulan ~ 0, u(x, y, 0) = uo(z, y). 


Using for the spatial discretization the Chebyshev-collocation spectral 
method, with the Gauss—Lobatto nodes x; = cos (it /N) , y; = cos (jx/N), 
1,7 = 0,...N, we obtain 


U' = DU +U DZT, U(0) =U (8.36) 


where U is the matrix u(x; yj, t), i,j = 1,....N — 1, DẸ is the second 

order derivative matrix in the presence of the homogeneous boundary 

conditions on Gauss—Lobatto nodes and De is its transposed matrix. 
The exact solution, in matrix form, 1s 





U (ty +h) = eP0"U(ta)ePo P. 





Let Àk, ve, Wk for k = 1,...,N — 1 be the eigenvalues, respectively the 
right and left eigenvectors of the matrix D2. As weknow, Ax, are real, 
distinct, negative, the largest in magnitude being of order O(N*). Then 





ePoU (ty -5 ey wi U (tn). 


The explicit numerical methods replace the above matrix by a trun- 
cated sum of the exponential matrix 


M WK rk 
sy Poe ~U(tn) 


k=0 


from which obviously results the need for a very small step, in order to 
ensure stability. In the method of the dominant space correction, the 
solution 1s approximated by an explicit method, followed by a correction 
on the dominant directions such that the coefficients of the explicit so- 
lution corresponding to eigenvalues of large magnitude are replaced by 
the coefficients of the exact solution. 


Spectral Methods 481 


In the case of the modified Euler method, for instance, the algorithm 
1S 
)?h 


erkh _ Nh? T 
T = 1+ Dh + (Po) H may k — Anh — ~$ | on wh 





Unyi = TU TT, n =0,1,2,... 


where À1,..., Am are the dominant eigenvalues (of the largest magnitude). 
We observe that the matrix T may be precomputed and consequently, 
the whole calculation 1s explicit. ‘The constraints on the time step size 
are those to be imposed if the dominant values do not exist, so the choice 
of the time step may be made only from the accuracy requirements. 

We will present, following [119], an application for a bidimensional 
fluid through a grooved channel. The equations are 


1 
vi=vxw—Vp+ EV, 


V-v=40, 


where v is the velocity, w = V x v, p is the pressure and the compu- 
tational domain D is the reunion of the rectangles A = [0, 2] x [0, 2], 
B = [-3, O] x [0, 2], C = [-3, O] x [-1.68, 0]. The fluid enters through 
{—3} x [0, 2] and exits through {2} x [0, 2], the periodical boundary Dp 
of the domain D, the other being the solid boundary Ds. The spatial 
discretization 1s made by the spectral element method (see [3]). The 
time marching is performed by a fractional step scheme; starting from 
v” we perform: 
1. The nonlinear step: 


2 
yeti — n 


7 = Xo aive! x w"!) on D, 


where Bo = 23/12, Bı = —16/12, B2 = 5/12 (the third order Adams- 
Bashforth scheme). 
2. The pressure step: 


V-v"t! =0in D, 
vti. n=0on OD. 
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Taking the divergence of the first equation and using also the second 
equation, we find 


Vp" -n = ——— on ODs. 
This problem is solved by a Py x Py—g method, which avoids the spuri- 
ous solutions. The discretized system comes from the discretization on 
A, B, C by adding the smoothness conditions on the inside boundaries 
(see [119]). 

3. The viscous step: 


n+l =n+l 
vV — V 1 
h R 


v"t! = 0 on Ds, vO (24+ L y) =v"t (x,y) on ODp. 


In this step the dominant space correction is used. The rectangles 
A, B, C are mapped into the standard domain [-1, 1] x [-1, 1] by affine 
transformations. The x derivative takes into account the periodicity 
conditions on 0D p and the matching conditions on the interface A — B, 
thus resulting in the derivative matrix D?, of order 2(N — 1) on A, B and 
yet using D% of order N — 1 on C. Similarly, the y derivative uses the 
Dirichlet conditions on Ds and the matching conditions on the inter- 
face B — C, so resulting in the derivative matrix D? of order 2(N — 1) 
on B, C and keeping D? of order N — 1 on A. 
The system (8.36), written with block matrices, becomes 


1 . 
Vat = 5 [DiVA + D2 vg + va D3 | in A, 


] . 
v= R [Db2va + Db22VB + ve Dhi + VoD p21 in B, 


vci = = [Dive + vs Dbz: + VoD p29] in C. 
We remark that we should calculate by iterative methods and record only 
the dominant eigenvectors of the matrices D?,, D5, D2, respectively 
the corresponding eigenvalues, in order to apply the correction in the 
dominant space (generated by the right-hand side of the above system) 
method. So, the time step size restrictions to ensure stability will be 
imposed only by the remaining eigenvalues. 





Appendix A 
Vectorial-Tensorial Formulas 


In what follows we intend to give a brief overview on some basic concepts and 
results which have been used throughout this book. Most of these results represent 
some vectorial-tensorial relations and they can be established by direct calculation. 

First of all we will present a summary of some properties joined to the fundamen- 
tal concept of a tensor (in general) and of a Cartesian tensor of order 2 in E; (in 
particular). 


A. The natural way to define a Cartesian tensor of order 2 in the (Euclidian) 
vectorial space E; is to consider it as an element of the dyadic product E; ® Es, 1.e., 
an entity of the form! 


[T] = Tiki Q ik. 

At the same time the tensor [T] could be seen as a linear application (mapping) 
of the Euclidean space # onto itself. If this linear application has the components 
(coordinates, matrix) 7, (that is [T]i; = 7:;4;, i, being an orthonormal basis in E3) 
through a transformation of coordinates (change of basis) defined by ¥ = Qixzix, all 
these components will change according to the rule 7; = Qi.Q 174. Which represents 
also a criterion to define such a tensor. 

As regards the sum of two tensors and the multiplication by a scalar (tensor of 
order zero) as well, they could be defined by the corresponding operations on the 
matrix associated to the linear application (7;;). The tensor [0] is the “zero tensor” 
which maps any vector on the zero vector of Eg having also the matrix (O) while [I] is 
the “unit tensor” which applies any vector to itself, having as components ( 6;; ). By 
the “product” of two tensors [T] and [S] of matrices (7,;) and (s,;) respectively, we 
understand that tensor [TS] which has the matrix (components) 7;,8;;. Obviously, 


'The dyadic or tensorial product of two vectors u(u;) and v(v;) from Æ}, denoted by u@v 
is the linear application (mapping) of components u;v;, that is the application defined by 


(u@v)w =(w-v)u, Vw € £3. 
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this product doesn’t commute (in general). We will say that a tensor [T] is invertible 
if there is a tensor [T~*] such that [TT~'] = [TtT] = [I]. 

The successive powers (exponents) of a tensor will be [T°] = [I], [T’] = [T], 
-o [TĂ] = [TET]. 

The transpose of [T], denoted by [T7}, is the tensor whose matrix is the transpose 
matrix of (rij), that is (rij)? while a tensor is symmetric or skew-symmetric if [S] = 
[ST] or [Q] = —[27] respectively. 

The transpose tensor could be also defined by the equality 


u-[T]v= [17] u: v, Vu, v € E3. 


Any tensor [T] can be uniquely decomposed into the sum of two tensors, one 
of them [S] being symmetric while the other [Q] is skew-symmetric, that is [T] = 
[S] + [Q]. 

A tensor [T] is called orthogonal if and only if [TT] = [T7}] or, equivalently, if it 
“conserves” the inner (dot) product in the way that [Tju- [T]v = u- v , Vu, v € £3. 

The scalar product of two tensors of second order [T] and [S], denoted by [T] - [S], 
is the scalar [T] - [S] = Ti;sji, where 7;; and si; are, respectively, the components 
of the two tensors. Once defined, the inner product, the pre-Hilbertian space of the 
tensors of order 2 can be also normed by introducing the norm ||[T]}| = y [T] - [T]. 

The trace of a tensor [T], denoted by tr[T], is the scalar 7;, which means it is the 
sum of the main diagonal components of the associated matrix. 

A symmetric tensor is said to be positively defined (semidefined) if u-[T]u > 0, 
(u: [T]u > 0) , for Vu # 0 € E3 (Vue Ez), that is the attached quadratic form 
TjjUuiu; 1S positively defined (Ssemidefined). 

By an eigenvector u of the tensor [T] we understand any vector u satisfying the 
equation {[Tju = Au, the corresponding scalar A being the associated eigenvalue. 
Within a certain basis the above equation comes to 


(Tij — d6i;) u; = 0,2 = 1,2,3 


while the condition on the nontrivial solvability of this homogeneous system (i.e. the 
system yields also nontrivial solutions) is 


Py (A) = det (ti; — Að;;) = 0. 


The polynomial Pa (A) is called the characteristic polynomial and the equation 
P, (A) = 0 which gives the eigenvalues, is known as the characteristic equation. 

The coefficients J4, J2, Ta of the characteristic polynomial are the invariants of [T] 
and they are given by 


D = tr[T] = ry, 202 = I? — tr[T?], Is = det[T]. 


Concerning the eigenvalues, they will be real if and only if the tensor [T] is sym- 
metric and they will be positive if and only if the tensor [T] is positively defined. 

If the roots of the characteristic equation are distinct, the corresponding eigenvec- 
tors will form an orthogonal basis. Such orthogonal eigenvectors could be determined 
even in the case of multiple roots. 

The following decomposition theorems hold: 

POLAR DECOMPOSITION THEOREM (Cauchy): Any nonsingular tensor of second 
order [T] ( det (ti;) #0), can be written in the form [T| = [RSa] = [SR], where [R] 
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is an orthogonal tensor while [S4} and [S] are positively defined symmetric tensors 
with the same eigenvectors, this triplet of tensors being uniquely determined. 

THEOREM. Any symmetric tensor [T] of second order from E3 can be uniquely 
decomposed as |T) = (4) [I] + [D], where [D] is a symmetric tensor with the first 
invariant (trace) zero, which is also called the deviator (tensor), while (2) [7] is a 
spheric tensor (which means of the type a{I), a being a scalar). 


B. On the analogy of the definitions from the classical field theory one could also 
define: 

- the gradient of a vector v(v;) as the second order tensor [T] = gradv whose 
components are Tij = Vi j; 

- the gradient of a second order tensor [T] of components (7;;) as the third order 
tensor [S] =grad[T] whose components are Sijk = Tij,k; 

- the divergence of a second order tensor [T] as the vector a which satisfies? 


div[T] - a = div|T7 a], Va € E3; 


- the curl (rot) of a second order tensor [T] is again a second order tensor, denoted 
by rot|T], which is defined as 


[rot[T]]a = rot ([T]a), Va € E3; 


- the Laplacian of a second order tensor [T] is that second order tensor defined by 


A[T] = div (grad[T}). 


The extension of the Green—Gauss (—Ostrogradski -Ampere) or the flux-divergence 
theorem also holds, i.e. we have 


/ div[T]dv = f [T]nds, 


D 8D 
obviously under the conditions of the differentiable tensor fields on D. 

If i, form an orthonormal basis, which means i; - i, = 6;,, then by accepting that 
the Cartesian systems are right-handed we will also have i, X im = €kmnin, Where 
€123 = €231 = €312 = l, €132 = €391 = €213 = -], Ckmn being zero otherwise. 

The relations e;j,€imn = Ôjmôkn — Sjndem are still valid. 

Then the following formulas have been stated without proof or derivation (they 
could be verified with the help of techniques developed so far): 

a) The triple vector product is 


(u Xv) xw =v(u-w)—u(v- w) = UptgWrepqnenrsis 
= UpUqWr (Oprdqs — dps dqr) is. 
b) For any four arbitrary vectors a, b, c and d we have (Lagrange) 
(a x b): (cxd) = (a-c) (b- d) — (a-d)(b-c); 


*If [T] is a higher order tensor the result of applying the divergence will be a tensor of lower 
order with unity. 
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For two arbitrary vectors u and v we also have 


c) 
div (u Q v) = (gradu) v + (div v) u; 
d) 
Av = V°v = div [gradv] = grad (div v) — rot (rot v) ; 
e) 
(gradu) u = grad G al?) + rotu x u; 
f) 
div (gradu)™ = grad (div u); 
and 
div |(grad u) — (grad u)”] = —rot (rot u); 
g) 


rotuxv = [gradu — (gradu)” | v; 
(u x grad) x v = (grad v)” u — u (div v) = (grad v) u — rot v x u — u (div v); 


grad (u - v) = (gradu) v + (grad v)” u 


= (gradu) v + (gradv)u+u x rot v + v x rot u; 


rot (u x v) = diw (u Q v — v Q u) 


= (gradu) v — (gradv) u + u (div v) — v (div u); 


div (u x v) =v-rotu—u-rotv; 
h) For a vector u and a tensor [T] we can write 


[I} - gradu = div u; 
div ([T]u) = div[ T7] - u + [TT]grad u; 
1) Let [W] be a skew-symmetric tensor in E3. With this tensor, a vector w can be 
associated, called also its dual, such that 


div[W] = —rot w; 


div[ WT] = rot w. 
If [W] = [© J, which is the rotation tensor, then 


2w =w and 2dir([Q] = —rotw. 
For an arbitrary vector v and its dual w we also have 


[W]v=Wxv and [W]. gradv =w-rotv. 
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